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AnHoTanusa. PaccmaTpuBalTcsi KOMIJIEKCHble aHAJMUTHUECKHe (PYHKLUHH B
pasHbBIX cUcTeMax KoopauHaT. JlokasaHbl (paKTbl, MPUBOASIINE K MEPUOAUYHOCTH
AQHAJUTUYECKUX (PYHKLUHH Kak CJeICTBHEe COBMAJEHUS NaHHBIX (PYHKLHH C HEKOTO-
PBIMH KOMIJIEKCHBIMUA (pYHKLUSIMH, COBMAJAIOUIMMH C CUMMETPUYHBIM OTpaKeHHeM
OTHOCHTEJIbHO OIHOM M3 Oocell cHCTeMbl KOOpAWHAT, (mosssMu caBHUroB). JlokazaHbl
TeopeMbl O BO3HWKHOBEHHUH BTOPOrO YpPaBHEHHSI OJHOT'O MHOroo6pasusi peleHHH
ypaBHenusi z = f(p) (rpaduka) ¢ TOUKH 3pEHHs PaCCMOTPEHUS] HOBBIX CHCTEM
KOOpAMHAT Ha KOMIIJIEKCHOH MJIOCKOCTH. [l0Ka3aTe/bCTBO 3TUX TeOPeM OIHpaeTcs
TOJIbKO Ha M3BeCTHble (DaKThl MaTeMaTHUeCKOro aHaJjnu3a.

KuaroueBble cisoBa: [lepuopnyHocTh (yHKUMH, aHaJUTHUeCKHe (DYHKLIUH,
KOMIIJIEKCHBIE T10JI1 CABMIOB, Pa3Hble CUCTEMbl KOOPAHUHAT, HEOLHO3HAYHOCTb INpeJ-
cTaBJieHUs] (YHKUUH.

BBenenue

CraTbsl MOCBSLIEHA UCCJIEI0BAHHIO aHAIUTHYECKUX (YHKIHMH B pa3HbIX CHCTEMax KOop-
nuHar, [1;2]. YpaBHeHue aHainTHueckod QyHKUMH z = f(p) B HOBOE cHCTeMe KOOPAHMHAT C
ueHTpoM B Touke (A, 0) coBnanaer ¢ ypaBHeHueMm z = f(r+A) =g(r), p, r € G, p=r+A,
T — KOMIIJIEKCHble TepeMeHHble B HMCXONHOH W CABHHYTOH BrpaBo mpu A > (0 cucremax
KoopauHat, G — HeKOTOopas OTKpbITast 00/1acTh KOMIIIEKCHOH MJIOCKOCTH.
Teopema 1 ocHoBaHa Ha cienymwlleM npumepe 1: aHaauTudeckasi B objactu G GyHKIUS
z = f(zx 4+ 1y) = u(x,y) + v(z,y)i u HekoTopast dynkuus z = fo(r + 1y) = u(x,y) +
+ v(z,y)i, (nanee nose caBuros, [1;2]), HUMEIOT OAHO ¥ TO XK€ ypaBHeHHE C TeMH ke u(x,y)
u v(x,y), nepsasi, Kak GyHKIUHs z = f(p) B UCXOAHOH CHCTEMe KOOPIMHAT, BTOpasi COBMAfaeT x_
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MATEMATHUKA 1 MEX AH U K /A 5

C UCXOIHBIM 0TOOpaXkKeHHeM TOueK IMJIOCKOCTH B CHCTeMe KOOPAHMHAT C KOMIJIEKCHOH OChIO i,
HarpaBJeHHOH BHOJb HcXoaHOH ocd OX, U NEeHCTBUTEJIbHOH OCBhIO Y, HAalpaBJeHHOH BIOJb
ucxonHod ocu OY . Bropasi pynkuusi z = fo(r+1iy) He MOXKeT GbITh AHATUTHIECKOE B TOH 2XKe
obnactu G nipu ToM ke cornoctaBienud G S (x,y) — z, 2 = u+iv. (Eciu nomeHsaTh mectaMu
xr ¥y, Tak uto z = fo(x +iy) = f(y + ix), TO 37O NpUBEIET K H3MEHEHHI0 MHOT006pa3us
sHauenu#l z, (rpapuka Y = f(X), 2 =Y, p = X B neHACTBUTEJbHOM CJydae), KOTOPOE, MO
OTpeJie/IeHHI0, CYMTAETCS] HEMOABMXKHBIM B JIDOBIX CHCTEMax KoopAauHart, (Teopema 1)).

B teopeme 2 nokasan aHajorudnbid ¢akt 1, [1;2]: ypaBHenue z = f(p + A) ¢ Touku
3peHHUs] aHAJMTHUECKOr0 MHOrooOpasusi ToYeK 3HaueHWH [Js1 JaHHOro ypaBHeHHs, (C TOYKH
3penust rpaduka ypaBHenusi y = f(z + A) B IeACTBUTENBHOM CJlydae MPH I€ACTBUTENbHBIX
z =y, T = p), COBNajaer ¢ ypaBHeneM z = f(p); Mbl UCMONB30BAJIH TO, UTO JAJIsi CABHHYTOTO
BMecTe ¢ 2z Ha A > () BpaBo aHaJMTHYECKOr0 MHOrooOpasus (rpaduka) z = f(p) 3HaueHHIO
«CIIBUHYTOTO» 2 COOTBETCTByeT 3HaueHHe (aprymeHT) p + A, (KaK «IpoeKLHs» Ha MOCKOCTb
KOMIIJIEKCHBIX apryMEeHTOB 2z TPH peluieHuu ypaBHenust z = f(p + A)), B KOTOpoM p TO xKe
caMoe Kak p MpH pelleHHH ypaBHeHHs1 z = f(p) ¢ TeM e CaMbiM z JI0 €ro CABHra BIPaBo
npu A > 0. 3ameTnM, uto ypaBHeHue y = f(z + A) He MOXKeT ObITb ypaBHEHHEM CABHHYTOTO
BnpaBo npu A > 0 reomeTpuyeckoro MHOroo6pasus, (rpaduka B JeHCTBUTEJNbHOM CJydae),
TaK Kak ypaBHeHHe CABHHYTOro BrpaBo npu A > 0 ucxompHoro mHoroo6pasus z = f(p — A),
[1-5].

[Tpu nmokasatesbCTBe TeOpeMbl 2 HCIOJb3yeTCs CJedylollee paccyxKaeHue, (mpumep 2,
[1;2]): ypaBHeHue z = g(p — A) MOXKHO BOCIPUHUMATH ABYMsI pa3HbiME criocobamu. [lepBoiit
croco0, Kak ypaHeHHe MHOroo0pasusi TOYeK B MCXONHOH CHCTeMe KOOpAMHAT C LEHTPOM B
(0,0) BBHIY OmpefesieHHsl MEePEMEHHON p [/l UCXOLHOH CHCTEMBI KOOPAHHAT, B 9TOH CHTya-
LMK ypaBHeHHe coBnaznaer ¢ ypaBHeHueMm z = g(R), R =p— A, eciu R = p — A npu Beex
R = r u3 obaactu onpepesnenus r u R = r. JlaHHy10 nepeMeHHYI0 R MOXKHO CUHTaTh paHeee
OTpe/IeIeHHOl epeMeHHOH p, Tak Kak MHOroo6pasue touek (rpaduk) z = g(R) coBnagaer ¢
MHOroo6pasueM (rpaukoM) CABHHYTOro Ha BeauunHy A, (Ha Beaununy A Bieso mpu A > 0),
MCXOIHOTO MHOroo6pasusi z = ¢(r), r = p — A, ¥3 BTOPOro JajibHEeHIIero crnocoba BOCIPHU-
SITUST 9TOTO ypaBHEHHUsi. BTopoi# crmocob BhITeKaeT M3 ypaBHeHHst z = ¢(T) TOCje 3aMeHBI
r = p — A 13 onpenesneHus nepeMeHHBIX p, 7, [1;2], TO eCTb MOXHO CYMTaTh, YTO 3aMeHa
r = R = p — A onpepesisieT ONHOBPEMeHHO 1Ba CIBHUHYTBIX OLHO OTHOCHTENBHO APYTOTO
MHoroo6pasust z = g(p) u z = g(r), (R MOXKHO CTHTaTh p KaK OblJIO OTMEUYEHO).

B Teopeme 2 nokasaHO TakxKe, 4TO MepeMeHHYIO [T MOXKHO CUHMTaTb MepeMeHHOH p NpH
onpenesnenrn P = R u3 paseHctBa f(R) = g(p — A) npu Bcex P =p = R.

1. IleppogyHOCTh aHAMUTUUYECKUX (PYHKIUA

B reopemax 1 u 2 /st MPOCTOTHI M3JI0KEHHUsT B 00/1aCTH 3HaueHUH QyHKunu z = f(p)
He CYIIeCTBYeT ABYX ONMHAKOBHIX 3HaueHui: f(p1) # f(p2) mpu Bcex py # po, p1,p2 € G.
Ornpezesiim Takke MOHSITHE aHATUTUUYECKOTO OTOOPaKEHHs TOUEK KOMIJIEKCHOH Moc-
Koct sl pyHKumM z = f(p) Kak orToOpaxkeHHsi Touyek (He BEKTOPOB) KOHILOB paanyc-
BEKTOPOB P IJIOCKOCTH C MOMOIIbI0 ypaBHenust z = f(p), p € G.
B npumepe 1 nokasana teopema 1, [1;2]. [lanee Mbl NPUBOAHM HECKOJbKO IpPYyroe
JI0Ka3aTe/IbCTBO, OCHOBAHHHOE Ha M3MEHEHHH HampaBJeHHsi ocedl koopauHar, [1;2].
ITo, onpenesnenuto, noiem casuros, F(p), [1;2], (F(p) = F(x+1iy)), HeKOTOPOH aHaIH-
THueckod dyHkuuu h(p) , HasbiBaeTcst GyHKIMs F'(p), onpenesneHHasi C MOMOIbIO PaBeHCTBA
F(x+iy) = h(—x+iy) wnu F(z+1y) = h(z —iy) npu Bcex x+ iy U3 00JacTH ONpeleeH s X,

18 A.B. llasaos. TIpHHIUI HEOTIPefleIEHHOCTH [JIs1 PA3HBIX CHCTEM KOOpPAHHAT QJ’Q‘{
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p=x+1y.
Teopema 1. /[15a npoussorvroii anarumuueckoti 8 omkpoimoti obaracmu G pyunkuuu

z= f(p)

conocmasienue KOMNAEKCHbIM 3HAUEHUAM 2 MmeX dHe Mmouek NAOCKOCMmuU no gopmyre z =
= f(ix +y) o0HOBpemerHO s6A556MCS NOAeM COBUCOB U AHAAULECKOL PYHKYUel C mem KHe
ypasreruem.

Hokaszamenscmeo. lpennonoxem, 4To npy (PUKCUPOBAHHOM MHOT000pa3uM 3HAYEHUH TOuek
KOMIIJIEKCHOH TMJIOCKOCTH, (Kak Obl TpH (DUKCHPOBAHHOM HaBHCAllleM HeNOBHKHOE MHOTro006-
pasuu 3HaueHuit z = f(p)), pe3y/nbTaT COMOCTABJEHHs TOYEK MIOCKOCTH C MepeGpOLIeHHbIM
i OT Y K T COBMajaeT C HEKOTOPBIM T10JIEM C CIBUTOB aHaJHUTHYeCKOH (QYyHKIHUH, (Bce MoOJs
CIIBUTOB OMpeNeSIOTCS OTHOCUTENbHO UCXONHBIX YUCJIOBBIX MEPEMEHHBIX T, U; T + 1Y = P).

[Ipy 3TOM npeanosoKeHWH PacCMOTPUM pe3yJbTaT MOBOPOTA HOBBIX OCEH KOOPAMHAT
(¢ meiictButesibHOi ocbio OY u MmHHMOH ockto OX) 1m0 yacoBOH cTpesike Ha yrosa 7t/2 W,
3aTeM, U3MeHEHHs HampaBJieHHss HOBOH MoBepHYTOH ocH tOX Ha MPOTHUBONOJOXKHOE, (HOBas
MOBEepHYTasl OCb HalpaBjeHHa B OTPHULIATEJNbHYIO CTOPOHY 10 CPaBHEHMIO C MCXONHOH /s
NpeMeHHOH p MHHUMOH OCH); mpeoOpa30oBaHHUs TPOUCXOAST MPH HEM3MEHHOM «HABHCAIOLIEM»
MHOr000pa3uu 3HaUeHHH.

Pesynbrar Takux npeo6paszoBaHUi [0JKEH COBMNAAaTb M0 MPEANOJOXKEHHIO C HEeKOTO-
poll aHa/JMTHYeCKOH (yHKIHUel, TaKk Kak IoJie CIBHUIOB HEKOTOPOro APYyroo MoJs CIBHUIOB
COBMajfaeT K ¢ aHaJquTHuUeckoi ¢yHuued, [1;2].(Mbl ucrnosb3yem, To, YTO MOJE CABUIOB IO
nepementoit y F(x +iy) = h(x — iy) = h(—(—z + iy)) coBmagaer ¢ mojem CABHrOB OTpa-
XKEHHOH aHaJIUTHYeCKOH (yHKUKK h(—p) M0 APyro# mepeMeHHO#H).

Mbl nosyunau, 4TO CONOCTaBJeHHe TOYeK MJOCKOCTH MPH HOBOM IOJIOXKEHHH OCeH ¢
nepeMeHHBIMHU ¢z, (HarpaBJeHHBIMH BIOJb HCXOMHOH KOMIIIEKCHOH OCH), W, PACMOJIOKEHHOH
BIOJIb UCXOAHOH NeHCTBHUTENBbHOH OCH HOBOH OCH C NepeMeHOH Yy Mph HeM3MeHHOM MHoroo6pa-
3UH «HaBHUCAWOUIUX» 3HAUEHHH, COBMAJAeT C HEKOTOPOH aHAJUTUUECKOH (pyHKLHeH. Y HOBBIX
KOOPIMHATHBIX OCEH T MOMEHSJCS MeCTaMH C Y M0 CPABHEHHIO C HCXOAHBIMH KOMIIJIEKCHBIMU
KOOpAMHAaTaMHU. Takoe corocTaBJ/ieHHe COBNafaeT ¢ (PyHKIUeH

Jo = ug +ivg, uo(w,y) = uly, z), vo(x,y) = v(y, x), f(x +iy) = u + iv,

¥ OIHOBpeMeHHO ¢ ¢yHkuuei z = fo(x +iy) = f(y + ix). Ho nanuas dyHKumusi, 04eBUIHO,
SIBJISIETCS TI0JIEM CI[BUTOB TI0 TIEPEMEHHBIM T, Yy, TaK Kak oHa coBnanaetr ¢ f(i(—yi+x)) = z.
Mbl 10Ka3aJ/id, 4TO Pesy/abTaT COMOCTABJIEHHS TOUEK IMJIOCKOCTH C MepeOGPOIIeHHBIM 7 OT i K
x, IO0JKeH ObiTh aHaMMTHUeCKOH (yHKUKeH, [?; ?]. Ho naHHoe comoctaBiieHne ToXe siBJISIETCS
MoJieM CABHIOB, Tak Kak OHO coBmanaet ¢ ¢pyHkuued F(x+1y) = (f(i(—ix1+Y))|z,=—x, OPH
Bcex z = f(x1 + yi), 4TO SBJISETCS COEPKAHHEM TeopeMbl 1.

3ameuanue 1. Eciu neiictBuresnbHas GpyHkuusi y = f(x) onpeneseHa B MPOU3BOJNBHOM HH-
TepBasie I, TO ¢ TOYKU 3PEHHsI MaTEMAaTHYECKH HEMPOTHBOPEUMBOrO [0KA3aTesbCTBA, MOBTO-
psiforero paccyxkuenusi gakra | BBemenusi, rpaduku pyHkuuid y = f(r + A) u y = f(x)
COBMAJAMT MpPH Beex x, Takux uto x + A € G, r € G, A > 0.

Hoxazamenscmeo. JlokasaTe/bCTBO 3aMeUaHHUs NOBTOPsieT (PaKT | BBeleHHUS C yuyeTOM TOro,
YTO aHAJUTHUYECKHE OTOOpaXKeHWsl TOUEK IJIOCKOCTH AJst ypaBHeHHH z = f(p+ A) u z =

= f(p) coBmamaooT B ciyuae HEACTBUTENbHBIX TMEPEMEHHBIX T = P,y = 2z C rpapuKamu X
&
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pyukumit y = f(r+ A) uy = f(x), (naHHbl# DakT caeayeT U3 onpeneseH s aHAIUTHUECKHX
oToOpaKeHHH TOUeK MJIOCKOCTH).

[Ipn nokasaTesbCcTBe TeopeMbl 2 MOXKHO HCIOJb30BaThb pacCyKaeHHe Mpumepa 2 U3
BBefleHUs. HeckosbKo apyroe noKkasare/bCTBO TeOpPeMbl 2 NPUBENEHO HHUXKE.

Teopema 2. 15 npoussonvroll ¢ynkyuu z = f(p), onpedenrennoii 8 HeKOMoOpoL omKpbL-
moti obaacmu G, Ucxo0HOe aHaiumuieckoe mHoeoobpasue mouek NAOCKOCMU OAs Ypas-
Henust z = f(p) ¢ mouKku 3peHus HOBbLX cucmem KOOPOUHAM HA KOMNAEKCHOL NAOCKOCMLU
umeem 0sa pewenus ypasnenus z = f(p) npu awbom z u3 obracmu 3HaueHull yHKUUL
z = f(p), p — Komnaiekcras nepemenHas.

Hokazamenscmao. PaccMOTPUM aHATUTHUECKOE MHOr0000pa3ue TOUEK, 3alaHHOe YpaBHEHH-
em z = g(r) npu Bcex r = p — A.

Mmetor MecTo opHOBpeMeHHO 1Ba paBeHcTBa: z = f(P 4+ A) = g(r),P =1, u 2z =
= f(p) = g(r) c omHUM U TeM e z; 3[eCb MEePBOE PABEHCTBO CJAEACTBUE ompeneseHus f,g
BO BBEJIEHMH BBHAY TOrO, YTO MePEMeHHYI P = 7 MOXHO CUHTaTh MEPEMEHHOH p , BTOpOE
PaBEHCTBO CJIEACTBHE OMpefeseHns] 3HaYeHUsT QYyHKUHUH f, g B J1060H TOUYKe, COBMAnamllei
C KOHLIAMH PafHyC-BEKTOPOB P, T B CHCTEMax KOOPAHHAT M3 WX OMpeneseHHs, (CM. najee).
[TepemerHy P = r MOXHO CUHTaTh MEPEMEHHOH p, TaK Kak 3Ty MEPEMEHHYH Mbl CUHTAJH
nepeMeHHOH p Mpu pa3bope MepBOro MPeACTaBjeHHs mpuMepa 2 sl QYHKUHU ¢, CJef0Ba-
TeJIbHO OHa SBJIsSIeTCS NepeMeHHOH p IJs JI000H APYyrod (PyHKLUMH BMeCTO ¢, B TOM YHCJE
nast pyukuun f npu Beex p = P = r. (To. 4To ee MOXKHO CUMTATh MEPEMEHHOH P BHITEKAET
TakxKe U3 paBeHctBa 2z = f(P) = g(P — A) npu Bcex p = P, [1;2;6;7], no ucxonHomy
omnpesiesieHHI0 PYHKUUH f, g BO BBEIEeHHH).

CuieoBaTesibHO, HMEIOT MecTo ABa ypaBHeHusi z = f(p) = g(r)u z = f(P+A), P =p.
(OtmernM, uTo BTOpoe ypaBHeHue z = f(P + A)) coBnamaer ¢ ypasHenueMm z = f(s), P =
= p, UCXOOHOrO MHOrooGpasus z = ¢(r), Tak Kak p + A = s, rme § , M0 OMNpejeseHH o,
KOMIIJIEKCHAsI MIepeMeHHast /s TpeTbed cucteMbl KoopauHat ¢ ueHtpoM B (—A,0). danuoe
BTOPOE ypaBHEHHEe CyTh ypaBHEHHe CIBHHYTOrO Ha BeJHUHHY —A HCXOIHOTO MHOr00Gpasust
C LeHTpoM KoopauHat B Touke (—A,0); mepBoe ypaBHeHHe, KaK ObLIO OTMeUeHo, z = f(p) =
= g(r)).

Teopema 2 noxasaha.

3akaoueHue

OrMeTHM, 4TO Teopema 2 (haKTHUECKHM MPUBOAMT K paBeHcTBY P + A = p onHoBpe-
MEHHO ¢ BO3MOXKHOCTBIO CUMTATh MepeMeHHYK P mnepeoGo3HaYeHHUeM HCXOMHOH KOMIJIEKCHOM
nepeMeHHOH p, OTpe/ieJIeHHOH B MCXOAHOH chcteMe KoopauHat ¢ uextpom B (0,0) [1;2;6;7].

C ToukHM 3peHus npuMepa 2 u (akra | BBeeHHsI Mbl 0Ka3aJH yTBEPHKAEHHs TPHMEPOB
cratbu [1] U coBmameHHe UCXOMHOTO aHAJIUTHUECKOTO 0TOOpaXKeHusi z = f(p) ¢ HEKOTOPBIMH
nosisimu caBuros (F'(p) us cratbu [2] ).

K anajornuHomy pesy/ibTaTy MPUBOIMUT TaKKe NajibHellliee pPacCMOTPeHHe 0OpaTHBIX
(yHKLHH Oe3 BBeleHHS] HOBBIX CUCTEM KOOPAMHAT.

Hmeer mecto paBeHctBo f_1(2) + A = h_y(z) mas obparaeix kK f u h QyHKUHH,
COOTBETCTBEHHO, B KOTOPOM MepeMeHHOl p MOXKHO 0603Hauatb Uik f_q(z) unu h_1(z). 31ech
ypaBHenust z = f(p) u z = h(p) 3T0 - ypaBHEHHsI UCXOMHONO AHAJUTHUYECKOTO OTOOPAKEHHs
z = f(p) u ypaBHeHHe z = h(p) CABHHYTOrO BIpaBo Ha BeJnuuHy A > () TaHHOTO HCXOLHOTO x_
&
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aHaJIMTHYeCKOro oTobpakeHust Touek z = f(p). Ilocsie nepBoro 0603HadYeHHsl Mbl [OJydaeM,
uro p+ A = h_1(2), u h(p + A) = z cyTb ypaBHeHHe yxKe CIBHHYTOrO MHOrooGpasus, (a
He z = h(p) mo ompenesieHuio), mocjae BTOporo o6o3HaueHust noayudaem f_1(z) + A = p,
uz = f(p— A) cyTb ypaBHeHHe HCXONHOTO aHAJUTHUYECKOro oTobpaxenus z = f(p), (a
He z = f(p) mo ompeneseHuo). B naHHOM foKa3aTeslbCTBE HOBOTO YpaBHEHHS HCXOLHOTO
aHAJUTHUYECKOTO OTOOPaXKEHHsI MBI HEe MCII0Jb30BA/IH HOBBIX NEPEMEHHBIX 7 M HOBBIX CHCTEM
KOOPAMHAT NPH Pa3HBIX NEHCTBUTEBHBIX A.
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Abstract. We consider the analytical z = f(p) functions in different
coordinate systems. The centers of coordinates of the new systems are located in
the (A,0) points, with the r variable. With point of view of the new coordinate
system we obtain some new y = f(z + A) equations for the same y = f(z)
graph for the only function, (the new equation of the same (z, f(p)) set of points
for the p = z, 2 = y complex variables). To prove the fact we can consider the
y = f(p) equation for the new p = r + A variable with r = x; by definition
of the p and r variables p = r 4+ A, (the p variable we consider in the primary
coordinate system, the r variable we consider in the new coordinate system with
the (A,0) center of coordinate); for all the r, = variables r = z by definition
of the radius-vectors in both coordinate systems, (r is other designation of x).
The consideration of the equations results in periodicity of the f(p) function. The
same result we obtain for the complex F(p) field, where F(x +iy) = f(—x +1iy)
by definition for the p = x + iy complex variable. In the new coordinate system
the i constant is located on the OX axis instead of the OY axis. In the system of
co-ordinates the new equation of the (z, f(p)) set of points (graph) is the same
as in the initial system of coordinates. It is proved, that the f(ixz + y) field in
relation to the x = y diagonal is equal to the f(—i(—z + iy)) field in relation to
the 10X axis.

Key words: Periodicity, different coordinate systems, analytical functions,
fields of the complex functions, moved functions, double representation of functions.
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