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AHHoOTanus. PaccMOTpeHBI BOMPOCH pa3pelimMOCTA M TIOCTPOCHUS PEIICHUS HEIO-
KaJIbHOM CMEIIaHHOW 3aJIau¥l TS OJJHOPOJJHOTO CMEIIAHHOTO UG depeHIINATBHOTO YpaBHe-
Hus thna byccunecka. Mcnonb30BaH CrieKTpajbHBIM METO/, OCHOBAHHBINA Ha pasjelieHue
nepeMeHHbIX. Pelenne nocTaBlIeHHOM 3aJaud NpeAcTaBisieTcs B Buae pana Oypbe ¢ pas-
JICTICHHBIMU IEPEMEHHBIMU. YCTAHOBJIEH KPUTEPUI €IMHCTBEHHOCTH pelieHus. [Ipu Binodn-
HEHHU 3TOTO KPUTEpHs AOKa3aHa OJHO3HAYHas pa3pemumMocTth 3anadu. Korna nHapymaercs
KpUTEpUI €AMHCTBEHHOCTH, PEIICHUE JAaHHOM 3a/ladyu MpPU ONpPENEICHHbBIX YCIOBUAX MPE-
CTaBJISIETCS. B BUJE CYMMBbI psiioB Dyphbe.

KarwueBsle ciioBa: cMenianHas 3a/1a4a, TudepeHnnanbHoe ypaBHEHHE CMEITAHHOTO
TUNA, YpaBHEHUE TUIa byccuHecka, HEOKalbHOE YCIIOBHE, CIEKTPaJbHbIA METO/, OJTHO-
3HaYHAasl pa3pelIMMOCTb.

1. ITocranoBKa 3aga4yu

Martemarudeckoe MOIETHPOBAHNE MHOTUX TIPOLIECCOB, TPOUCXOAAIINX B peaIbHOM MHpPE, IPUBO-
JAT K U3YYCHUIO CMEIIAHHBIX M OOpaTHBIX 3aja4 [yl ypaBHEHUH B YaCTHBIX IPOU3BOIHBIX. Teopus
CMELIaHHBIX U KPaeBbIX 3a/1a4 B CHIIY €€ MPUKJIAJHON BaXKHOCTH B HACTOSIIEE BPEMS SIBISETCS OIHOM
W3 BOKHEHIINX pa3/ielioB TeopuH MU depeHInanbHbIX ypaBHeHNH (M., Hanpumep: [3; 18; 30]).

JuddepennanbHple ypaBHEHUS B YaCTHBIX TPOU3BOJHBIX TPETHETO MOPSIKA PACCMATPUBAIOT-
Csl IPH PELICHUU 3a7a4 TEOPUU HETMHEWHOW aKyCTUKH U B TUAPOJAUHAMHUYECKON TEOPUU KOCMUYECKOI
niaa3Mel. YacTo u3ydeHne 3a7ad MOJIEIMPOBaHUs (DUIBTPALIMU )KUIKOCTH B TIOPUCTHIX CPeAax CBO-
JUTCA K paccMOTpeHuto auddepeHnnanbHbIX ypaBHeHUH Tperbero mopsiaka [24]. K nuddepennn-
aJbHBIM YPaBHEHUSIM B YAaCTHBIX MPOH3BOAHBIX TPETHETO MOPSAKA TAK)KE CBONATCS 3aJaqyd H3yde-
HUS pacpoOCTPaHEHHUS BOJIH B CIIa00AMCIIEPTHPYIOMINX CPeNaX, B XOIMOMHON M1a3Me 1 MarHUTHOW THI-
poaMHaMHKE U T. [I.

[pencraBistoT OGONBINON HHTEPEC C TOUKH 3PCHUST PU3UUECKUX MPHIOKEHUN U dhepeHnnanb-
HbIe ypaBHEHHS YETBEPTOrO MOpsIKa (cM., Harpumep: [2; 23]). M3yueHne MHOTHX 3aJia4 ra30BOM THHA-
MUKH, TEOPUH YIIPYTOCTH, TEOPHHU TUTACTHH U 000JIOUEK MPUBOJHUT K PACCMOTPEHHIO T BepeHITrnaTb-
HBIX YPaBHEHHUH B YACTHBIX MMPOU3BOJHBIX BEICOKUX MOpsAKoB [ 1; 8]. uddepennnanbubie ypaBHEHUS B
YaCTHBIX MPOU3BOJHBIX THITA ByccrHecka UMEIOT MHOTO MPHIIOKEHUH B MaTeMaTHIECKOH (QU3UKe (CM.,
Harpumep: [19]).

Nzydenuto npsMbIX U OOpaTHBIX 3a/1a4 JJIsl ypaBHEHUH B YACTHBIX IPOU3BOIHBIX TPETHErO U YeT-
BEPTOTO MOPSIIKOB MOCBSILIEHO OONBIIOE KOJTMUECTBO padoT (cM., Hampumep: [4; 9; 20; 25-29]).
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B crmy4asx, xorna rpaHunia o01acTu NpoTeKaHus (GU3MUECKOTo Mpollecca HeMOCTyIHA IS H3Me-
pEHU, B Ka4ecTBE JOMOIHUTEIHHON HH(POPMAIIUH, TOCTATOYHOM ISl OTHO3HAYHON pa3pelinMOCTH 3a-

Jla4, MOT'YT CITY)KHTh HEJIOKaJIbHBIC YCIOBUS B MHTErpajbHOU (opme (cM.: [6; 11]).

3amauu, 1€ MEeHseTcst TUT AuQQepeHIIHaIbHOTO YpaBHEHHS B paccMaTpruBaeMon 001acTu, uMe-
10T BaKHbIE TPUJIOKEHHS (CM., Hanpumep: [5; 21; 22]). Juddepeninanbabie ypaBHEHUS! CMEIIAHHOTO

THTIA U3yYalluCh B paboTax MHOT'HX aBTOPOB, B yacTHocTH [7; 10; 12—17].

B Hacrosiieit pabote u3y4aercs HeloKajdbHasi CMElIaHHas 3a1a4a Ul CMelaHHoro Tuddepenim-
anpHOTO ypaBHeHus Tria byccunecka. Mtak, B mpsimoyronbHo# obnact QQ = {(x,7)|0 < x <1, —a <t <P}

paccMaTpruBacTCd CMCIIaAHHOC YPAaBHCHUC BHUA

U,-U,  -U_+vU=0, t>0,

txx

JU =

U,-U, ..-U,  +vU=0,1<0,

ttxx
Trac v, o u B — 3aJ1aHHBIC ITOJIOXKUTCIIBHBIC Z[eﬁCTBHTeHI;HI)Ie qucia.
3anaua. Haiitu B o6nactu Q dynkiuio U(x, f), yIOBIETBOPSIONIYIO YCIOBHUSIM:
Ux,)eC(QNC QU x=0}Ux=1})NC*(Q)NC (Q, Uit=P}),
JU(x,t)=0, (x,1))eQ_uQ, U{t=p},
U@,n=U0(1,t), —a<t<P,

U,0,))=U,(1,1), —a<t<P,

0
[UG.ndi=y(x), 0<x<I,

-

e v (x) —3aganHas qocrarodso rmajakas Gyakuus; ¢ (0) =y (1), v’ (0)=vy'(1).

2. Ilouck YacTHBIX peuIeHuit

(1)

2)
)
4)
)

(6)

HerpuBnansHble yacTHbIC penieHus ypaBHeHus (1) B obmactu (Q OymeM HMCKaTh B BHJIC

U(x,t)=X(x)-T(¢t). Torna u3 storo ypasaenus (1) nmonyyaem:

X)-T'()-X"(x)-T' () +v: X (x)-T()=X"(x)-T(t), t>0,
Xx)T"O)-X"(x)-T"O)+viX(x)-T({)=X"(x)-T (), t<0.

3neck nowieHHo pasaenuM Ha X (x)- T (¢):

T’ X' IO, 2 X'

() X&) T X (x) pu >0,

T _X'0) T, 2 X'()
() X&) TQ) X (x) mpu <0,

TO €CTh CIIpaBCAJIMBbI COOTHOLICHU !

X'(x)

2
=—u°, O<p,
X () u u
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') _X'(x) IO,
6 X&) TG0

——p mpu ¢t >0,

') _X"(x) T"(0)
I X&) T@O

—u, npu ¢ <0,

e “2 — NOCTOSAAHHAs pa3aCICHUs.

Otcrona ¢ yueToM rpaHUYHbBIX yClIoBHil (4) u (5) momydaem:

X"(x)+p? X (x)=0, 0<x<1, (7)
XO)=Xx(1), X'0)=x"(), )
T'(O+MT()=0, 0<t<B, )
T"()+MT()=0, —a<t<0, (10)
e 2oyt
1+p?

CrnexrpanbHas 3ana4da (7) u (8) umeer peuieHue
Xo(x)=1, X,(x)={cosp, x,sinp, x},u,=2nn, n=1,2,... . (11
Torna obmme perenust auddepennuansabix ypasHenui (9) u (10) nmeror By

A2t
", t>0,

T, ()= (12)

a,cosh,t+b,simk t, t<0,
rac a , b uc — IIPON3BOJIbHBIC ITOCTOAHHBIC.
n n n

ITockoneky pemenust U, (x,¢) =X, (x)-T,, (t) 1ONKHBI yIOBIETBOPATH YCIOBHIO (2), TO HOCTO-
SHHBIE @ , b ¥ ¢, TON0EPEM TaK, YTOOBI BBINOIHSAINCEH YCIOBHS:

T,(0+0)=T,(0-0), T, (0+0)=T" (0—0). (13)

N3 (12) ¢ yyerom ycnouii (13) momydaem, uto a, =c
IIPpUHHUMAIOT BUT

ub,=-c,\,. Torna gynxuun (12)

n

52
c,e )\”l, t>0,
T, (1) = (14)

c,cosh,t—c, A, sinh  t, t<0.
3. EIMHCTBEHHOCTh peLIeHHUs!

[Iycts 3amaua (2)—(6) B obmactu (2 uMmeer enuHCTBeHHOE pemieHue U(x, f). Torma ¢ yuetom
¢ynkuuit (11) ato pemenne cormacHo Merony Pypbe pa3aenceHus MepeMEeHHBIX MPEICTABISIEM B BHIC

0( ) i[gn (t)cos u,,x+u,,(t)sinpnx],

U(x,
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1
e u,(O)=2[U(x,0)sinp, xdx, n=1,2,... , (15)
0

1
8, (0=2[U(x,0) cosp, xdx, n=0,1,2,.... (16)
0

[ToxaskeM, 4To 3TH (PYHKIIMK YAOBICTBOPSIOT ypaBHEHUAM (9), (10) B COOTBETCTBYIOIIUX HHTEP-
Banax u yciaosuio (13). Auddepeniupys no ¢ pasercrsa (15) u (16) npu ¢ > 0 oqud pa3, anpu ¢t <0 —
JIBa pa3a M y4uThiBas ypaBHeHue (1), moayanm

+U_, —v2U)sinu, xdx=

txx

1 1
', ()=2[U, sinw, xdx=2[U
0 0

+U,,)sinp, xdx, (17)

txx

1
=—v2u, () +2[U
0

+U, —vU)sinp, xdx=

ttxx

1 1
W), (1)=2[U, sinp, xdx=2[(U
0 0

+U,,)sinpn,xdx, (18)

ttxx

1
=—v2u, () +2[U
0

re+U  —v2U) cosp, xdx=

1 1
¥,0=2[U,cosp,xdx=2[(U
0 0

+U,,)cospu, xdx, (19)

txx

1
=—v29n(t)+2j(U
0

+U,, —v2U)cosp, xdx =

ttxx

1 1
9, ()=2[U, cosp, xdx=2[(U
0 0

1
=29, (+2[(U 5, +U )cos p xd x. (20)
0

Wnrerpupys nsa pasa no gacTsaM B uarerpaiax (17)—(20), ¢ yuerom ycnosuii (4) u (5) nomydaem
CIEIYIOIIHE yPaBHEHHSL:

' () +A2u, (1)=0, >0, (21)
u" (O+A2u, (6)=0, 1<0, (22)
9 O)+r% 9, (1)=0, t>0, (23)
9" (1)+22 9, (1)=0, <0, (24)
5 =v2+pi
e n 1+},l3l *

Huddepennuansusie ypaBHeHus (21) u (22), (23) u (24) npu A = A, COBNIafal0T COOTBETCTBEHHO
¢ ypaBaenmsmu (9) u (10). Hanee ¢ yuerom ycmoBuit (2) uz (15) u (16) monygaem:

1 1
u, (0+0)=2{U (x,0+0)sinp, xdx=2[U(x,0-0) sinp,, xd x=u, (0-0), (25)
0 0
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1 1
9, (0+0)=2[U (x,0+0) cosp , xd x =2[U (x,0-0) cosp , xd x =9, (0—0). (26)
0 0

Jupdepentpys Gpynxiuii (15) u (16) omun pas o ¢, B cuity ycnoBuii (2) uMeem:
1 1
', (0+0)=2[U, (x,0+0) sinp, xd x = 2[U, (x,0-0) sinp, xd x =u', (0-0), (27)
0 0

1 1
9, (0+0)=2[U, (x,0+0) cosp , xd x =2[U, (x,0-0) cosp,, xd x = &, (0—0). (28)
0 0

Yenosust (25), (26) u (27), (28) coBmamator ¢ ycnoBusmu (13). Torma mns 3anag (21)—(28) anano-
rugHo (opmyisl (14) numeem:

2%t
c,e , t>0,
u, (1) = (29)
c,Ccosh, t—c, A, sink t, t<0,
~ ALt
8. (1=1¢ £>0, (30)

c,cosh, t—c, A, sink  t, t<0.

JI1s1 HaXOoXKIeHHs TIOCTOSHHBIX C, U C,, BOCHIONb3yeMCsl MHTET PaIbHEIM yciioBUeM (6) u hopmyia-
mu (15) u (16):

0 10 1
I u, (t)dt=2j I U(x,t) dtsinunxdx=2J\|/(x)sinunxdx=wn , (3D
- 0-a 0
0 10 1
[8,0dt=2] [ U(x,nydtcosp, xd x=2 [y (x)cosp, xd x =T (32)

—a 0—-a 0

Torma pu ¢ < 0 u3 (29) u (31) momy4gaem:

v, = T u,()dt=c, j.[(cosknt—Knsinknt)dtz
-

-

0
1 . 1 .
=cn[ksmknt+cosknt] =cn[l—coskna+xsmkna],

n n

-0l

TO €CTh c,A,()=vy,, (33)

1.
e An(oc):l—cosknowk—smknoc.
n

Amnanornuno u3 (30) u (32) momydaem, 9TO
A, (a)=V,. (34)

OTCIOZIa HpI/I BBIITIOJTHCHU U yCHOBI/ISI
A, ()#0 (35)
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v, v,
— C, = .
A, (o) A, (o)

Halzgem, 41o ¢, =

Honcrasnss ¢, u ¢, B popmyisl (29) u (30), momydum:

A2t

A B t>0,
u, (n)=1""Vn° (36)
A, (cosh , t—A,sink ,t)y,, t<0,
~ A
A " t>0,
9,@0={"n"Vn° (37)

A, (cosh ,t—A,sink,t)y,, t<0,

I
A, (0)

e Ad, =

Teneps npeanonoxkum, uto Wy (x)=0. Torma ¥, =V, =0 u u3 popmyx (15), (16) u (36), (37)
CJIEIYET, YTO

1
JU(x,t)sinpnxdxzo, n=1,2,...,
0

1
[Ux,0cosp, xdx=0, n=0,1,2,....
0

Orcrona B cHITy IOTHOTBI CUCTEMBI COOCTBEHHBIX QyHKIMIA {1,c0s 1, x, sinp, x} B L, [0,1] 3ak-
mouaeM, uto U (x,t) =0 s Beex x €[0,1]u ¢ €[-a,B].

Urak, HaMu 0Ka3aHoO, YTO CIPaBEINBA CIEAYIOIas TeopeMa.

Teopema 1. Eciu cymectByer pemenue U(x, ¢) 3agauu (2)—(6) B obiactu (2, TO OHO €IUHCTBEH-
HO TOJIEKO TOT/Ia, KOT/Ia BBIIOTHEHBI yCIOBHS (35).

Teneps paccMoTpuM citydaii, korna Hapymaercs yenoue (35). ITycts A, (o) = 0 Ipu HEKOTOPBIX
oL ¥ 1 = m, Torma oAHOpoxHas 3aaa4a (2)—(6) npu y (x) =0 uMeeT HETPUBUATILHOE PEIICHHE

U,xn=X,x-T,®), (38)

A2t
e ", t>0,

COSA ,, t—A,sinh ,t, t<0.

tne X, (x): {1, cos u, x,sinp, x},T, ()=

Yenosue A, (o) = 0 5KBUBAJIEHTHO PAaBEHCTBY A, =A , COSA , 0. —sinA , o,

vi+u;
meh, = |[——,H,=2nn.3necb A, —> 1 npnn— 0.
I+p;,
U3 ypaBHenust A, =A, COSA 0L —Sin A , O momy4aem

n

n

cos(A, 0+, )=——,
J1+A2

A A

n n s
rae ¢, =arccos nE - Tak kak 0 < L322 <l p0<e, < 7 M JIAHHOE YPaBHEHUE HMECT pellle-
A1+ 1+
n n

HUe. 3/1eCh OyvYaeM JIBE CEPUH PEIICHUH:
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1) ockzzxik, keN;

’72(Pn 2Ttk

2)(1.](:—7\‘ k N.

n n

. 2nk
IlepBas cepus pemeHuit o, = o ynoBierBopsier ypaBuenuto A, (o, ) =0. HerpyaHo npose-

2 L2 k
On 21 yloBiieTBopsieT ypaBHenuto A, (o) = 0.

PUTB, YTO U BTOpAsi CEpUsI PELIEHUN O =—

n
Jpyrue 3HaueHus o, s KOTopbIx ycioBue (35) BBITONHSIETCS, HA3BIBAKOTCS perynsapabiMi. OTMme-
THM, 4TO CYIIECTBYET nocTosiHHas C; > 0 Takasi, 4T0 PH JOCTATOYHO OONBIIMX 71 CIIPABE/UIMBA OLEHKA

inf\An(a)\zco > 0. (39)
4. CymecTBoOBaHHe pelIeHUSA

Jlnist perynspHbIX 3HAUeHHWH oL UMEroT MecTo Gopmyisl (36) u (37). [TosTOMy IpH BBITIONHEHUH
yenosuit (35) u (39) ¢ yuerom gactHbIX pemenuit (11), (36) u (37) pemenne 3agauun (2)—(6) B obnactu
() MOXKHO TIPE/ICTABUTH B BHUJIE PAla

9O(t)jti“[i}n(t)cos unx+un(t)sinunx]. (40)

n=l1

U(x,t)=

[TokaxkeM, 4TO IPH OMPEACTICHHBIX YCIOBHUAX OTHOCUTENBHO (GyHKIMHU Y(Xx) cymma U(x, f) psina
(40) ymosnerBoOpsieT ycaoBusM (2).
HerpynHo yoenuThesi, 4TO IpU AOCTATOYHO OONBIINX # CIPABEIJIUBBI OLICHKH:

w@[C v, |8, 0] 7, | (D)
4 0[<Ca v, |90, | (42)
0] Cslw, | |9, 0] C5 ], |, (43)

meC, =const,i=1,3.

JleiicTBUTENBHO, HA OCHOBaHUHU (opmyi (36) u (37) ¢ yuerom oreHkH (39) Haiiaem:

1
> t>05 — Nn ’ t>0,
CO‘Wn C, ‘W
4 S,
‘u”()‘ 1+A, ‘ ()‘ 1+,
’ t<05 ‘Wn , t<0.
Co
1+7\.n Vz"'“i
Orcrona cnenyer onenka (41), rne C; =——, A, = <o,
Cy I+,
Huddepennupys Beipaxkenus (36) u (37), momydaem
xzn t>0 Ml t>0
’ =Y, ni» >V,
' CO v
', (1)< ENGIE
A (l+l ) ‘ A, 0+N)) ‘N
Co Cy
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A,(1+X,)

Co
Huddepeniupys Beipaxkenus (36) u (37) nBa pasa npu ¢ < 0, mony4aem

Otcrona cnenyer onenka (42), rne C, =

k(1+k)‘ x(1+x)‘

TAGIE

()] <

nl-

2
AL (L+A )
C,
Tak kak y(x)eC 3 [0;1] u Ha cermente [0; 1] UMeeT KyCOYHO-HENPEPHIBHYIO MPOU3BOIHYIO

yereproro nopsaka 1 y(0) =y (1), y'(0)=y'(1), y"(0)=y"1), y"(0)=y" (1), To cnpaBeTTUBBI
OLICHKH:

Orcrona cienyer onenka (43), rne C; =

C moMoIIpIo 3THX OLEHOK HETPYIHO yOoenuThes, uto psif (40) U psiabl U3 MPOU3BOJHEBIX TIEPBOTO
MOPSI/IKa WIEHOB 3TOTO Psijia paBHOMEPHO cxoaarcsi B oomactu Q.

ITycts A, (o) = 0 mpu HekoTOpBIX LM =k | ,... .k, Tne 1<k <k, <..<k,,s—duxcupopaH-
HOE HaTypajabHOe uncio. Toraa ans paspemnmMoctu ypaBHenui (33) u (34) He0OXOAUMO U TOCTATOYHO,
YTOOBI BHITIONHSITUCH YCIIOBHS OPTOTOHATBHOCTH

1
\ =2J-\|/(x)sin2nnxdx=0,n=k1,---,ksa (44)

1
" :2_[w(x)0052nnxdx:0,n=k1,...,ks. (45)
0
B stom crmydae pemenune 3anaqn (2)—(6) onmpenensercs B BUIE CYMMBI psijia;

8 ( k] —l kz —l
Ul(x,t)= Z >t Z u, (t)sinp, x +
= n= k] +1 n= k +1
k=1 kp-l
D IR IR Z 9, cosp,x+).C,U, (x,0), (46)
n=l  n=k+l n=k ¢+1 m
TJI€ B TIOCTIEIHEN CyMME 11 TIPUHUMAET 3HAYeHus K, K, ..., k, C, — IPOM3BONIbHBIE OCTOSAHHBIE; byHKkimu U, (x, 1)

omnpenensrorcs u3 opmyisi (38). Takum 06pa3oM JToka3aHa caeayroIas Teopema.

Teopema 2. ITycts y(x) e C>[0;1] u Ha [0; 1] MMeeT KyCOUHO-HENPEPBIBHYIO IPOU3BOIHYIO
yerBeproro nopsiaka u v (0) =y (1), y'(0)=vy'(1), y"(0)=y" (1), y" (0) =y"(1). Torna 3agaua (2)—
(6) B obmacTa €2 0/IHO3HAYHO pa3pelIriMa TOINHKO TOT/Ia, KOria BRIMOMHsoTCs yenosus (35) u (39). Oto
petenue onpenensercs psajaom (40). Eciu A, (o) = 0 mpu HekoTopeIX 0 ¥ 1 =k ,... ,k ( 1 BBITIOTHEHO
ycnosue (39), To 3agaga (2)—~(6) paspemmnma TOIbKO TOT/A, KOT/Ia BRITIONHSIIOTCS YCIOBHSI OPTOTOHAh-
HocTH (44) u (45). Ilpu 3TOM 3TO pemeHue onpeaensercs psaaom (46).
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Abstract. Mathematical modeling of many processes occurring in the real world leads
to the study of direct and inverse problems for equations of mathematical physics. Mixed
and boundary value problems for partial differential and integro-differential equations by
virtue of their importance in the application are one of the most important parts of the
theory of differential equations. In the case, when the boundary of the flow of physical
process not applicable for measurements, as an additional information can be used at nonlocal
conditions in the integral form.

We propose a method of studying the one-value solvability of the nonlocal problem for a
mixed Boussinesq-type differential equation. Such type of differential equations models many
natural phenomena and appears in many fields of sciences. For this reason, a great importance
in the works of many researchers was given to this type of equations.

We use the spectral method based on Fourier method of separation of variables.
Application of this method of separation of variables can improve the quality of formulation of
the considered problem and facilitate the processing procedure.

So in this article we consider in the rectangular area D = {(x,#)|0<x <1, —a<t<B}a
nonlocal mixed problem for a mixed Boussinesg-type differential equation

U,-U,  -U_+vU=0, t>0,
IU = (D
U,-U, ..-U,  +vU=0,1<0,

where v, o and [ are real positive numbers.

We study the problem: Find in the domain D a function U(x, ¢) satisfying the following conditions

Ux,)eC(QNC (QUx=0lUx=1})NC*(Q)NCH(Q, Uit=B})), ()

SU(x.0)=0, (x,))eQ UQ, Ui =B}, 3)
U©,0)=U(,1), —a<t<B, 4)
U,(0,0)=U,(,f), —a<t<B, )
]).U(x,t)dtzw(x), 0<x<lI, (6)

-

where v (x) is given a sufficiently smooth function, y (0) =y (1), y'(0)=y'(1).

First we prove that, if there exists a solution U(x, ¢) of the problem (2)-(6), then it is
unique only when the following condition is fulfilled

1 .
An(oc):l—cos?»noc+k—sm7»noc¢0, 7)

n
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vi+u;
where A , = 72,u,,=2nn, n=1,2,....
I+p;,

We consider the case, when the condition (7) is violated. We suppose that A , (o) = 0 for
some o and n = m, then homogeneous problem (2)-(6) in y (x) =0 has nontrivial solution

v, xn=X,x)T, 1),

A2t
e ", t>0,

where X, (x): {1, cos u, x,sinp, x}, 7T, (t)=
COSA ,, t—A,sinh ¢, t<0.

The condition A, (a) =0 is equivalent to the equality A, =X, cosA ,a—sini ,a.
Hence we see that the equality A, (o) =0 is possible only when

azﬂ, keN.

n

For other values of a the condition (7) holds. We note that there is a constant C, >0
such that for sufficiently large n holds the estimate

inf | A, (n)|>C, >0. (8)

If the conditions (7) and (8) are fulfilled, then the solution of problem (2)-(6) exists and
it can be presented as the sum of series

8 t 0 0
0 ) +28n (t)cosp, x+ Zun (t)sinp, nx,

n=l1 n=1

U(x,t)=

where

A e_)\z"l t>0

A, (cosh ,t=A,snk, )y ,, t<0,

A2t

o k
9. (1) = A,y ,e , t>0,A 1

A, (cosh ,t=A,sink, t)y,, t<0, oA ()

According to the problem: y(x) e C 3[0;1] and on the segment [0; 1] it has piecewise
continuous derivative of fourth order and

v(O)y=y @, y'(0)=y'M), y"(0)=y"1), y"(0)=y"(1).

Further the theorem is held. We suppose A, (o) =0 for some aand n==Fk,... ,k

sNgo»

where 1<k, <k, <...<k,, s is fixed natural number and there are orthogonality
conditions

1
v, =2J.\|/(x)sinpnxdx=0, n=ky,.. kg,
0
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1
" =2I\|/(x)cosunxdx=0, n=ky,.. k.

Then the solution of the problem (2)-(6) exists, and it is defined as the sum of series

( k=1 k-l

Z >t Z u, (f)sinp, x+

n=1 n= k]+l n= k +1

U(x,t) =

ki—1 k,-l
HODH+ D At Z 9, (O)cosp,x+>.C, U, (x,1),

n=l  n=k+l n=k ¢+1 m

where in the last sum m takes the values k, k , ..., k, C, as arbitrary constants.

Key words: mixed-value problem, mixed-type differential equation, Boussinesq-type
equation, nonlocal condition, spectral method, one-value solvability.

T.K. FOnoawes. Cmenrannoe nud dhepeHIpanpaoe ypapHeHne tTuna byccunecka



