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AnHoTaums. B nanHoil paGoTe paccmaTpuBaeTcs CUCTEMa U3 TPeX ypaBHEHUH
BTOPOTro MOpPSiiKa C ABYMSl HE3aBUCHMBIMH IepeMeHHbIMH, PHUeM 3TH ypaBHEHUS
CBSI3aHbl B CHJIy HeM3BeCTHOH (yHKUUM. [lns paccMaTprBaeMoi CUCTEMBI IPH o <
<1, B <1, vy =0 =2 noaydyeHol npeiacTaBjeH’si MHOr00Opa3us pelleHUuH Npu
TIOMOLIM TTPOU3BOJIbHBIX MOCTOSIHHBIX W U3yuYeHbl CBOMCTBA MOJYyUEHHBIX pelleHHH.

KuaroueBble cioBa: CUHTY/ISIpHAs TOUKA, NMPSIMOYTOJbHUK, MHOTOOOpa3us pe-
LIeHUH, nepeonpeesieHHasl CUCTeMa, HeU3BeCTHasA (PYHKLIUS.

BBenenue

[lyete D — mpsimoyrosibiuk D = {(z,y) : 0 <x <&, 0 <y < 8y}. Hanee o6o3Ha-
YUM

Flz{y20,0<$<61}, FQZ{I:O,O<y<52}.

B obsactu D paccMOTpUM CHUCTEMY

( QPu + a1($,y)@+ b1<x7y)@ Cl<x7y)u: fl(x7y)
Oxdy re Oz P Oy rotB rotB

aZu + O,Q(l’,y)@ + C2<x7y)u _ f2<x7y)

0x? rY Ox rY oy (1)

Pu by(z,y)Ou  cs(z,y)  fi(z,y)
8y2+ rd 8_y+ rd Y ré

\

), fe(ry),j = 1,2, k = 1,3 — 3anauuble
6 =2.

[lamcynunos .M., 2016

e 12 = 22 + ¢, ai(w,y), bi(,y), al
© oyskuun B obnactu D, a < 1, B < 1,y =
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Hccnenosannio nuddepeHunanbHbIX YpaBHEHHH M TepeorpelesieHHBIX CHCTEM C pe-
TYJSIPHBIMH, CHHTYJSIPHBIMH M CBEPXCHHIYJSPHBIMH KO3(P(PULHEHTaMH IOCBSALIEHbl PaboThl
[1-8].

[lenbto HacTosAILeH pabOThl ABUJIOCH MOJyUeHHe MPeACTaBAeHUs] MHOroo0pasus pelleHni
CHCTEeMBl ypaBHeHHH (1) MpH MOMOLIHM MPOU3BOJNBHBIX TOCTOSHHBIX.

B paccmarpuBaemoit pa6ote Ha ocHoBe crocoba, pazpabdoranHoro B [2] u [4] mas cu-
cTeMbl ypaBHeHHH (1), mosyueHbl MpeacTaBjgeHUs] MHOrOOOpa3us pelleHruH MpH MOMOLIH MPO-
M3BOJIbHBIX MTOCTOSIHHBIX.

B nanbueiiieM nox Co(D) moHumaeM Kiace QYHKUHH, KOTOPble HMEIOT HeMpepbIBHbIE
NPOU3BOHbIE MepBoro nopsiska B D u takue, uto Uy, € C(D).

[lycrs al(x,y) S Czl(b)7 b1<l’,y), Cl(x7y)7 fl(x7y> < C(E)

B sToM ciydyae ypaBHeHMe cucTeMbl (1) mpeacTaBUM B CJIEYIOIIEM BUIE:

(ﬁ N bl(l’»y)) (2 N al(l’»y)) o, Jil@y) + el y)ulz, y)

2
Ox b dy re rotB ’ @

rie
0 [ai(z,
c4(x,y) _Cl(x y)_}—TOH_ﬁG ( 1< (xy)> +CL1(I,y)b1<£L',y).
x r
BBensi HOBYI0O HEU3BECTHYIO (PYHKI[HIO
0 ;
Vile.y) = 5 + ale.y), 3)
Y r

CBelleM 3a/lauy K pelleHHIo caefyiollero auddQepeHLHanbHOr0 ypaBHeHHs epBOro Mnopsaka

oV, bl(w Y) fi(z,y) + ca(z, y)u(z, y)
+ Vi= :
OZE 7“ Tochﬁ

Cunrasi B ypaBHeHuH (4) mpaByio 4acTb W3BecTHOH, Haxomum Vi(x,y) [2]

Vilry) = exp[ WE (2 } < f ft, yt2++c;(t) g)ﬁ u(t,y) exp [Wbﬁ(t,y)} dt) 5)

(4)

o bi(t,y)
WP (z,y) = [ ——Fdt
b (@ ) fo (t2+y2)%

Teneps, peiuasi ypaBHenue (3), BoipaxaeM u(x,y) depes Vi(z,y)

u(z,y) = exp [W(z,y)] <(p1(x) + foy Vi(z,s)exp [W(z, s)] ds) , (6)

rue
v ay(z,s)

We(z,y) = j dt.

0 (x2 + 32)%

B (6), moncrasasisi Bmecto Vi(z,s) ero sHadenue u3 (5), mosydum

u(z,y) =exp [-W(z,y { —i—f exp [W“ x,s) — V[/bﬁ1 (x, s)} X
< j fi(t, 3t2—|—+cz(?; i)ﬁ u(t, s) exp [Wbﬁl (t, 3)} dt) ds} . (7N
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Oo6patast nHTErpabHOe ypaBHeHHe (7), HUMeeM

u(z,y) = exp [-W(z,y)] {Fl(a:, y) + foy ds on Uy (z,y;t,s)Fi(t, s)dt}
= x1(e1(2), $1(y), f1(z,y)),

(8)
rie
Fi(z,y)) = @1(x) + foy exp [W(f; (x,y) — bei(:p, s)] X

X <1|)1(3) + jw Lexp [Wb (t, 3)] dt> ds,

0 (124 s%) "2

I'y(z,y;t,s) — pe3osbBeHTa SIBHO BBIHCAHHOTO WHTErpajibHOTO ypaBHeHHsi Bosibreppa BTO-
poro pona; @1(z),P1(y) — npousBosbHas GpyHkuuu Todek 'y u I'y.

IycTb Bo BTOpoM ypasHenuu cucteMbl (1) ax(z,y) € CL(D), cy(x,y), folx,y) € C(D)
¥ BBIMOJIHEHO YCJIOBHE

—~
©
~

cale,y) = —calwyy) 4122 (a2(902’ y)) .

ox r

Torna BTOpOe ypaBHeHMe cucTeMbl (1) mpencTaBuUM B BHIe

9 (@ N “2(x»y)u) _ f@y) + es(w y)ulr,y).

Or \ Oz 72 72 (10)

B pasencrtse (10), BBenst HOByto HeusBecTHYO (yHKuHw Va(x,y) no dopmyJe

Ou | By, _ e, y), (11)

ox r

CBelleM 3a/lauy K pelleHHIo caeayioiiero 1uddepeH1nanbHOro ypaBHEHUS epPBOTo MopsiaKa

aVQ _ f?(l‘ﬁy) + cﬂx,y)u(m,y).

oz 72

(12)

Cuutas B ypaBHeHHH (12) mpaByio yacTb W3BECTHOH, HAXOIUM

V(. y ffzty )+ cs(t, y)ult,y)

dt 13
E , (13)

rae Po(y) — mpousBosibHasi GYHKLUHKS TodeK ['o.
Teneps ypaBuenue (11) npencraBum B BUe

(12(0, 0)
Y

0 9 x B
2 o w200+ 20 g )} -

as(0,0
= Va(,y) exp [sz(x,y)Jr 2<y )

arctg L , (14)
Y
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rae

2 _ (7 a2(t y) — ax(0,0)
I/Vag(aay)_J&0 t2+y2

[IoTpe6oBaB BBHINONHEHHE YCJIOBUS

g(al(x,y)) _3((12(2?/))3& (15)

ox ro dy r

dt.

a Takxe npoaruddepeHIHpoBaB paBeHCTBO (14), mocse HEKOTOPBIX YMPOILIEHUH MOJYYUM BBbI-
paxkeHue

o1(x) + 220 0 (2) = exp (W (.1)]
( j fa(t, —;Cj_tyy) uf(t, ’y)dt) _ az(;ﬁz, 0) joy exp [W(fi (x,s) — V[/bﬁ1 (z, 5)} x
< f fi(t, st2++c;§ i)ﬁ u(t, s) exp [Wzﬁ (t, S)] dt) ds —

_ %jﬂy exp [W;j (z,5) — WP (w,s)} x

( j fi(t,s) +cq Z;Di)ﬁ u(t, s) exp [Wbﬁl (t, 3)} dt) ds. (16)

(12 + s?

W3 yc/ioBHSI HE3aBUCHMOCTH JIeBOM yacTH paBeHcTBa (16) ot y mosmyuum

%{GXP W (2, )] (% 4 ot y) + es(t, y)ult, y)dt>}_

12 + 92

- a% {exp [ Wik () = W (2. )]

( f GGk t;;cz ii)s ult,s) exp [Wbﬁl (t,y)} dt)} -
as(x,0)

=280 o W3 2,9) ~ W ()

< o+ [ D)+ to{y)B U)o [ 1) dt>‘

(17)

(t2 4 y2) 2

[Tpeo6pasyst mocientee ciaraemoe paBeHcTBo (17), nJisi onpeneseHust @1 () MOJyUUM CJeLy-
olllee HHTerpo-auddepeHiMaibHOe YpaBHEHHe

o\ (z) + GQ(:E;O) f fa(t,0) +C5 (t,0)@1(t )dt. (18)

Ilnsi onpenesierusi P (y), BBIMIOJHKUB ornepauuio nuddepeHirposanus B papercrse (17),
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rocJsie YIpoLleHUs MPUXoauM B ) K paBeHCTBY

8yf fa(t,y ;Ci(ty y) (t.y) 5, _ 2 (1 2ay(z, y) — r Py (2, y) exp [—Wbi(%y)] X
( + Falt,y) + cs tfi)ﬁ Ut y) o Wty dt) +r(fi(w, y)+ealz, y)u(e, y).
(t2+y?) 2

(19)

Teneps npu BeINOJHeHKH yenoBuit by(z,y) € Ch(D), cs(x,y), fs(x,y) € C(D) tperse
ypaBHeHHe cucteMbl (1) mpencTaBuMo B BHE

0 (Ou  ba(z,y) \  falz,y) + colz,y)ulz,y)
Ay (3y i TU) B .

roe

co(a,y) = —csla,y) + 172 (b2(flf,y)) ‘

BBonsi HOBYIO HeM3BeCTHYIO (DYHKLHIO MO (popmysie

au b2(xay>
8y+ 2

CBelleM 3a/lauy K pelleHHIo caefyiollero a1uddepeHnanbHOro ypaBHEeHUs epPBOro Mopsiaka

Va(z,y) = (21)

Vs _ f3(z,y) + cs(z, y)u(z, y)
oy r2 ' (22)

Cuutas B ypaBHeHHH (22) MpaBylo 4acTb H3BECTHOH, HAXOOUM

f3 z,s) + cg(x, s)u(x, s)

Vs
( LE’2+S2

ds. (23)

Teneps ypaBHenue (21) mpenctaBum B BHIe

0 b2(0,0 Yy
8_y {exp {Wé(w,y) + 2<x ) arctg ;} u(x,y)} =
= exp {Wé(w,y) + %>(0,0) arctg Va(x,y), (24)
rae
y bo(x,s) — ba(0,0
Wi(w,y) = | 2{ xl . Sz( ) s,

B pasencte (24) Bmecto u(z,y) u Vi(x,y), moacrasisis UX 3HaueHHs COOTBETCTBEHHO H3
(7) n (23) n 3areM BBINOJHAS onepaunio TUddepeHIHPOBaHHUS, NOC/e YIPOLIEHHs MOJTYUHUM
BbIpakKeHHe:
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B fi(t,y) + calt, y)ult, y) B _
€xp [ Wbl (.% Yy ] < j t2 N y )oc-gﬁ exXp [Wbl <t7y>] dt | =
B v f3(x,s) + cg(z, s)u(zx, s)
= @2(7) + | . ds (25)
npu 7%by(z,y) = r’ay(x,y) B D.
Huddepenuupyst paBenctso (18), monyunm
" a(0,0) Az x,0
o) + 20D gt 2 + A0 g, () = 2O, 26)
x x x
rae
A(x) = ay(x,0)z* — 22a5(0,0) — 22cs5(x, 0).
[lycte A(z) = 0, Torna umeem
” az(0,0) z,0
@1 (z) + %@1(5’/’) = % (27)

Perienue ypaBHenus (27) 3anuiieM B BHIE
01(z) = &1 jo exp [-W2 (t,0) +a2(0 0)uw (t)] dt+j0 exp [~ W2 (£,0) + as(0, 0) Wy ()] x
t
(2O e [92,01,0) = aaf0.00 Wit ) e s, 28)

rae

2 - z a2(t> 0) - a2(07 0) _ 1
Wa2($,0) - J; 12 dt) Wl($) - 57

C1,Co — TNPOU3BOJIbHBIE TTOCTOSAHHBIE.
B paBeHCTBE (25) npu r — 0, rnepexond K IpeneJdy, ornpeneinM 11’1(?;) B BH]JIE

b1(y) = @o(0) + joy fg(f; s (29)

npu 7%by(z, ) = r’ay(z,y).

Hrak, noxkasana ciepyolias Teopema.

Teopema 1. [Iycts B cucteme ypaBHeHHH (1) KO (HUIMEHTH U TpaBble YACTH YAOBJIE-
TBOPSIOT CJIEAYIOLHUM YCJOBHSIM:

1) aj(z,y) € Co(D), az(x,y),ba(x,y) € C(_E)
bi(x,y)en(z,y), felz,y) € C(D), k=1,3;

9 (M) + ay(z,y)bi(x,y),

2) ca(z,y) = —c1(z,y) + rF —

Ox re
8 a2(x7y)

C5(ZL’,y) = —02<I’,y) + T28_{L’ ( r2 ) )
8 bQ(x7y)

Cﬁ(xay) = —C:;(.I’,y) + T2a_y ( r2 ) )
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3) | as(x,0) —az(0,0) | < Hyx*, Hy = const, vy > 1;

4) a5(0,0) < 0;

5) ay(,y) w as(z,y), fi(e,y) w falw,y) fi(e,) w fo(z,y) coorsercraeito yionteTso-
psitoT ycaoBusiM coBmecTHocTH (15), (19), (25);
6) fa(z,0) =o(a™),\ > 1,
f3(z,0) = o(z™2), Ay > 1.
Torna J1060e peienne cucrembl ypaBHenud (1) us kiacca Cy(D) npencraBumo B Buze (8),
(28), (29).
[Ipn stom

_ fl(Ov()) f2<070) _ f3(070)

c1(0,0)  ¢2(0,0)  ¢3(0,0)’

lim {lim M} = lim ¢} (z) = 0.

z—0 | y—0 a;p z—0

u(0,0) = ¢z

3ameuanue 1. B uyacmwuocmu, eciu Koagp@uuuenmo. nepsoco, 8mopoco u mpe-
moeeo ypasrenus cucmemol (1) coomeemcmaenno yoosiemaopsatom yciosuam c4(x,y) =
= 0,c5(x,y) = 0,¢c6(z,y) = 0 u 6cem ycrosusm meopemot 1, kpome ycrosus 4, mozda
peulerue Ha38aHHOU cucmemol 0aemcs A8HOU Gopmyaroll npu nomouju 00HOL NpPouU3BOLb-
HOU NOCMOAHHOU.

3ameuanue 2. [Tycmo ay(z,y) € CL(D),co(,y), folx,y) € C(D) u emopoe ypas-
Henue cucmemol (1) seasemcs ucxooHvim, moeda peuilerue HA38AHHOL CUCmeMbl HALOeHO
npu noMouU pe3onv8ermol 00HOMEPHO2O UHMeSPaLbHO20 YypasHernus Boasmeppa co caa-
6oti ocoberHOCMbIO.

3ameuanne 3. [Tycmo by(x,y) € 05(5)703(1’,3/), f3(z,y) € C(D) u mpemve ypasre-
Hue cucmemol (1) sasasemcs erasuoim, mozda 045 HA3BAHHOLU CUCMeEMbl NOAYUEHbL peule-
HUs, no0obHbLe 3amMeuarito 2.

ABTop BeIpaxkaeT ray6okytw OnarogapHocTb akaneMuky AH Pecny6nuku Tamxukucran
H.P. Papxxa6oBy 3a o6cyxaeHHe HacTOsIlLled pabOThl U LIeHHbIE COBETHI.
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Abstract. In this paper we consider the overdetermined system of second
order differential equations with a singular point.
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The system of equations (1) consists of a hyperbolic equation and two
partial differential equations of second order with a singular point. The first
equation of the system (1) under certain conditions on the coefficients can be
represented as a superposition of two first order differential operators. Solving
this equation and substituting its value in the second and third equation to get
together conditions on the coefficients and right-hand sides. On the basis of the
conditions of independence from the left side of the variable y, to determine the
arbitrary function ¢;(x) we obtain the ordinary differential equation of the first
order. Other arbitrary function {;(y) is determined from the condition that the
right side of independence in appropriate, limiting transition.

Thus, we obtained representation of the diversity of solutions using two
arbitrary constants and studied properties of the resulting decisions.

Key words: singular point, rectangle, variety of solutions, overdetermined
system, unknown function.
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