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AHHoTtauusd. B HacTosiliell pa6oTe nccaenyetcs npodsaema acHMOTOTHYECKO-
ro noBeJeHHUs pelleHHH ypaBHeHus [llpenuHrepa Ha HEeKOMNAKTHOM PHMaHOBOM
MHoroo6pasuu M 6e3 rpaHullbl. BBOIUTCS MOHATHE (P-9KBUBAJEHTHOCTH B KJacce
HernpepbiBHbIX (PYHKUMH HAa HEKOMIAKTHOM PUMaHOBOM MHOrooOpasWd WU yCTaHaB-
JIMBAETCS1 B3aUMOCBSI3b MEX/Y CYyllleCTBOBaHHEM pelleHUH ypaBHeHus lllpenunre-
pa Ha MHoroo6pasuu M U BHe HEKOTOPOTO KOMIAKTHOro nmoaMHoxectsa B C M B
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s I ATEMATH KA U MEX A HHU K A B

3aJlaHHOM KJjlacce (-3KBUBAJIEHTHBIX (PYHKUHH. B 4yacTHOCTH, MOKa3bIBaeTcs, 4TO
€CJIM CYyIeCTBYeT pellleHHe PacCMaTPUBAeMOro ypaBHEHMS C 3a[JaHHBIM aCHMIITO-
THUYeCKUM MoBefeHreM Ha B C M, To U Ha BceM MHoroob6pasuu M cyliecTByeT
pellleHHe 3TOr0 YpaBHEHHs C TAaKHUM Ke aCUMIITOTHYECKHM MOBEeIeHHUEM.

KuaroueBble ciaoBa: ypaBHeHue lllpenrHrepa, HEKOMIAKTHOE PUMaHOBO MHO-
roobpasue, aCUMITOTHYECKOE MOBeJeHHe, KJACChl SKBUBAJEHTHbIX (PYHKLMH, Kpa-
eBble 3a/1a4H.

BBenenue

B uccrnenoBaHusiX Noc/jeqHUX NeCATUNETHH HepelKo OTMeYasach CUJbHAS CBSI3b MEXIY
KJIaCCUYECKHUMH NpoO/eMaMU TeOpUH (PYHKLHUH U TeOpUeH pelleHUH 3JJIMITHYeCKUX ypaBHe-
HUH B YaCTHBIX MPOM3BOAHBIX BTOPOro Mopsifika, Hampumep, ypaBHeHus Jlannaca — Benbrpa-
MU U cTanuoHapHoro ypaBHeHusi lllpenunrepa. [lanHas npoGieMaTHKa Hallja CBOE Pa3BUTHE
B paboTax TaKMX POCCHHCKHUX U 3apyOeKHBIX MaTeMaTHKOB, kak M. Anpnepcon, A.A. I'puro-
pesid, A.T. JloceB, B.M. MukJsiokoB, M. Mypara, H.C. Hapupawsusu, 1. CynnuBan u psina
IPYyTUX aBTOPOB.

B coBpemeHHOH MaTeMaTHKe H3yueHHe SJJIUNTHYECKUX YypaBHEHHH Ha HEKOMIAKTHBIX
pPHUMaHOBBIX MHOroo0pasusiX 0XBaThlBaeT JOCTAaTOUHO BECOMYIO UacTb WUCCJENOBaHHUH, HCTOKU
KOTOPBbIX BOCXOASIT K KJIACCU(HUKAITUOHHOH TEOPUH HEKOMIAKTHBIX PUMaHOBBIX MOBEPXHOCTEH
1 MHOroo6pasuii, OCHOBAHHBIX HA W3yUYeHHUH HEKOTOPbIX (PYHKLMOHAJbHBIX KJACCOB Ha JIaH-
HBIX reoMeTpHyecKux obbekTax. JloCTaTOYHO MOJHOE IMpeacTaBjaeHUe 00 UCTOPHUH Pa3BUTHS
U COBPEMEHHOM COCTOSIHMM [NAHHOH Hay4yHOH 00/1aCTM MOXKHO MOJIy4YUThb, HANpUMep, U3 pa-
6otel [14]. BaxHbi#i Kjaacc mpoGJeM NaHHOTO HampaBJeHHST OTHOCHTCSl K TOJYUYEHHIO Teo-
peM tuna JIuyBu//s, YTBEPKAAIOIKUX TPUBHAJBHOCTb MPOCTPAHCTB OrPAHUYEHHBIX pelleHUH
HEKOTOPBIX 3JIJIUIITHYECKHUX ypaBHEHHH Ha MHoroo6pasuu. Tak, Kaaccuyeckas (popMy/JaMpOBKa
TeopeMbl JIMyBUAS yTBep:KIaeT, YTO BCsKas orpaHUdYeHHass rapMoHuueckass B R™ (yHKUIUA
SIBJISIETCS TOXKJECTBEHHOH MOCTOSTHHOM.

C npyroii cTopoHBl, Kak Oblo MokasaHo B 80-Xx IT. MPOLIJIOro Beka, eCTb JOCTaTou-
HO OOLIMPHBIH KJacc MHOroo6pasuil, Ha KOTOPBIX CYLIECTBYIOT HeTpPHBHaJIbHble OrpPaHHYEH-
Hble DEIIeHUs JJUNTHUECKUX nuddepeHLnanbHbIX YpaBHeHHEH. Tak, Hanpumep, M. Aunep-
co [13] u I. Cynnusan [20] mokasaju, 4TO Ha OAHOCBSI3HOM PHUMaHOBOM MHOTr000pas3uu C
OTpHLIaTebHOH CEKLIMOHHOW KPUBU3HOH, OTAEJNEHHOH OT HY/JS U OeCKOHEUHOCTH, CYLIeCTBY-
eT 6eCKOHeUHOMepPHOe MHOXKECTBO HeTPHUBHAJIbHBIX OPAaHUYEHHBIX TaPMOHMYECKHUX (DYHKUIUH
U paspelirMa 3anadya Jlupuxje o BOCCTAaHOBJEHWH FapMOHMUYECKOHW Ha TakKOM MHOroo6pasuu
(DYHKLUHH 1O HENMpepbIBHBIM TPAHUUHBIM NAHHBIM Ha «OECKOHEUHOCTH». B 3TOH CBA3U CTOUT
3aMeTUTb, YTO B IAHHOM M psiie IPYTUX CAy4YaeB reoMeTpHUecKas KOMMNAaKTHU(UKALKS MHOTO-
o6pasus M03BOJSIeT OCYLIECTBUTb OCTAHOBKY KpaeBbIX 3ajay, B YaCTHOCTH 3afauyu [lupuxse,
TaK e, Kak ¥ B OrpaHHYeHHbIX 00sacTax R (cm., Hampumep, [7-10;17;19]).

OnHako mocTaHoBKa 3agaud [lupuxJje ¢ TpaHUUHBIMH JaHHBIMM Ha «OeCKOHEUHOCTH»
Ha MPOM3BOJBHOM HEKOMIIAaKTHOM PHMaHOBOM MHOroo6pasuu M MoxeT okaszaTbcsi MpobJe-
mMatuuHOU. B pabote [11] Obl1 mpemsioxkeH MOAXOMA, OCHOBAHHBIM Ha TMOHSTHU KJacCOB 3KBHU-
BaJIeHTHBIX (DYHKUHMH. J{aHHBIH MOAXOA MO3BOJIMJ OCYILIECTBUTb MOCTAHOBKY KpaeBBbIX 3a1ay
Ha MHOroo0Opas3uu IMpU OTCYTCTBYIOLIEH e€CTEeCTBEHHOH reoMeTpHYecKOH KOMMAaKTH(HUKALUH.
B nanbHeiiiiem 3TOT moaxon Obla pasBUT B pabotax [5;12;15; 18].
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MATEMATHUKA 1 MEX AH U K /A 5

B uccrenoBaHusX, MOCBSIIEHHBIX Pa3pelliMMOCTH KpaeBbIX 3adau, Hapsily C BOMPOCOM
CYILIECTBOBAHHS pELIeHHs, 4acTO MapaJJ/iesbHO HCCJAEAYIOTCS BOMPOCH: B KaKOM CMbicje (B
Kakoil MeTpHKe) TMOHHUMaTh OJM30CTb pellleHHs K rpaHU4YHbIM AaHHbIM (cM.: [4;6;17]), ¢
KaKOH CKOPOCTbIO HIeT cO/uKeHHe. Tak ke BBI3bIBAET WHTEPEC MOJydeHHe KOJUYECTBEHHBIX
XapaKTePUCTHK, OLIEHUBAIOLIUX CKOPOCTb COJNHIKEHHUS pellleHHs] U TPAaHUYHbIX NAHHBIX.

JlanHast paboTa BBIMIOJIHEHA B YKa3aHHOM HamnpaBjieHHWH. B yacTHOCTH, HCClenyOTCsl BO-
MPOCHI CYIIECTBOBAHHS pellleHUs] KpaeBOH 3alayd C 3alaHHOH CKOPOCTBIO aCUMITOTHUECKOTO
NPUOJIHKEHHUS] K TPAaHUUHBIM JTaHHBIM JJis cTallMoHapHoro ypaBHeHus [llpenuHrepa

Lu = Au—c(x)u =0 (1)

Ha MPOM3BOJIBHOM IJIaJIKOM CBSI3HOM HEKOMIIAaKTHOM PHMaHOBOM MHoroo6pasuu M 6e3 kpas.
3nech c(z) € C¥*(Q) — neorpuuarenpHas GpyHkuus, @ C M — NpOM3BOJbHOE MPEIKOM-
NaKTHOe MOoAMHOXKecTBo, 0 < o < 1.

JlokasaTesnbCTBO OCHOBHBIX Pe3y/IbTaTOB PabOTHl ONHUPAETCs Ha KlacCHUYecKHe yTBepxKie-
HHSl TE€OPUM YpaBHEHHMH B YACTHBIX MPOM3BOAHBIX: MPHUHLUI MaKCHMyMa, TeOpeMbl CPaBHEHHS
U €IMHCTBEHHOCTH /151 PelleHUH JIMHEHHBIX JJIUNTHYECKUX AU((hepeHIHaNbHbIX YPaBHEHUH.
Mx crnpaBensuBOCTb Ha NMpPeNKOMMAKTHBIX MOAMHOXKeCTBaX MHoroo6pasus M nokasblBaeTcs
TaK e, Kak ¥ [JIs OorpaHu4YeHHbIX obJsacteil B R™ (cMm., Hampumep, [2, c¢. 39-40]).

1. BconomorareabHble MOHATUA U YTBEPKACHUA

OnwuieM cHayaja TMOAXON K MOCTAHOBKE KPaeBHIX 3ajiad IJs 3JJIHNTHUeCKHX andde-
peHIMabHBIX YPaBHEHHE Ha TMPOU3BOJBHBIX HEKOMIAKTHBIX PUMaHOBBIX MHOI000pPa3Usix W3
pabotsl [11].

[Tycts M — mnpousBoJibHOE TJ1aJKoe CBSI3HOe HEKOMIaKTHOe PHMaHOBO MHoOroot6pasue
6e3 kpasi, B C M — npou3BoJibHOE KOMIIAKTHOE MOAMHOXECTBO, 0B — ryagkoe MoaMHOr000-
pasue, { By }?2; — ucuepnanue M, To eCThb MOCAEA0BATENBHOCTD MPEIKOMIAKTHBIX HEMYCTHIX

JE— [0.9]
OTKPBITHIX MOAMHOXKeCTB B M Takux, uto By C Byyy u M = |J Bx.
k=1

Bcerony nasiee mpeanoJiaraeM, UTo rpaHuilbl OB SIBASIOTCS TaAKUMU MOAMHOr000Opasu-
SIMH.

Omnpenenenne 1 (cm. takxke [11]). Henpepoigroie pynkyuu fi u fo 6ydem nasvisame axksu-
sasenmuoim, Ha M u obosnauamo fi ~ fo, ecau Oas nekomopoeo ucuepnanus {By}p,
mHoeoobpasus M mor umeem

lim sup [ — fol = 0.
k—o0 M\Bk
HenpepriBHYI0 (yHKIMIO w OyfeM Ha3blBaTb QCUMNMOMUYECKU HEOMPULamesbHOLL,
ecnd Ha M cyuiecTByeT HerpepeiBHasi pyHKUus f > 0 takas, 4yto w ~ f.
OGo3HaunM KJjacc 5KBUBaNeHTHHX f DyHKUHH dyepes [f].

3ameuanue 1. D10 OTHOLIEHHe KBUBAJEHTHOCTH XapakTepusyeT MoBeleHHe (YHKLHUH BHe
TMPOM3BOJILHOTO KOMIIAKTHOIO MoAMHOXKecTBa B C M u obecreurBaeT acCHMITOTHYECKOE MIPH-
OnuKeHUe (pYHKUMH B paBHOMepHOH HopMe. [Ipu 3TOM, eciy M3MeHHTh 3HaueHUS HEKOTOPOH
HenpepbIBHOW (PYHKUMH f Ha KOMNakTe B3, TO BHOBb MoJiydeHHast (QpyHKIHUS OyneT SKBHUBa-
JIEHTHA HCXOJHOH.
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Iasnee o603Haunm yepes vy pelenue ypastenus (1) B By \ B, ynoBieTBopsiioliee ycJo-
BUSAM Vklop = 1, vglop, = 0. B [11] nokasaHo, 4TO MOC/IEI0BATENBHOCTb V) PaBHOMeEp-
HO OrpaHHYeHa Ha JIIO6OM KOMMAKTHOM moaMHOxkectBe B M \ B, npu k — oo oHa MOHO-
TOHHO BO3pacTaeT H, CJeNOBaTeNbHO, cxomutcest Ha M \ B B Kjacce IBaXKibl HeNpepbIBHO-
nupdepeHIUpyeMbIX (YHKIUMH K PYHKLUHH U = klgglo Uk, KOTOpasl yIOBJETBOPSET yPaBHEHHUIO

(1) u yeaoBusim 0 < v < 1, v|pp = 1. OyHKUHMA v He 3aBHCHT OT BHIGOpA HCUEPIIAHHS
{Bx}32, v HasbiBaetcsi L-nomenyuarom komnakma B otHocuTe bHO MHOTrOOGpasus M (cM.
takxke [11]).

Ecnu B ypasuenun (1) c¢(z) = 0, To npenenbHasi GyHKIHSA v e€CTh He UTO MHOE, KaK
eMKOCMHbLL nOmeHyuar Komnakma B omrocumervno mHoeoobpasus M.
Omnpenenenne 2 (cm. Takxke [11]). Mroeoobpasue M 6ydem nasvieamov L-cmpoecum mHoeo-
obpasuem, ecau 015 Hekomopoeo komnakma B C M cywecmeyem L-nomenyuas v maxod,
umo v € [0].

CdopmynupyeM HEKOTOpble BCIIOMOraTeJ ibHble yTBepKAeHHsT U3 pa6oThl [11].

Jlemma 1. [Tycmo Lw < 0 na M\ B, w|sp > 0, w s8a5emcs acumnmomuuecku Heompuua-
meavroil. Toeda w > 0 na M\B.

Jlemma 2. [lycmo Lw < 0 na M, w sasasemcs acumnmomuuecku HeOmpuyamensbvHoLl.
Toeda w > 0 na M.

CrenctBue 1. [Tycme Lw < Lu na M\B, wlgp > ulgp, w ~ u. Toeda w > u na M\B.
Ecau e Lw = Lu na M\B u w|pp = ulgp, w ~ u, mo w =u na M\B.

CnenctBue 2. [lycmo Lw < Lu Ha M u w ~ u. Toeda w > u na M. Ecau awe Lw = Lu
Ha M uw~u, mow=una M.

C nomolibto omucaHHoro noaxona B [11] 6bla ycTaHOBIEHa B3aUMOCBSI3b MEXAY paspe-
IIMMOCTbIO KPaeBbIX 33/lad M Pa3pellIMMOCThI0 BHELIHUX KPaeBbIX 3a/ad JJIs CTaLlHOHAPHOTO
ypaBHeHus lllpenuHrepa Ha HEKOMIAKTHOM PHUMaHOBOM MHOr006pasdd. DTOT MOAXOM ObLI
pa3BUT B HaJsbHeiilleM B psine pabor. B uacTHocTH, B paborax [5;15] Obl10 BBeIEHO MOHS-
THe CJ1a00H 3KBHUBAJIEHTHOCTH PellleHUH OJHOPOMHBIX JJUNTHYECKHUX YPABHEHUH U MOJydeHa
HEKOTOpasi OlleHKa CKOPOCTH aCHMITOTHYECKOH CXOOMUMOCTH 3THX pelleHWH K TPaHHYHBIM
JaHHbBIM B TePMHHaX cJaboil 3KBUBaJieHTHOCTH. B paborax [1; 16] Oblo BBeIeHO MOHSATHE
@-3KBUBajieHTHOCTH (rme @ > 0 — Hekoropasi HempepbiBHasi Ha M ¢yHkuus, @ ~ 0 Ha
M) W ucc/enoBaHo aCHMITOTHYECKOE TOBeJeHHe pPellleHHH KPaeBbIX U BHEIIHHUX KPaeBbIX 3a-
nay aas ypaBHenus Jlansnaca — bBenbTpamu B TepMHHAX @-3KBHBaJeHTHOCTH. OcTaHOBHMCSH
nonpo6Hee HAa 3TOM MOHSATHUH.

3aMeTUM TakxKe, UTO U3 OMpeeseHUsl SKBUBAJEHTHBIX (DYHKUUH, yca0BUH @ ~ 0, @ > 0
U HerpepelBHOCTU @ Ha M cjenyert, uto PyHKIUsS @ OymeT orpaHndeHa Ha M.
Omnpenenenne 3 (cm. Takxke [1;16]). [lycmo B C M — kak u 8viuie, HeKkomopoe npou3soss-
HOe KOMNAaKmHoe noomMHOMecmao ¢ eaadkoi epanuyeti. bydem cosopums, umo wenpepols-
nole ynkyuu fi u fo @-skeusarenmuvt na M u o6osnauame fi & fa, ecau cywecmsyem
koncmanma C > 0 (ne 3asucawas om B) makas, umo

[/1(z) = fao(@)] < C - @(2),

nast ao6oro x € M\ B.

Kak u BbIllle, JaHHOE OTHOLIEHHE SIBJSIETCS OTHOIIEHWEM 3KBHBAJEHTHOCTH U pa3bHBaer
MHOXECTBO BCEX HempepbiBHbIX Ha M (QYHKUHMH Ha KJacchl 3KBHBajseHTHOCTH. OG03HauMM
KJIacC (-3KBHBaJeHTHbIX f (yHKUHH depes [f],.
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3ameuanue 2. OTHOILIEHHe @-3KBHUBAJEHTHOCTH TaKxKe KakK M OTHOILEHHe 3KBHBaJIEHTHO-
CTU XapaKTepusyeT MoBeleHHe (YHKLUHUH BHE MPOHU3BOJBHOIO KOMIAKTHOIO MOAMHOXKECTBA
B C M, u ecnu u3MeHWUTh 3HaueHHs (QYHKUMM [ Ha KOMMNakKTe [3, TO BHOBb IOJIyYeHHas
(YHKIHS OyleT @-3KBHBAJEHTHA UCXOAHOMH. ICHO Takxke, uTo ecau fi & fao, T0 fi ~ fo.

B pa6Gote [18] nmokasaHa He3aBUCHMOCTb L-CTPOrOCTH MHOr000pasHsi OT BHIOOpa KOM-
MaKTHOTO TMOAMHOXECTBa, TO ecTh eciu B C M, B’ C M pasiuyHble KOMIaKTHBIE MTOIMHO-
»KEeCTBa U v, v — COOTBETCTBYIOIIHe L-MOTeHIHaJbl, TO YCaoBUs v ~ 0 U v’ ~ 0 5KBHBaJIEHT-
Hbl. [TokaXkeMm, UTO aHaJOTMUHOE CBOHCTBO BHLINOJHEHO YU JJIsI MOHSITHSI (P-3KBHBAJEHTHOCTH.
CrnpaBenJIMBO CJeyIOlIee YTBEPKAEHHE.

Jlemma 3. Ecau v € [0],, mo v' € [0],.

Hokazamenscmeo. Bynem cuntath, yto 0B’ — riagkoe mogmHoroo6pasue u B’ C By nas
Bcex k. [To onpenenenuio GpyHKuuU v’ Kak L-moTeHnua a Komnakra B’ OTHOCHTENbHO MHO-
roodpasust M umeem v’ = limy_, v}, tae Lv, =08 By \ B', v, = 1 na 0B" n v}, = 0 Ha
0B;.

[lycts cHauana B C B’ C By nast Beex k, rae { By}, — NpoH3BOJMbHOE HCUepaHHe
MHOroo6pasus M ¢ rnagkumu rpanuuamu 0By, Tak kak v > 0 u v ~ 0, 10 infypnpv =0 u
JISl HEKOTOPOH KOHCTAHTBI ¢ > 0 BBINONHEHO C - U],y > 1. TIpHMeHss NPUHLMI CpaBHEHHS
nast mo6oro k, mbl umeem 0 < v < ¢-v Ha By \ B’ u nostomy 0 < v/ < ¢-v. Tak Kak
v € [0]y, To 1 V' € [0],.

Hanee nonoxum B’ C B C By nas seex k. Torna vilyp < 1= v[yp, vylsp =0 <
< V|yp, W 1O NPHHLMIY MaKCHUMyMa 1/ Bcex k umeem vy, < v Ha By \ B U c/iefosaresbHO
0 < v' <w. Tockoabky v € [0]y, To H V" € [0],.

[Tyctb Temeps B u B’ — mpou3Bo/ibHBIE KOMIIAKTHBIE MOIMHOXKECTBA MHOT00Gpasus M.
Torna paccMoTpuM MPOU3BOJIBHOE KOMMAKTHOe moamHOXkectBo B” C M (0B” — rnankoe
nogMHoroo6pasue) Ttakoe, uto B U B’ C B” C By. B xauectBe B’ M0XHO B3siTh, HalpH-
Mep, B;, a B KauecTBe HCueprmaHHs MHOroo6pasusi M B3ATh MOC/IEN0BATENbHOCTb MHOXKECTB
{Bk}2,. O603naunm v” — L-noteHuuan komnakra B’ oTHocHTesnbHO MHOTrOOGpasus M.

Torna, xak nmokasano Bbie, v’ € [0],, Tak kak B C B” n v € [0]y, crenoBaTesbHO,
v € [0]y, Tak kak B’ C B” n v" € [0],. Jlemma mokasaHa.

Omnpenenenne 4 (cm. takxke [1;16]). Bydem cosopums, umo Oas ypaswenus (1) ma M
paspeuiumna Kpaesas 3a0a4a ¢ epanutHbimy ycaosusmu us kaacca [fly, ecau na M cyuwe-
cmayem pewenue u(x) ypasuenus (1) maxoe, umo u € [f],.

Omnpenenenne 5 (cm. takxke [1;16]). Bydem eosopume, umo s ypasnenus (1) na M\B
pa3peluumMa Brewnas Kpaesas 3a0aua ¢ epanudHoLmu ycaosuasmu us kaacca [fly, ecau
oas. aroboil Henpepoisroii Ha OB ¢ynkyuu ®(x) na M\B cywecmsyem pewernue u(x)
ypasHenus (1), Henpepoleroe sniome 0o eparuybl OB, u makoe, umo u € [fly u ulyp =
= ®[yp-

Takum o6pasom, MOHSATHE @-3KBUBAJEHTHOCTH, C OJHOH CTOPOHBI, 0000IIAET MOHATHS
SKBUBAJIEHTHOCTH, @ C APYTOH CTOPOHBI, MTO3BOJISIET GOJIEe TOUHO OLEHHTb CKOPOCTh aCHMIITO-
THYECKOTO TPUOJIHIKEHHS PEllIeHHs] KpaeBOH 3afayu K TPAaHUYHBIM YCJIOBHSIM.

Onpenenenne 6 (cm. takxke [1;16]). Bydem eosopums, umo QyHKuus w s6ALemcs @-
acumnmomuuecku Heompuuyamervrot, ecau Ha M cyuwecmsyem HenpepvleHas QYHKYUUSL
f >0 makas, umo na |w — f| < C - @(z), ede @(x) ~ 0.

Jloka)keM yTBep»KJeHHs, aHaJOTHYHble JeMMaM | U 2 ¥ WX CJIeACTBHSIM B KJjacce @-

5KBHBaJIeHTHBIX (YHKIMH a5 ypaBHenus: penunrepa (1).

22 K.A. 3ybankosa, E.A. Masena, HM. [loay6osposa. O6 acHMIITOTHUECKOM TOBELEHUN pPelleHUH
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Jlemma 4. [Tycme Lw < 0 na M \ B, w|sp > 0, w asasemca @-acumnmomuuecku Heom-
puyamenvroi. Toeda w > 0 na M\ B.

Hoxa3amenvscmeo. Y3 onpenenenuss 6 U 3amMeyaHuss 2 cjeayer, 4To (YHKUUS w OyaeT
aCUMIITOTUUECKH HeoTpHllaTeabHOH. Torna mo semme | nmosyuaem w > 0. Jlemma nokasana.

Caencreue 3. [lycmo Lw < Lu na M\B, w|sp > ulop, w % u. Toeda w > u na M\B.
Ecau oce Lw = Lu na M\B u w|pp = u|os, w 2 u, mo w =u na M\B.

Hokazamenscmeso. Tlosoxum v = w — u. Cnegosatenvio, Lv = Lw — Lu < 0, v|gp =
= w|ysp — ulopp > 0. Takxke w — u 2 0, U3 s10ro caenyer v < 0, TO ecTb v ABJAAETCH
(P-aCHMITOTHYECKH HeoTpuuaTesbHOH. [lo semme 4 monydaem, yto v = w —u > 0 Ha M\ B.
Jlns mokazaTesbCTBa BTOPOTO YTBEPXKAEHHs NOCTaTOUHO PACCMOTPETb ONHOBPEMEHHO
(QYHKLIMK v = W — 4 ¥ —V = % — W, 3aTeM MoKa3ath, 4to v > 0 u —v > 0 vHa M\B.

AHasoruyHeIM O6p330M [IoJIy4arTCd CaeAyIolihe YTBep2KAeHH .

Jlemma 5. [lycmoe Lw < 0 na M, w asasemcs @-acumnmomuuecky HeompuyamenrbHol.
Toeda w > 0 na M.

CaenctBue 4. [Iycmo Lw < Lu na M u w 2 w. Toeda w > u na M. Ecau we Lw = Lu
na M uw 2w, mow=una M.

3ameuanue 3. CuenctBus 3 1 4 HeNmoCpeACTBEHHO BJIEKYT 32 cOOOH BBHINIOJIHEHHE TEOpPEMBI
eMMHCTBEHHOCTH [JIs1 pellleHWH KpaeBoH W BHeIIHeld KpaeBoH 3amad ajs ypaBHeHus (1) c
rPaHUYHBIMH YCJOBUSIMH M3 Kaacca [f]o.

AHasornuHble yTBepXKAEHHS IJS KJacca @-3KBHUBAaJEHTHBIX AapMOHHYECKHX (YHKIHH
OblK 10Ka3aHbl B [16], B yacTHOCTH, MOJy4YeH NPUHIKI CPAaBHEHHsI U TeOpeMa eIMHCTBEHHO-
CTH A/ pelleHHH KpaeBbIX W BHELIHMX KpaeBhbIX 3anay [/s ypaBHeHus Jlansaca — bBesbrpa-
MM C IDaHMUHBIMH JaHHBIMH U3 Kaacca [f]o.

2. Pa3pemuMocTb KpaeBbIX 3aaay AJjs cTaiMoHapHoro ypaBHeHus lllpexunrepa
B KJlacCe (-3KBUBAJEHTHBIX (PYyHKIIUM

[Tycts kak u Bbile M — MpOM3BOJIBHOE TJIAJKOE CBS3HOE HEKOMIAKTHOE PHUMaHOBO
MHoroo6pasue, B C M — mnpou3Bo/ibHOE KOMMAKTHOE MOAMHOXKECTBO C TVIAJAKOH TpaHUIeH,
f — HenpepwiBHasi orpanudeHHas Ha M ¢yHxkuus. ChopmyaupyeM U HOKaxKeM OCHOBHBIE
pe3ynbTaThl pabOTHI.

Teopema 1. Ecau na M\B 0as ypasuenus (1) paspewuma sHewnss Kpaesas sadaua ¢
epanuunoimu ycaosusmu us kaiacca |[flo, mo na M Oas ypasuenus (1) paspewuma u
Kpaesas 3a0a4a ¢ epAHUYHbIMU YCA08UAMU U3 Kiacca [f]q.

Hokasamenscmeo. OGo3naunm uepes uy € [f], pelleHHe BHelIHeH KpaeBOH 3ajadud st
ypaBuenusi (1) wa M\ B, ynosnerBopsitoniee ycaoBuio uglgp = 0. Tak kak f orpaHudeHHas
Ha M (yHKUHS, TO U g SIBJSETCS] OrpaHHueHHBIM pereHueM Ha M\ B.

PaccmoTpuM nocsienoBaTesbHOCTh (DYHKUHKE @;, SIBASIOLIMXCS PellleHHeM TaKo# 3agadn

{ L(pl =0 B Bia
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I/ICHOJH)SyeM HpI/IHLII/IH MaKCI/IMy'Ma, OJ1d BCeEX ’l nMeemM
|@;| < sup|@;| = sup|e;| = sup |ug| < sup |ug]|.
B; 0B; 0B; M

Otcrona cieyeT paBHOMepHasl OrpaHHYeHHOCTb ceMelcTBa (yHKUME {@;}p | Ha M.
YuuThIBas paBHOMEPHYI0 OTPaHUYEHHOCTh, TaKKe KakK U B [11], mosyuaem KOMIakKTHOCTh
cemeiicTBa Qynkuuii {@;} B kaacce C?(G) s NPOU3BOIBHOTO KOMIAKTHOTO MOAMHOKECTBA
G C M. B cBowo ouepefib, KOMIAKTHOCTb CeMEHCTBA {;}, BJ€UeT CylLleCTBOBaHHeE Ipe-
k=1
IeJbHOH QyHKUMM u = lim @;, KoTopas siBisieTcsi pellleHHeM ypaBHeHus (1) Ha M.
1— 00

Jokaxewm, uto u(x) € [f]|,. HeACTBUTEIBHO, B CHJy HENPepbIBHOCTH (PYHKUHH u(z)
CYLLeCTByeT
Uy = min lu(z)|, Uy = max lu(z)].

Torpa Uy < ulpp < U #, c/1e10BaTe/IbHO, [P AOCTATOYHO GOJIBLINX § BBINOJHEHB HEPABEH-
CTBa
Uy —1< @ilopp < U+ 1. (2)

Onpenennum A; = min{0,U; — 1} u Ay = max{0,Us + 1}. YuursiBas, uto uplsp = 0,
umeeM Ay < uglop < Ay u A < @4lop < Ay 11 GOMBIINX i,

CoryiacHo ycuoBuio Teopembl Ha M\ B cyuiectsyior pewenusi ui(z) € [f]y # ua(x) €
€ [f]e ypaBHenust Lu = 0, yroB/IeTBOPSIIOLIKE YCIOBUSIM

ul’aB = Ay, Uz’aB = As. (3)

Tak kak Luy = Luy = Luy va M\B, A; = wilop < uolop < uslop = As w
Us L ug ~ uy, TO MO JMeMMe 4 Ha M\ B noayuaewm, uto u; < ug < us.
Torna s mocTaTodyHo GOMBIIUX ¢ ¢ y4eToM (2) U (3) BBIMOJHEHBI COOTHOIIEHHS

urlop, < @i |yp, = tolop, < u2lop;, wilon < @ilyp < u2lon.

Iasiee, nprMeHsisi IPUHLMI CPaBHEHHs K PYHKLUAM @;, U1, Uz B B;\ B I 010CTaTOYHO
GosblinX ¢ Ha MHOXKecTBe B;\ B, umeeM u; < @; < us. [lepexons K mpepesy npu i — 0o, Ha

M\B nonyunm u; < u < ug. YUUTHIBasI, 4TO Uy 2oy 2 Ug, TIPUXOAUM K 3KBHUBAJEHTHOCTH
u 2 ugy ¥, CIIeI0BaTeNbHO, U € [f]e. Teopema nokasaHa.

Teopema 2. [lycmo mrnozoobpasue M saersemcsa L-cmpoeum u L-nomenyuanr Hekomopozo
komnakma B C M yodossemsopsiem ycaosuro v € [0]y. Ecau na M s ypasuenus (1)
paspewuma Kpaegas zadaua c epanuuHoLmu ycrosusmu usd xkaacca [fly, mo wa M\B
o5 ypaswenus (1) paspewuma 8Hewnas Kpaesas 3a0aua C ePAHUUHbIMU YCAOBUSMU U3
kaacca [f]e.

Hokazamenscmso. Jlokaxem cHauana, uto Ha M\ B s 1060 HenpepbiBHOH Ha OB QyHK-
unn O (z) cywecrsyer peuenre w ypasxenus (1) takoe, uro w|gp = P, w € [0],. Pacemor-
DHM TI0CJIe10BATEbHOCTD (DYHKIMH Wy, SIBJSIOMIUXCS PEIIeHHeM CJeIYIOUMX KPaeBblX 3a/1au:

ka =0 B Bk\B,
Wi |pp = (),
W ’83k =0.
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YuuThIBas MPUHLUUN MaKCUMyMa, /s J1060ro k uMeeM

jwi| < sup |wg| = sup[®],
8(By\B) oB
oo
TO €CTb MOCJEN0BATENbHOCTb {wy }7° ; paBHOMepHO orpaHuueHa Ha M \ B H, cjenoBaTesbHo,
KOMIIaKTHa B KJacce JBaK[bl HeNpepblBHO AU((epeHuupyeMblX (YHKLUHH Ha JH0O0M KOM-
nakTHOM noamHoxecTBe B M \ B. KoMnakTHOCTb BJleueT 3a coG0 CyliecTBOBaHUE TPe/eJb-
HOM (yHKuMH w = lim wy, KoTopast siBjsiercst peiuenreM ypasHenusi (1) va M\ B. fcHo,
k—o0

uTo W |55 = P(x).

Janee mokaxem, uto w € [0],, TO ecTb A5 HeKOTOPOH KoHcTaHThl C' > () BBIMOJHEHO
lw(z)| < C - @(x), nns moboro x € M \ B.

[yers U = maxyp |P|. OueBuano, uto

—~(U+1)<®<U+1, —(U+1)<wlpp<U+1
U s Joboro k

B ycioBusix TeopeMbl cyiiecTByeT (hyHKUMS v, KOTOpas sBJsieTcss L-MOTEeHIUanoM KOM-
nakra B oTHocuTesbHo MHOroo6pasusi M u v € [0],. MHaue roBopsi, CyliecTByeT pelleHHe
ypaBuenus (1) Takoe, uto s HekoTopod KoHctaHTel C' > 0 Ha M\ B BbINOJHEHO

O0<ov<l1, vjgg=1, Jv(z)|<C- ¢(x).
Paccemorpum Ha M\ B ¢ynrunu ug = —(U + 1) - v n ug = (U + 1) - v. OyHKUMH ug 1
Ug SIBJSIIOTCS pelleHUsIMU ypaBHeHHsi (1) U yIOBJIETBOPSIOT YCIOBHSIM
ulop=—(U+1), —(U+1)<u; <0, u €0y,
ulop =U~+1, 0<uy <U+1, wus€ [0,

Torna ua M\ B BbimosHeHO 4, < Uy U C y4eTOM MPHHLKNA CPABHEHHs [Jisi BCeX k Ha

MHOXKecTBe B\ B
up < wg < Us.

IMepexons K mpefesy mpu k — oo, nonydaem u; < w < uy. Y4uThiBas, 4To 1y & 0 U
uy 2 0, nveem w € [0].

Janee BosbMeM u € [f], — pelueHne KpaeBo# 3amaun AJst ypasHenusi (1) nHa M wu
paccMoTpuM HernpepbiBHYIO Ha OB ¢yHkuuio ®* = u — &, rie & — npousBosbHas Hempe-
pbiBHast Ha OB (QyHKUHS U3 OmNpeneseHusi KpaeBou 3amaun. Kak nokasauo Beiute, vHa M \ B
CcyllecTBYeT pelleHHe w ypaBHeHus (1) takoe, uto wlsp = ®* u w € [0],. Torna dyHkius
up = u — w OyIeT UCKOMBIM pellleHHeM BHeIIHed KpaeBod 3amaud Ha M \ B ¢ rpaHUYHBIMH
ycJI0BUsIME 13 Kaacca [f],. JeHcTBHTeNbHO,

Lu—w)=0, (u—w)|sp="ulop— (u—P)|lsp = .
Kpome Toro, Ha M \ B BbHINOJHEHO HEPABEHCTBO
luo — fl = lu—w— f]| < fJu— fl+[w] < (C+C7) - g,

rie C' u C* — HeKOTOpBIe MOJIOXKHTEJbHBIE KOHCTaHTBI. CJIe10BaTeNbHO, MO OMpeeeHNIO
ug € [f]e. Teopema nokasana.

3ameuanue 4. PesynbTaThl TeopeMm | u 2 o606marT AJs ctauroHapHoro ypaBHenus Illpe-
IMHrepa pedynbraThl padot [1] u [16].
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Abstract. We study the problem of asymptotic behavior and belonging to
given functional class of solutions of the Schrodinger equation on a noncompact
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Riemannian manifold M without boundary. In the present work we suggest
concept of equivalence in the classes of continuous functions on a non-compact
Riemannian manifold with respect to certain norms in this spaces. Also we
establish the interrelation between problems of existence of solutions of the
Schrédinger equation on M and off some compact in a given class of equivalent
functions. We study questions of existence and belonging to given functional
class of solutions of the Schrodinger equation

Lu = Au — ¢(x)u =0, (1)

where c(z) € C%%(Q), c¢(x) > 0, 0 < « < 1, on a noncompact Riemannian
manifold M without boundary. In the present paper we suggest concept of
¢d-equivalency in the class of continuous functions on a non-compact Riemannian
manifold with respect to certain norms in this spaces. Also we establish the
interrelation between problems of existence of solutions of the Schrodinger equation
on M and off some compact B C M with the same growth «at infinity». A new
conception of ¢-equivalence classes of functions on M develops and generalizes
the concept of equivalence of function on M and allows us to more accurately
estimate the rate of convergence of the solution to boundary conditions. Let
M be an arbitrary smooth connected noncompact Riemannian manifold without
boundary and let { By }72, be an exhaustion of M, i.e., a sequence of precompact

open subsets of M such that By, C By, and M = |J By. Throughout the sequel,
k=1

we assume that boundaries 0B are C'-smooth submanifolds. Also let B € M
be an arbitrary connected compact subset and the boundary of B is a C'-smooth
submanifold. Assume that the interior of B is non-empty and B C B for all k.
Let ¢ > 0 be continuous function on M such that

Jim {[dleon s =0,

where ||d||c) = supg |p(x)|. Let f1 and fo be arbitrary bounded continuous
functions on M.
Detfinition (see also [1; 16]). Say that f; and f, are ¢-equivalent on M and write

fi 2 fo if for some constant C' > 0 and for all z € M \ B we have

[fi(z) = fal@)] < C - d(2).
[t is easy to verify that the relation ” L7 is an equivalence and so partitions the
set of all bounded continuous functions on M into equivalence classes. Denote
the ¢-equivalence class of a function f by [f]s. The concept of ¢-equivalence
establishes not only inclusion into the class but also determines approach rate
of function f; and f;. Denote by vy the solution of the equation (1) in By \ B,
satisfying the conditions

vklop =1, wglas, = 0.

In [11], it is shown that the sequence vy is uniformly bounded on M \ B and
therefore the sequence is compact in the class C?(G) for every compact subset
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G C M\ B. Moreover, as k — oo this sequence increases monotonically and
converges on M \ B to a solution of equation (1):

v=limuwv, 0<v<1, vlgp=1.
k—o00

Note also that the function v does not depend on the choice of exhaustion
{Br}32,. We call v the L-potential of the compact set B relative to M.
Definition (see also [11]). Call the manifold M L-strict if for some compact set

B C M there is an L-potential v of B such that
Jim {[olloan s, = 0.

Definition (see also [1;16]). We say that on M the boundary-value problem for
equation (1) is solvable with boundary data from the class [f]y, if there is a
solution of equation (1) u(z) on M such that u € [f]s.

Definition (see also [1;16]). Let B C M be an arbitrary connected compact
subset and ®(x) € C(9B) be any function continuous on 0B. We say that on
M \ B the boundary-value problem for equation (1) is solvable with boundary
data from the class [f]y if for any function ®(x) € C(9B) there is a solution of
equation (1) u(x) on M \ B such that u € [f] and u|,5z = P|,5.

Theorem 1. Suppose that on M\ B the boundary-value problem for equation (1)
is solvable with boundary data from the class [f|y. Then on M the boundary-
value problem for equation (1) is solvable with boundary data from the class
[/l too.

Theorem 2. Let the manifold M be L-strict and for some compact B C M
its L-potential be v € [0]|y. Suppose that on M the boundary-value problem
for equation (1) is solvable with boundary data from the class [f|y. Then for
any continuous function ® on OB on M \ B the boundary-value problem for
equation (1) is solvable with boundary data from the class [f]4 too.

Remark. The connections between solvability of boundary-value and exterior
boundary-value problems for Laplace-Beltrami and Poisson equations in terms of
d-equivalent functions is investigated in details for example in [1; 16].

Key words: Schrodinger equation, non-compact Riemannian manifold, asymptotic
behavior, classes of equivalent functions, boundary value problems.
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