
www.volsu.ru

МАТЕМАТИКА И МЕХАНИКА

DOI: https://doi.org/10.15688/mpcm.jvolsu.2022.2.2

UDC 512.5 Submitted: 30.03.2022
LBC 22.19 Accepted: 29.04.2022

UNIQUENESS THEOREM OF RECONSTRUCTION
OF PREIMAGE BY ITS IMAGE

UNDER DEGENERATE MAPPING 1

Vladimir A. Klyachin
Doctor of Physical and Mathematical Sciences,
Head of the Computer Science and Experimental Mathemetics Department,
Volgograd State University
klchnv@mail.ru, klyachin.va@volsu.ru
https://orcid.org/0000-0003-1922-7849
Prosp. Universitetsky, 100, 400062 Volgograd, Russian Federation

Elena G. Grigorieva
Candidate of Physical and Mathematical Sciences,
Associate Professor of the Computer Science and Experimental Mathemetics
Department,
Volgograd State University
e grigoreva@volsu.ru
https://orcid.org/0000-0001-8303-262X
Prosp. Universitetsky, 100, 400062 Volgograd, Russian Federation

Abstract. One of the urgent problems in the construction of computer vision
systems is the problem of determining the spatial orientation and spatial position
of an object from a photograph. For example, this task is especially important
for autonomous driving systems, where the positioning of nearby vehicles is a
key issue for autonomous vehicles in an urban environment. In this regard,
for example, in 2019, the Baidu Robotics and Autonomous Driving Laboratory
together with Peking University, set an appropriate task for the Kaggle com-
munity (https://www.kaggle.com/c/pku-autonomous-driving) and provided more
than 60,000 copies of three-dimensional cars marked from 5,277 real images. In
this article, we formulate some results that are the mathematical basis for sub-
stantiating methods for solving the above-mentioned reconstruction problems in
computer vision systems.
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Introduction

We choose the finite subset 𝑃 ⊂ R3 as a 3D model of objects in space. Let π : R3 → R2

be central projection which is defined by formulas

π(𝑥, 𝑦, 𝑧) = (𝑥/𝑧, 𝑦/𝑧), 𝑧 ̸= 0.

It is clear that the set 𝑃 can’t be reconstructed by its image 𝑃 ′ = π(𝑃 ). But if we introduce
some restrictions on the structure of finite set 𝑃 we can hope that this reconstruction will be
possible. Note, that earlier we considered some problems which are closed to the considered
here:

• the problem of determination the plane of the circle in R3 by its projection [1];

• the problem of determination the spatial triangle with defined angles by plane triangle
of its projection [6];

• the problem of the surface reconstruction for objects in space by its image [2];

• the problem of determination the profile function of the visible part of the rotation
surface by its projection [5].

In addition, we developed machine learning models using artificial Convolutional Neural
Network (CNN) and performed a series of experiments for determination of the spatial
orientations vehicles on the photographs [3; 4].

The goal of this article to give mathematical foundations for explanation of possibility
the solving of the reconstruction problem. The key statement to solve this problem is
uniqueness theorem. In other words, we propose that structure of the set 𝑃 is described by
the admissible transformations 𝐹 : R3 → R3 of this set. Uniqueness theorem presuppose
that if π(𝑃 ) = π(𝐹 (𝑃 )) then 𝑃 = 𝐹 (𝑃 ).

Now we give strict mathematical formulations. Let 𝑃 ⊂ R3 be some finite set. Con-
sider some family Φ of differentiable transformations of R3. What the conditions we set for
this family which imply the fact: the equality π(𝑃 ) = π(𝐹 (𝑃 ′)) for some transformation
𝐹 : R3 → R3, 𝐹 ∈ Φ leads to 𝑃 ′ = 𝑃 . We shall consider general case of degenerate
mappings.

Let 𝑓 : R𝑛 → R𝑚, 1 < 𝑚 < 𝑛 be some differentiable mapping. We consider Lie
group G with unit 𝑒 ∈ G of differentiable transformations of R𝑛 and let 𝐴G be its Lie
algebra. It is well known that for each 𝑋 ∈ 𝐴G it corresponds vector field 𝑋* in R𝑛 such
that 𝑒𝑥𝑝(𝑡𝑋) be local 1-parameter of local transformations of the vector field 𝑋* (see, for
example, Proposition 4.1 in [7]). We define the following set for each 𝑋 ∈ 𝐴G

𝑀𝑋 = {𝑥 ∈ R𝑛 : 𝑋*(𝑥) ∈ Ker 𝑑𝑓}.

Example. Let G be a group of parallel transformations in R𝑛. Then 𝐴G is isomorphic to
R𝑛. Then if 𝑋 ∈ 𝐴G, then 𝑋* is constant vector field 𝑋*(𝑥) = 𝑋.

Hausdorff distance is defined by the formula

𝑑𝐻(𝐴,𝐵) = max{sup
𝑎∈𝐴

inf
𝑏∈𝐵

|𝑎− 𝑏|, sup
𝑏∈𝐵

inf
𝑎∈𝐴

|𝑎− 𝑏|}.
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1. Uniqueness theorem

Consider some finite set 𝑃 ⊂ R𝑛 such that ∀𝑋 ∈ 𝐴G the set 𝑃 is not subset of 𝑀𝑋 .

Theorem 1. For all 𝑔0 ∈ G there is some neighborhood 𝑈 ⊂ G of 𝑔0 such that if for some
𝑔 ∈ 𝑈 it holds

𝑓(𝑔(𝑃 )) = 𝑓(𝑔0(𝑃 ))

then 𝑔 = 𝑔0.
For the proof of theorem 1 we use the following result.

Lemma 1. Let 𝑑𝐻(𝐴,𝐵) denotes Hausdorff distance between subsets 𝐴,𝐵 ⊂ R𝑚. Consider
curve γ𝑡 = exp(𝑡𝑋) for 𝑋 ∈ 𝐴G. We put

ℎ(𝑡) = 𝑑𝐻(𝑓(𝑃 ), 𝑓(γ𝑡(𝑃 ))).

Then ⃒⃒⃒⃒
𝑑ℎ(𝑡)

𝑑𝑡

⃒⃒⃒
𝑡=0

⃒⃒⃒⃒
= max

𝑝∈𝑃
|𝑑𝑓(𝑋*(𝑝))| .

Proof. We note that there exists point 𝑝 ∈ 𝑃 such that for all sufficient small 𝑡 > 0 we have

𝑑𝐻(𝑓(𝑃 ), 𝑓(γ𝑡(𝑃 ))) = |𝑓(𝑝)− 𝑓(γ𝑡(𝑝))|.

It follows from the fact that the nearest point in the set 𝑓(γ𝑡(𝑃 ) for 𝑝 ∈ 𝑃 is the point
𝑓(γ𝑡(𝑝)). We set

𝑞(𝑡) = 𝑓(𝑝)− 𝑓(γ𝑡(𝑝)), µ(𝑡) = |𝑞(𝑡)|
It is clear that 𝑞(0) = 0 and

𝑞′(0) = lim
𝑡→0

𝑞(𝑡)

𝑡
= −𝑑𝑓

(︂
γ𝑡(𝑝)

𝑑𝑡

⃒⃒⃒
𝑡=0

)︂
= −𝑑𝑓(𝑋*).

Therefore

µ′(0) = lim
𝑡→0

⟨𝑞(𝑡), 𝑞′(𝑡)⟩
µ(𝑡)

=
|𝑞′(0)|2

µ′(0)
,

and finitely µ′(0) = |𝑞′(0)| = |𝑑𝑓(𝑋*)|.

Proof of Theorem 1. It is obviously that it is sufficient to prove theorem for 𝑔0 = 𝑒. We put

ℎ𝑋(𝑡) = 𝑑𝐻(𝑓(𝑃 ), 𝑓(γ𝑡(𝑃 ))).

From lemma 1 it follows that for all 𝑋 ∈ 𝐴G there exists 𝑡𝑋 > 0 such that ℎ′
𝑋(𝑡) > 0 for

𝑡 ∈ [0, 𝑡𝑋 ]. We define

𝑈 = {𝑔 ∈ G : 𝑔 = exp(𝑡𝑋), 𝑡 ∈ [0, 𝑡𝑋 ]}.

Now we note that if 𝑔 = exp(𝑠𝑋) ∈ 𝑈 for some 𝑋 ∈ 𝐴G and 𝑠 ∈ [0, 𝑡𝑋 ] such that
𝑓(𝑔(𝑃 )) = 𝑓(𝑃 ) then ℎ𝑋(0) = ℎ𝑋(𝑠) = 0. Therefore ℎ′

𝑋(𝑡
*) = 0 for some 𝑡* ∈ [0, 𝑡𝑋 ]. It

contradicts to definition of 𝑈 . Theorem is proved.

Corollary 1. Let 𝑀 ⊂ R3 some polyhedron and 𝑃 = 𝑉 (𝑀) is the set of its vertices.
Consider some rotation 𝑅 : R3 → R3 by sufficiently small angle α ≥ 0. If π∘𝑅(𝑃 ) = π(𝑃 )
then α = 0.
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2. Stability Theorem

In addition to the uniqueness theorem, to substantiate the possibility of reconstructing
objects, we formulate and prove a stability theorem. This theorem assumes that with a small
deformation of the projection of the object, the result of the reconstruction also undergoes
small deformation. Let us move on to the exact wording.

Let 𝑓 : R𝑛 → R𝑛 be some smooth mapping such that

det𝑑𝑓 > 0

everywhere. We fix some positive Δ > 0. Let 𝐷 = 𝑑𝑓 ·𝑑𝑓𝑇 and 0 < λ1 ≤ ... ≤ λ𝑛, 𝐸1, ..., 𝐸𝑛

eigenvalues and eigenvectors of matrix 𝐷. Here (·)𝑇 denotes a transposed matrix of 𝑑𝑓 .
We suppose that it exists 1 ≤ 𝑘 ≤ 𝑛 such that Δ ≤ λ𝑘+1 ≤ ... ≤ λ𝑛. We denote by 𝐿𝑘 –
subspace spanned by vectors 𝐸1, ..., 𝐸𝑘.

For each 𝑋 ∈ 𝐴G and for 0 ≤ θ ≤ π/2 we define the following set

𝑀𝑋(θ) = {𝑥 ∈ R𝑛 : value of angle ∠(𝑋*, 𝐿𝑘) < θ}.

For 𝑋 ∈ 𝐴G we put 𝑔 = exp(𝑋) and γ𝑡 = exp(𝑡𝑋) 𝑡 ∈ [0, 1]. Let Γ(𝑝) = {γ𝑡(𝑝), 𝑡 ∈
∈ [0, 1]} be integral curve of the vector field 𝑋* which joins the points 𝑝 and 𝑔(𝑝). We
define the following values

𝐿(𝑔, 𝑃 ) = max
𝑝∈𝑃

|Γ(𝑝)|, 𝑙(𝑔, 𝑃 ) = max
𝑝∈𝑃

|𝑓(Γ(𝑝))|,

where |Γ(𝑝)| and |𝑓(Γ(𝑝))| denote the length of the curves.
Theorem 2. Let 𝑋 ∈ 𝐴G, 𝑔 = exp(𝑋). We suppose that for some 0 < θ ≤ π/2 and for all
𝑡 ∈ [0, 1] it holds

γ𝑡(𝑃 ) ∩𝑀𝑋(θ) = ∅.
Then

𝐿(𝑔, 𝑃 ) ≤ 𝑙(𝑔, 𝑃 )√
Δsin θ

.

Lemma 2. If 𝑥 ̸∈ 𝑀𝑋(θ) then

|𝑑𝑓(𝑋*)| ≥ |𝑋*|
√
Δsin θ.

Proof. Indeed, we have

|𝑑𝑓(𝑋*)|2 = ⟨𝑑𝑓(𝑋*), 𝑑𝑓(𝑋*)⟩ = ⟨𝑑𝑓𝑇 · 𝑑𝑓(𝑋*), 𝑋*⟩ = ⟨𝐷(𝑋*), 𝑋*⟩.

Let α𝑖, 𝑖 = 1, 2, ..., 𝑛 be the angles between vector 𝑋* and eigenvectors 𝐸𝑖. Then

⟨𝐷(𝑋*), 𝑋*⟩ = |𝑋*|2
𝑛∑︁

𝑖=1

λ𝑖 cos
2 α𝑖.

We denote by α the angle between vector 𝑋* and subspace 𝐿𝑘. It is clear that

cos2 α =
𝑘∑︁

𝑖=1

cos2 α𝑖.

20 V.A. Klyachin, E.G. Grigorieva. Uniqueness Theorem of Reconstruction of Preimage
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Therefore

⟨𝐷(𝑋*), 𝑋*⟩ = |𝑋*|2
(︃

𝑘∑︁
𝑖=1

λ𝑖 cos
2 α𝑖 +

𝑛∑︁
𝑖=𝑘+1

λ𝑖 cos
2 α𝑖

)︃
≥

≥ |𝑋*|2
(︃

𝑘∑︁
𝑖=1

(λ𝑖 −Δ) cos2 α𝑖 +Δ

)︃
≥

≥ |𝑋*|2
(︀
(λ1 −Δ) cos2 α+Δ

)︀
≥ |𝑋*|2Δsin2 α ≥ |𝑋*|2Δsin2 θ.

Proof of Theorem 2. Let 𝑝 ∈ 𝑃 be point such that

|Γ(𝑝)| = 𝐿(𝑔, 𝑃 ).

Using Lemma 2 we conclude

𝑙(𝑔, 𝑃 ) ≥ |𝑓(Γ(𝑝))| =
1∫︁

0

⃒⃒⃒⃒
𝑑𝑓(γ𝑡(𝑝))

𝑑𝑡

⃒⃒⃒⃒
𝑑𝑡 =

1∫︁
0

|𝑑𝑓(γ′𝑡(𝑝))| 𝑑𝑡 ≥
√
Δsin θ

1∫︁
0

|γ′𝑡(𝑝)|𝑑𝑡 =
√
Δsin θ|𝑓(Γ(𝑝))| =

√
Δsin θ𝐿(𝑔, 𝑃 ).

NOTE

1 This work was supported by the Ministry of Education and Science of Russia (the project
“Development of Virtual 3D Reconstruction of Historical Objects Technique”, scientific theme
code 2019-0920, project number in the research management system FZUU-0633-2020-0004.
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Аннотация. Одной из актуальных проблем построения систем компью-
терного зрения является задача определения пространственной ориентации и
пространственного положения объекта по фотографии. Например, эта зада-
ча особенно важна для автономных систем вождения, где позиционирование
ближайших транспортных средств является ключевой проблемой для авто-
номных транспортных средств в городской среде. В связи с этим, например,
в 2019 г. Лаборатория робототехники и автономного вождения Baidu сов-
местно с Пекинским университетом поставили перед сообществом Kaggle со-
ответствующую задачу (https://www.kaggle.com/c/pku-autonomous-driving) и
предоставили более 60 000 копий трехмерных автомобилей, размеченных с
5 277 реальных изображений. В данной статье мы формулируем некоторые
результаты, являющиеся математической основой для обоснования методов
решения упомянутых выше задач реконструкции в системах компьютерного
зрения.

Ключевые слова: центральная проекция, вырожденные отображения,
восстановление прообраза, группы преобразований, системы компьютерного
зрения.
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