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AnHotaumsa. B pabore mnpejacTaB/eHbl pe3ysbTaThl WCCJEN0BAHUSI TOUHOCTH
u cxomumoctu MetonmoB CSPH — TVD, MUSCL, PPM u WENO nss pereHus
ypaBHEHHH HeasbHOH ra3oAMHAMUKHK B OIHOMEPHOM CJydae Ha MpUMepe 3amadyu
0 pacrajie paspbiBa.

KiroueBbie ciioBa: 4Hc/eHHOE MOAeJ/JMpOBaHHUE, Ta30AWHAMHUKA, JarpaHKeBo-
SIZHepOB noaxon, nopAaaokK CXoAMMOCTH, TOUHOCTb UHUCJIEHHOI'O pelleHU.
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BBenenue

MHorue ¢pusnueckye Mpolecchl ONUChIBAIOTCS € MOMOLIbI0 YpaBHEHUH razoquHaMuKku. B
CUJIy WX HEJUHEHHOCTH TOUHBblE WJIM MPUOJHKEHHble aHAJIUTHUECKHe pelLIeHHS MOTYT ObITb
TOJIy4YeHbl JIMLb [J18 OrPAaHHUEHHOro YMcJja 4acTHBIX caydaeB. [losaToMy, Kak mpaBuJo, AJs
pellleHHs] ra30ilMHAMHUUeCKUX 3a/ay TPUMEHSI0T pa3/jMyHble UHCIeHHble METO/bI.

OpHuM M3 TakuxX MeTonoB siBasercsi yucaeHHas cxema CSPH — TVD (Combined
Smooth Particle Hydrodynamics — Total Variation Diminishing). Ona 6blna BnepBble mpes-
JoxkeHa B pa6ore [10] mns uHTerpupoBaHHs ypaBHEHHH MeJKOH BOJABl Ha HeperyJsipHOM
pesbede. DTOT MeTOL OCHOBAH Ha IOCJENOBaTEJbHOM NpHMeHeHHH JarpaHxkeBa (SPH) u
sitnepoBa (TVD) nonxonos.

B nanbHelimem Oblyio caenaHo 06001eHre 3TOH UUCAEHHOW CXeMbl [J151 ypaBHEHUH Hje-
anbHOU rasonuHamuk# [1]. OTmetuM Takxke paboty [12], B KOTOpoH NMpHUBENEHO ONHCaHHE
metona SPH — PPM, gapasioumerocs pacunpennem CSPH — TVD Ha cayuail KycouHo-
napabo/uecKoro pacrpesie/ieHus ra3oqMHaMUYeCcKUX apaMeTPOB BHYTPH 3HJEpOBLIX sueek.
B pa6ote [11] mpoaHanu3upoBaHO BJHUsIHUE OTpaHHUHTeseH HAaKJOHOB M CIOCOOOB MpUO/IH-
’KEHHOro pelleHHUs 3afauu Pumana Ha ToyHocTb Metoga CSPH — TVD.

B nanHO# paboTe mpHBeleHbl pe3y/bTaThl MCC/AEN0BAHUSI TOYHOCTH M CXOAHMOCTH [JIf
metonoB CSPH — TVD, MUSCL [18], PPM [13] u WENO [15].

1. IlocranoBka 3agauu

ﬂHHaMI/IKy HEBASKOI'0 HETEMJIONIPOBOAHOIO ra3da B OTCYTCTBHE BHEUIHUX CHJI AJiA OOHO-
MEPHOro CJjayydass MOKHO OMNHCAaTb C MOMOIIbIO ypaBHeHI/Iﬁ

F P P
%_Ij+g_:0, U=|pu |, F=| pu®2+p |, (1)
L e (e+pu

e T — JeKapToBa KOOpAUHATA; t — BpeMsl; p — MJOTHOCTb; & — CKOPOCTb; P — JAaBJeHUE; € —
o6beMHasl MJIOTHOCTb dHepruu. Cucrema ypaBHeHHH (1) 3aMblkaeTcsi ypaBHeHHeM Ha 0ObeM-
HYIO MJIOTHOCTb SHEPrHH:

e=—t_+20, 2)

e Y — MoKa3aTesib aauiabdaThl.
Bynem uHTepecoBaTbCsl UHCJEHHBIM pellleHHeM 3ajauyd O pachaje ra3oiMHaMHUeCKOro
pa3peiBa nsis ypaBHeHH#H (1), (2) B Touke X ¢ Ha4aJbHBIMU YCJIOBUSIMHU

(1,0,1), x < Xo,
(0.125,0,0.1), =z <z,

nasi y = 1.4. B kKauecTBe TrpaHMUHBIX YCJOBHH OyleM HCIOJb30BAaTh YCJOBHUS CBOOOMAHOTO
MPOTEKAHHUS.

(p,u,p) = (3)

2. CpaBHeHne pe3yJabTaToB OJd pPa3JUYHbIX METOOJOB peIIC€HUdA

Jliist yucaeHHoro perieHus npuMeHsiiuck Mmetoasl CSPH — TVD, MUSCL [18], PPM [13]
1 WENO [15].
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B uncsennsix cxemax CSPH — TVD, MUSCL u PPM 6bin1 ucnonib3oBan meton HLL [14]
nJsi peueHus: 3agaud Pumana; B cxemax CSPH — TVD u MUSCL wucnosb3oBaJcst orpaHu-
unTesb HakaoHOB BaH Jlupa [17]. Has cxembl WENO npuMeHsizioch paciiernseHie MoTOKOB
metomom Jlakca — Ppunprxca [16], ceTouHble 1a0MOHBI AJIST TSTOTO MOPsiAKA TOUHOCTH IO
npocTpaHcTBY U Meton PyHre — Kyrtra Tperbero mopsinka mo BpeMeHH [JIs1 HHTEIPUPOBAHHUS
0 BPeMeHH.

JLn1si pacyeToOB TOUHOCTH M CXONUMOCTH BBIYUCJSINCH OTHOCUTEJbHBIE OIIUOKH /IS TIJIOT-
HocTH B Hopmax L', L? u L>:

1 o= [pr — pf
EY = NZ S x 100 %, (4)
=1 ?
PR SR
B = 2 (B ) o (5)
i=1 (
o 1 ~N |p}—p¢
Lee .~ [ 7
Ey = 7y max o x 100 %, (6)

rie p¢ — pe3yJbTaThl aHAJUTHUECKOTO pellleHusi; P’ — UUCAeHHOro; [N — KOJIMUeCTBO pacyeT-
HBIX siueek.

[Topsinok CXOMUMOCTH JJIsi BCeX HOPM MPH HCIOJNb30BAHUH CETOK C YMUCJIOM siueeK N U
Ny = 2N, Boiuncasiiacs no opmyJie

(7)

Ha pucyHke nokasaHbl nojydeHHele ¢ ucnojb3zoBaHueM Mertoga CSPH — TVD pac-
npefiesieHUs] MJOTHOCTH W JAaBJeHHs B MOMeHT BpeMeHM ¢ = (.15 nss passu4HOro uuc/aa
pacueTHBIX siyeeK B CPaBHEHHH C TOUHBIM pelleHHeM.

19 19

0.8 0.8 -
0.6 0.6 -
QA QA
0.4+ 0.4 1
0.2 0.2 1
O T T T T T T T T T ™1 0 T T T T T T T T T 1
-0.4 -0.2 0 0.2 0.4 -0.4 -0.2 0 0.2 0.4
X X
a) 0)

Pacnpenenenve maotHocty (a) U masjenusi (6) B MomeHT Bpemenu t = 0.15. KpecTukamu nokasaHo
yucyaeHHoe pemenue st N = 50, nyHKTHpHOU JuHued — nst N = 100, cnjomHo# JuHHend
MOKa3aHO TOYHOE pelleHne
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OTHocHTe/bHBIE OLIMOKH U MOPSAKH CXOOUMOCTH JJIS pPaCCMaTpPUBaeMblX METOMIOB Mpes-
ctaBjeHbl B Tabmuuax 1, 2, 3. OTMeTuM, 4TO /15 BbIYMCJEHHH HCMOJIb30BANHUCh TOJbKO
3Ha4YeHHUs B 00/1acTH T < T, He colepxKalledl paspbiBOB MePBOrO POAA.

Tabauya 1
OTHOCHTeJIbHBIe OMINOKU U MNOpPAAKHA CXOAMMOCTHA B HOpMeE Ll
Cxema Es0 | Os0-100 | E100 | O100-200 | £200 | O200-400 | E100
MUSCL 1.55 1.03 0.76 0.99 0.38 1.0 0.19
PPM 1.02 1.01 0.5 0.99 0.25 1.02 0.12
WENO 1.99 0.96 1.03 0.94 0.53 0.98 0.27
CSPH — TVD | 3.3 0.78 1.92 0.8 1.1 0.83 0.62

Tabauya 2
OTHOCHTeJIbHBIe OMINOKHU U NopAAKH CXOOUMOCTHU B HOpMe L2
Cxema FEs0 | Os0-100 | E100 | O100-200 | £200 | O200-400 | F100
MUSCL 0.56 1.5 0.2 1.43 0.07 1.47 0.03
PPM 0.45 1.5 0.16 1.4 0.06 1.45 0.02
WENO 0.73 1.43 0.27 1.38 0.1 1.42 0.04
CSPH — TVD | 1.19 1.26 0.5 1.25 0.21 1.27 0.09

Tabauya 3
OTHOCI/ITCJIBHBIE OIIMOKHU U MopaAaKHA CXOAUMOCTHU B HOpMe Loo
Cxema FEs0 | Os0-100 | E100 | O100-200 | £200 | O200-400 | F100
MUSCL 0.32 1.97 0.08 1.69 0.02 1.82 0.01
PPM 0.36 1.94 0.09 1.67 0.03 1.76 0.01
WENO 0.47 1.86 0.13 1.69 0.04 1.7 0.01
CSPH — TVD | 0.73 1.75 0.22 1.61 0.07 1.58 0.02

W3 tabaun 1, 2, 3 caenyer, 4TO OTHOCHUTE/bHBIE OLIUOKH U MOPSAKH CXOAMMOCTH BCEX
pPacCMOTPEHHBIX YHMCJEHHBIX CXeM JOBOJbHO OJIM3KH MJisi pacCMaTpHBaeMoro cayuas (3), 4to
MOKET ObITb 00YCJIOBJIEHO HAaJHUKEM B CTPYKTYpe pellleHust caboro paspbiBa (pa3peiBa BTOPO-
ro pojia), KOTOpble MPUCYTCTBYIOT B PEIIEHUSIX MPaKTHUECKU BCEX Tra30fHHAMHUYECKHX 3ajad.
OTMeTHM, YTO HaJHuHe cJ1aboro paspbiBa Kak pa3 M MO3BOJSIET MOHATh CBOUCTBA YUCJIEHHBIX
CXeM B YCJIOBHUSIX peasibHbIX pPacueToB, a He CHHTETHYECKHX TECTOB C MEePEeHOCOM TIJaJKHX
npoduael (Bompoc 0 TOYHOCTH YUCJEHHOTO pellleHHs] B OKPECTHOCTH CHJIBHOTO pa3pbiBa pac-
CMaTpuBaTh 31eCh He OyneMm).

3akaoueHue

[IpoBeneHHoe uccnenoBaHue mnokasbiBaet, 4yto metonq CSPH — TVD umeer comocra-
BHUMble C TMOMYJSIPHBIMU 3HJIEPOBBIMH UHCJEHHBIMU CXeMaMH TOYHOCTb U CXOAUMOCTbh. OT-
JUYUTENbHOH ero 4epToH sIBJseTCS BO3MOXKHOCTb PacyeToOB Ha TpaHHlle C BaKyymMoM 6e3
HeOOXOIUMOCTH JIOMOJIHUTEbHON Perynsipu3aliy, UTo YCIEelIHO MPUMEHsSIeTCs MPH PelleHHH
pa3IMUHBIX ra3ofinHaMHUYecKux 3amau: [2;6-9;19].

OTMeTHM TakXe, UTO NAHHBIH METON MOXKeT ObITb NMpHMeHeH MpPU pelleHHWH 3aaay IJsi
pa3JMUHBIX MPEeIMeTHBIX 00/acTel, MOAOOHBIX OMUCAHHBIM B [3-5].
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Abstract. In this article the results of the study of accuracy and convergence
methods CSPH — TVD, MUSCL, PPM and WENO f{or solving equations of
ideal gas dynamics are presented. Many physical processes are described by the
equations of gas dynamics. Because of their non-linearity, exact or approximate
analytical solutions can be obtained only for a limited number of special cases.
Therefore, numerical methods are usually used for gas-dynamic problems.

One of these methods is the numerical scheme CSPH — TVD (Combined
Smooth Particle Hydrodynamics — Total Variation Diminishing). This method is
based on the consistent application of the Lagrange (SPH) and Euler (TVD)
approaches. Our results show that the relative error and orders the convergence
of all the above numerical schemes are quite close. This can be due to the
presence of a weak discontinuity in the structure of the solution. There are many
solutions in gas dynamics problems with such discontinuities. The presence of a
weak discontinuity allows us to understand the properties of numerical schemes
in a real (not test) computations.

Our results show that CSPH — TVD method has comparable to popular
Euler numerical schemes accuracy and convergence. A distinctive feature of this
method is the possibility of computations at the boundary with vacuum (or
dry bed for shallow water case). The additional regularization is not needed. The
method is successfully used for solving various gas-dynamic problems in a variety
of subject areas: the dynamics of surface water, aspiration flows, astrophysical
jets, accretion flows, the transfer of contaminants and others.

Key words: numerical simulation, gas-dynamics, Lagrange — Eulerian ap-
proach, order of convergence, accuracy of numerical solution.
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