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AnHotaumsa. B nanHo#l paboTe paccmaTpuBaeTcs cUCTeMa M3 ABYX ypaBHe-
HUH BTOPOTO MoOpsiiKa C ABYMsI HE3aBUCUMBIMM [lepeMeHHBIMU, NPUUEM 3TH ypaBs-
HEHUS CBSI3aHbl B CHUJIy HeM3BeCTHOH (pyHKuMH. [IJs paccMaTpHBaeMOH CHCTEMbl
npu o = J = v = 1 mosy4eHbl NpelcTaB/JeHHUs MHOroo6pasusi pellleHHH 4Yepe3
OIHY NPOU3BOJIBHYI (DYHKLHIO ONHOW HE3aBUCHMOW MepeMeHHOW U OfHY MPOU3-
BOJIbHYIO NTOCTOSIHHYIO M M3Yy4eHbl CBOHCTBA MOJYYeHHBIX pelleHUH. Ha koHue a4
Ha3BaHHOH CHCTeMBI IIOCTaBJIeHA M pellleHa HauasbHO-KpaeBas 3agada Aj.

KuioueBbie cioBa: rnepeorpenesneHHasi CUCTeEMa, CHHTYJAsSPHOE ypaBHEHHe,
MPSIMOYTOJIbHUK, MHOI000pPAa3usi pelleHuH, CHHTYJspHAsT TOUYKaA.

[Tyete D — mpsamoyronbHuk D = {(x,y) : 0 <z < 01, 0 <y < dp}. Hanee obo3ua-
YUM

Ii={y=0, 0<z <&}, Ty={r=0 0<y<d}

B o6aactu D paccMOTpPUM CHUCTEMY

( 82“ a1<x>y>@+ bl(xay)@ Cl(xay)u: fl<x7y)
Oxdy re  Ox rf Oy rotB roth
|
Pu as(x,y)0u | ez, y)  falz,y) )
+ — =
ox? v Ox Y Y

Y

\

roe r? = z? +y*, a;(z,y), bi(z,y), ¢j(z,y), j = 1,2, — 3ananHble GyHKUUH obmacTh D,
a=pF=vy=1.

[Ipo6seme ncenenoBanust auddepeHMaNbHBIX YPABHEHUH U MepeonpeaesieHHbIX CH-
CTeM C PEryJspPHbIMH, CHHTYJASPHBIMA W CBEPXCUHTYJISPHBIMH KO3(P(PHUIIMEHTAMH TMOCBS-
meHsl padotel [1-8].
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s MATEMA T K A I

[enbto Hacrosiedl paboThl SIBUJIOCH MOJY4YeHHe NpeACTaBJeHUs MHOrooopasusi pe-
IeHu# ypaBHeHHUH (1) mpu MOMOLIM MPOU3BOJBHOH (DYHKLUHH U TPOU3BOJBHON TOCTOSIH-
HOH.

B Hacrosiieit pa6ote Ha ocHoBe crocoba, paspabotaHHoro B [4; 5], mosyueHo mpen-
CTaBJieHHe MHOroo6pasusi pelleHUH cucTeMbl ypaBHeHHH (1).

B nanbHeiimem o6o3naunm Co(D) — Kjaace pyHKIHUH, KOTOPble UMEIOT HeNpepbIBHbIE
TIPOM3BOJIHBIE T1€PBOro Nnopsinika B D U TakWe, UTo

0%u
0xdy

HYCTI) al(xvy) S C;(ﬁ)a b1($,y), Cl(x7y)7 fl(x>y> € C<E>
B stom CJay4dae repBoe ypaBHEHHE CHCTEMBI (1) npeacTaBuM B BHIE

e C(D).

3_’_ bl(x,y) £+ al(x,y) U — fl(xay)_FCl(x?y)u’ (2)
ox r dy r r2
rae

0 :
C3(1‘7 y) = _Cl(xv y) + T28_ (M) + al(xa y)bl(‘ra y)

xXr T

BBesisi HOBYI0 HEHU3BECTHYIO (DYHKLHIO
_Ou | ar(w,y)
191<x7y) - 6_y + r u, (3)

npu c3(x,y) = 0, cBeleM 3amauy K pelieHH0 TU((epeHIHa bHOT0 YPaBHEHHUS TI€PBOro
nopsiikKa

8U1+b1<$,y)v . fl(x7y>

O 1= I 4)
x r r
Pemienue ypaBHeHus (4), cornacHo [4], 3anuiieM B BUle
—51(0,0)
T+r
O1(z,y) = < y ) exp [—wp, (2, y)] x
b1(0,0) ®)
1\Y,
“hty) [tV + P 1
X \Ijl(y> + 0 tQ 4 y2 y exXp [wbl (t7 y)] dt )
rie
“bi(t,y) — 61(0,0)
wi(z,y) = / L ~dt.
O R
Teneps, pewas ypaBHeHue (3), BopaxaeM u(x,y) dyepes ¥i(x,y)
+r —a1(0,0)
u(x,y) = (y . ) exp [—w,, (2,9)] X
(6)

X

al(U,O)
y 2 2
X gpl(x)—l—/ Y1(x, s) exp [Wél(ib’,s)] <S+\/:U + s ) ds p,
0
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Yai(z,s) —ai(0,0)
Wk (x, :/ s, " ds.
a1( y) o \/m

B (6) BmecTo ¥4(z, s), moacTaBJsisi ero 3HaueHue U3 (D), MONYyUUM

—a1(0,0)
Y+ r) 9

u(z,y) = exp [~w,, (z,y)] ( -

a1(0,0) —61(0,0)
s+\/1:2+52> ' (x+\/x2+s2> ' "

S S

x{p1(z) —i—/oy exp [wil(x, s) — wgl (x, s)] (

51(0,0)
> exp [wy, (t,5)] dt | ds} =

() + [ LlEs) <t+ VET
0

12 4 52 s

E]\41 (901($)>¢1(y)7f1(9€ay))- (7)

[lycTb Bo BTOPOM ypaBHeHHM cucTeMbl as(z,y) € CL(D), cx(x,y), folx,y) € C(D)
¥ BBITIOJIHEHO yCJIOBHE

_'__
ox r

ez, y) = —calm,y) +r 0 (a2<x’y))-

TOFILEI BTOpPO€ ypaBHEHHE CHUCTEMbI IIPEACTABUM B BUE

9 (Ou axxy) \ _ flry) +alzyul,y) (8)
Ox \ Ox r r
BBeisi HOBYIO HEH3BECTHYIO (DYHKIIHIO
Yoz, y) = Ou + Mu, 9)

ox r
npu c4(x,y) = 0 cBelleM 3aauy K pelleHHI0 CaedyIollero A QpepeHHalbHOr0 ypaBHeH S
MepPBOTO MOPsiAKa

vy _ fz(ff,y)' (10)

ox r

W3 ypasuenus (10) nHaxonum vs(z,y)

¢ f2(t7 y)
2+ y?

Va(,y) = a(y) + dt. (11)
0

Tenepsb ypaBHenue (9) mpenctaBUM B BHIE

St [l o) (5 7“)@(0’0) u(a,y)} =

(12)

x+ r) a2(0,0)

= V(z,y) exp [wy, (z,y)] ( y
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’ t, y) - a2<07 0)
w; T,y :/ aa dt.
()= [

[loTpeGoBaB BBINIOJNIHEHHE YCJOBUSA

9 (ai(z,y)\ 0 [asz,y)
7 (27) =5 (52) = 0 1)

a TakXke TMpoxuddepeHLHpoBaB paBeHCTBO (12), moc/sie HEKOTOPHIX YNPOLIEHUH MONYyUUM
BbIpaXKeHHe

fltydt 2(.17,0) y 1
(oo [ ) 22 [t

—w; (x, 8
b T S

a1(0,0) 1(0,0)
1( ) <s+\/332+32> (33+\/£E2+82> "

() + [ DS <t+¢m

1
N . ) exp [wy, (t,5)] dt | ds—

_9 yexp [we, (z,5) — wy, (z,5)]
oz Jo ar b

T S

a1(0,0) ~51(0,0
3+\/:1:2+52> ' <x+\/:c2—|—52> 1

X | ¥1(s) +

o 12+ s? s

N b1(0,0)
fi(t, s) (t + V2 + 32> exp [wb (t, S)} dt | ds.

(14)
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M3 ycnoBus He3aBUCHMOCTH JieBO# 4yacTH (14) oT y, moayuum

o (20) (i [ HEDE)

a1(0,0) —b1(0,0)
e -t (22 (255

z )

x | ¥i(y) +

ChHly) [TV A+
2 +y? y

b1(0,0)
) exp [k (6] dt |} =

a1(0,0) ~b1(0,0)
as(x,0) y+r\" T+
- €xXp [Wél (ZE, y) - w;l (l‘, y)] ( X

T x Y

(15)

12 + 92 Y

51(0,0)
x| 1 (y) + i " ht) (H ety ) exp [wy, (t,)] dt

[Ipeobpasys mocsenHee cjaraemoe paBeHcTBO (14), cornacHo (15), mns omnpenpesieHus
¢1(x) moayunm craenyioilee nuddepeHIHaNIbHOE ypaBHEHNE

as(z,0)

P () + p1(z) = Fi(z), (16)
rae
¥ fa(t,0
Fy(z) = fal (17)
Pewienvie ypaBuenus (16), cornacHo [4], 3anuiinem B Buie
p1(2) = exp [~wg, (2, 0)] 272V x
(18)

X <01 + /z Fi ()12 exp [wl (¢,0)] dt) = Ni(c1, fo(x,0)),

0

rme

x t .
aha0) = [ty
0

t

C1 — TNIpOM3BOJIbHAsI MOCTOSTHHASA.
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B paBenctse (15), BeinmosHsis onepauuu auddepeHHPOBAHHS, TOJYIUM

© falt, y)dt ) 9 (" fat,y)
ray(7,y) <¢2(y)+ i ﬁ) +T2¢2(y)+r28—y 0 \/;—Jriygdt:

o4\ 100
= o) bl e [ )] (C25) T x ag)
2
(e [ (” VL ) exp [wh (6)] dt | + ().
0 y? )
B paBeHnctBe (20), nepexonst K npeneay npu x — 0, onpenesum v, (y) B BUIe
_ y _1(0,y) | ai(0,y) roy] =

= N2<¢2(y)7 f1(07y))(a2(07y) 7é bl(o’y))7

re 19(y) — MpOU3BOJIbHAS (PYHKIHS OLHOH He3aBUCHMOH MepeMeHHOH Y.

Hrak, nokasaHa cjenyolas Teopema.

Teopema 1. [Tyctb B cucteme ypaBHeHH# (1) KOIPHULHUEHTH U MpaBble YaCTH YI0-
BJIETBOPSIIOT CJIEAYIOUIUM YCJIOBHUSIM:

1) ay(x,y), as(z,y) € Ci(D),
bi(z,y), ¢;(z,y), fi(z,y) € C(D), j=1,2

2) ¢i(z,y) = an (al(“: y)) + ay(z,y)bi (2, ),

o= (BEDY,

3) ai(z,y) u as(x,y), fi(z,y) 1 fa(r,y) COOTBETCTBEHHO YIOBJETBOPSIIOT YCJIOBUSIM
coBmectHocTH (13) u (19);

4) | ai(w,y) —a1(0,0) | < Hyr*t, Hy = const, o <oy <1,
| b1(z,y) — b1(0,0) | < Hyr®*, Hy = const, o< f; <1,

| as(x,0) —as(0,0) | < Hsa", Hy = const, o <y < 1;

5) a1(0,0) <0, b,(0,0) > 0, a(0,0) > —1:

) fl(-T y) =0 ((1‘;—7’) —b1(0,0) T'Yz) sy > 1,
fo(,0) = o (a), 11 > 0.
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Torna moGoe peueHue cucreMbl ypaBHeHH# (1) u3 kmacca Ch(D) mpenctaBuMoO B
sBuge (7), (18), (20).

[Ipu satom
lim u(z.y) = ¢1(a),
- - _ —a2(0,0)
lim Qg%U(w,y)) 0 (x~=09))

Xz

. _ Y+ T\ _ay00)
tinyu(e.) = 0 (5000,

lim {x“Q(O’O) lim u(z, y)} =,

x—0 y—0

du | as(z,y)
Phan(limo = Daaalloma = G+ 2570 Lo = valo)

[Tpyu nomoly noJy4eHHOro UHTErpabHOrO MPeACTaB/IEHHUS B IBHOM BHUJe HaXOAUTCH
pellleHUe CJefylolled HayaJbHO-KpPaeBOM 3a/auH.

3apaua A;. TpeGyercs HaliTH pelueHue cucteMbl ypaBHeHH# (1) u3 kaacca Cy(D),
YIOBJIETBOPSIIOILIEE CJIEAYIOLIUM YCJIOBUAM

lim {x@(o,o) lim u(z, y)} =my,
y—0

z—0

P, 0, (1) |a=0 = 91(y),

re m; — 3ajaHHas H3BeCTHas MOCTOsIHHAf, ¢1(y) — 3amaHHas (PYyHKUHs TOYeK KOHTY-
pa I's.

O paspemnMocTy 3anaun A; MoJydeHO cjenyloliee yTBepKIeHUE.

Teopema 2. Ilycte K03(h(hUIMEHTH U MpaBble YacTH CHCTeMBl ypaBHeHHH (1) ymo-
BJIETBOPSIIOT BCeM ycJioBUsiM TeopeMbl 1. B 3amaue A; ¢1(y) € C(T'2). Torna 3amaua A;
MUMeeT eIMHCTBEHHOe pellieHHe, KOTopoe naeTcs mpu nomoutd dopmya (8), (19), (21) npu
cr =ma, ¥o(y) = g1(y).

3ameuanmne 1. IlpencraBsenne MHOroo6pasusi pelieHUH cuUcTeMbl ypaBHeHHH (1)
TMOJIy4eHO B SIBHOM BM[e, KOTa MepBOe ypaBHEHHEe CUCTeMbl SIBJSIeTCs IVIABHBIM M KO3(-
(pMLIHEHTHl YpaBHEHUS] CHCTEMBI CBSI3aHBI.

3ameuanne 2. Korna xosaduuueHTsl ypaBHeHHH cucTeMbl (1) He cBs3aHBI, Mpen-
CTaBJieHHe MHOroo0pasusl pellleHHH Ha3BaHHOH CHUCTEMbl I10JyYeHO MPU MOMOILIHU pe30Jib-
BEHTHl JABYXMEPHOI0 HHTErpajbHOr0 ypaBHeHHUs BosbTeppa BTOporo popa co caaboi oco-
OEeHHOCTBIO.

3ameuanune 3. Cucrema ypaBHeHui (1) Takke Hcc/enoBaHa B caydyae, KOTja BTO-
poe ypaBHeHHe cHcTeMbl (1) siBJIsieTCSl TJIaBHBIM, NPH BBINOJHEHHH YCJIOBUH aq(z,y) €
€ Cccl(ﬁ)7 02<x7y)7 fQ(‘Tﬁy) € C(E)

ABTop BbIpaxkaet ray6okywo 6marogapHocTb akageMuky AH Pecny6mukn Tamkuku-
crad H.P. Panxxa6oBy 3a o6cyxaeHue HacToslled pabOThl U LeHHblE COBETHI.
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ON AN OVERDETERMINED SYSTEM OF SECOND ORDER
DIFFIRENTIAL EQUATIONS WITH SINGULAR POINT
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Abstract. In this paper we consider the over determined system of second
order differential equations with a singular point. The system of equations (1)
consists of a hyperbolic equation and one partial differential equation of second
order with a singular point. The first equation of system (1) under certain
conditions on the coefficients can be represented as a superposition of two first
order differential operators. Solving this equation and substituting its value in
the second equation, we obtain the compatibility conditions for the coefficients
and right-hand sides. On the basis of the conditions of independence from the
left side of the variable y, to determine any function ¢;(z), we obtain an
ordinary differential equation of the first order. Another arbitrary function ;(y)
is determined from the condition of the independence of the left part at the
appropriate, passing to the limit.Thus, the obtained representing the solution
manifold system using a single arbitrary function of one independent variable
y and one arbitrary constant study of properties of the solutions, as well as
consider the problem of A.

Key words: over determined system, singular equation, rectangle, variety
of solutions, singular point.
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