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AHHoOTanus. B crarbe paccMOTpeH MeTON pelleHus HadalbHO-KpPaeBBIX 3aday i
YpaBHEHHS TEIUIONPOBOJHOCTH B 00JIACTIX MPOU3BOIBHON (JOPMBI, OCHOBAaHHBIN Ha CBeJIe-
HUM UCXOIHOM 3a/1a4K K PElICHUI0 HHTErpo-Tu(depeHIInanbHOro ypaBHeHUs. HTerpanbHbIi
orepaTop, NOPOXKIAIOIINN 3TO ypaBHEHHE, 00J1a/laeT CBOWCTBAMH, MO3BOJISIOIIUMHU IPeE-
CTaBUThH PEIICHUE B BUJIC PA3JIOKEHHS 110 COOCTBEHHBIM (QYHKIUAM oreparopa. Takoid mos-
XOJl TI03BOJISICT €CTECTBEHHBIM 00pa3oM y4ecTh KpaeBble yciaoBus Jupuxie, Helimana Tpe-
TBETO poja.

KuroueBble ciioBa: ypaBHEHHE TEILIONPOBOIHOCTH, PyHKIMsA ['prHa onepartopa Jlam-
naca, vHTerpo-auddepernunaIbHoe ypaBHeHNE, COOCTBEHHbIC (DYHKIIMHU U YHCIIA, HA4yaJIbHbIC
KpaeBble 3aJ1auH.

[pu yrcieHHOM HCcCIeIOBAHUH IPOIIECCOB YaICHUs BIIard M3 BIArOCOIEPKAIUX MAaTepUAJIOB
AJIEKTPOMATrHUTHBIM U3TyYEHHEM BO3HHUKAET HEOOXOMUMOCTD PEIICHUs] Ha4allbHO-KPAEBbIX 3a/1a4 JIJIst
YpaBHEHHUS TEIJIONPOBOJHOCTH MPH PA3TUYHBIX KPACBBIX YCIOBUSIX. J[JIst HEKOTOPBIX TNl KAHOHUYEC-
KOl TeOMETpHH ymaercs MOMy4uTh aHamutudeckoe pemienue [1-3]. st obmacTteil mpou3BOIBHOM
(hopMBI TIpeIaraeTcs YUCICHHBIH alrOpUTM, OCHOBaHHBIM Ha UCIIONb30BaHUN QyHKIMH [ prHa omnepa-
Topa Jlannaca.

Paccmorpum TBepoe Teno ¢ MoCTOSHHBIM KO3 (GUIIUEHTOM TeMIIEpaTypOIpOBOIHOCTH @ | JICH-
CTBYIOIIIIMH BHYTPH HCTOYHUKAMH TeIlIa C 3aJIaHHOHN TIOTHOCTBIO fiM, 1).
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KOMIBTEPHOE MOAEJIUPOBAHHUE

TemmiepatypHOe moJyie BHYTpHU Tejla ONpeessercs] peuieHneM HadalbHO-KpaeBor 3a1a4n [7]:

107
AT ——=—=
a ot /:
7|, =(M,t) M €5, (1)

T(M,0)=y(M), M eV,

371ech S — MOBEPXHOCTH Tena; V — 00beM.
3anuinemM ypaBHEHHE B BUJE:

AT =f+ ;Z F. e

[Mycts uzBectna ¢pynkuus [puna G(M, f) oneparopa Jlamnaca ans obnactu V (cmocod npubiu-
YKEHHOTO TIOCTPOCHUS ATOH (PYHKIUH OyIeT yKa3zaH HIDKE).

Torna pemenne ypaBHeHHsI IPEACTaBUMO B BUE [7]:
0G (

T(M,1)= —ﬁjF(N,t)G(M,N)dVN —4—; fo(N,0) == (M,N)dS,.

3 on,

[Toncrapnss crona Bmecto F(M, f) ero 3HadeHue u3 (2), mMomrydaeMm:

T(M 1) LjéT (N,1)G(M ,N)av, :——Ith)C;(M N)dV, -
_7§ N,t SG (M,N)dS,, = g(M,z). )

VYpaenenue (3) ecth HHTErpo-auddepeHInanbHoe ypaBHEHHUE, OIUCHIBAIOIICE TEMITCPATYPHOE IOJIE
T(M, t) B oobeme V. K HeMy HeoOxomuMo 100aBUThH HadaiabHOe yciopue T(M, 0) = y(M).

Oco0EHHOCTBIO YpaBHEHHUS SIBISIETCSI HE3aBHCUMOCTb S/Jpa MHTETPAILHOTO OIepaTopa OT BpeMe-
HU U €ro CUMMCTPHA, YTO IMO3BOIACT MPUMCHHUTDL JIA IOCTPOCHUA PEUHICHUA TCOPEMY rHHBGepTa —
[IImunaTa [4]. B cooTBeTCTBUU C ATOM TEOPEMOii pelIeHne U MPaBylo0 YacTh YpaBHEHHS MPEICTaBUM B
BHJIE PA3JI0KEHHUS 110 COOCTBEHHBIM (QYHKIHAM f,(M) MHTErpalbHOrO ONEPaTopa, MOPOKAAIONIETO YPaB-
Henue (3):

M.1)= 24 ()fi (M), @)
t)= ;ak (e)f;, ()
rie f,(M) — HOpMHPOBAHHOE pEllIcHUE YPABHEHHUS:
xj F(N)G(M,N)av,.

[Toxcrasmsis (4) B (3), momydnM:

ch A %Z iz (I)Ifk (N)G(M,N)dV, =
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e a,(0)= [eV.0)f,(V)av, = a, (0 a, (1)

v

DYATER. % (N)
o ()= folv.0 s,

#%ﬁﬂijﬂmaxmww

B cuity TMHEHHON HE3aBUCUMOCTH CHCTEMBI COOCTBEHHBIX (DyHKIMH f,(M) nmeem:

1 d
C, (t)+ 4)%7“1 %(z)z a, (l‘) WU

() 1 e, )= 4,70, )

¢,(0)=b, = JW(N)fk(N)dVN ‘
Vv
Pemenwne a1oit 3amaun Komm mpeacraBumo B BHIE:
t
¢ (t)= 47»knaj a,(V)D(t = t)du + d e
0

VII0BJIETBOPSS HAYATLHOMY YCJIOBHIO, MeEeM d, = b,. 3nech D(t) — ummynbcHas peakuus audde-
PEHIINATIBHOTO OIepaTopa, onpenenseMas perenneM 3aaaun Komm:

‘;—’?(z)+ 4mh,aD =0,

D(0)=1,
D(f) — e%nk,lat .

[Toxcrapmsst HaliieHHbIE ¢ (f) B (4), TIOMYYMM OKOHYATEIILHBIA BH]] PELICHHS:

T(M’t) = 47“22 S (M{Kkj.ak (T)eiukm(r*r)d‘t + bke4}”"m:| , (5)
k

0

e a(0)=[eW.0)f, (Vv =a, 1)+ a, (),
b, :JW(N)fk(N)dVN )

JJis mocTpOeHUs pelIeHus 1Mo 3Tol GpopMysie HeoOxomuMo 3Hanue pyHakuuu I puna G(M, N), cod-
CTBEHHBIX QyHKIHH f,(M) ¥ COOCTBEHHBIX YHCEN ).

[Ipuodaun:xennoe nocrpoenne pynkuun I'puna

ITo onpenenenuio ¢pyukuuu [puna 3agagya Jupuxie ais ypasaenus Jlamiaca B oonactu V, orpaHu-
YEHHOW IMMOBEPXHOCTHIO S, MeeT BUI [7]:

G(M,N)= L U(M,N),

vn
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G(M,N)=0mpu NeS§,
AU(M,N)=0.

3amaua noctpoenust G(M, N) 3akiouaercsi B OTBICKAHHU rapMoHu4eckoi B V dynkuun U(M, N),
obecrieyrBaroIeH BBIOHEHHE TpaHnYHOTo yeiaoBust G(M, N) = 0, mpu N € S.

3Ty GYHKIINIO MOKHO MOCTPOUTH MPUOIMIKEHHO B BUJIC HAJOKEHUS MOJIEH HECKOJIIBKIX UCTOU-
HUKOB, PacCOJIOKEHHBIX 3a mpezaenamu obnactu V. BeiOop UX MonI0KEeHUS BO MHOTHUX CIy4asx MO-
XKeT OBITh CJIeJIaH HACTOJILKO PAIIMOHAIBHBIM, YTO HEOOXOJUMOE YUCIIO UCTOYHIKOB OyJIeT CpaBHU-
TEIBHO MaJo.

Bynem nckatp ¢pynkuuto ['puna B Buse:

G(M,N):L+ T B

b
Tvn Pvov Ty Ty N

371eCh Ml — TOYKH PACIIOJIOKEHUSI UICTOYHUKOB BHE V ¢; — MOIHOCTH MCTOYHHKOB.
CoBmMmerasi To4Ky N TOCIIEAOBATENBHO C TPAHUYHBIMH TOYKAMU Ql., i=1,2 ... m norpedyem
BBINOJIHEHUS TPAHUYHOT'O YCIIOBUSL:

G(M,0)=0,i=1,2..m.
OTH COOTHOIICHUS 3aJIal0T CUCTEMY aJIreOpanvecKuX ypaBHECHHH OTHOCUTEIBLHO ¢!

a]] a12 A a]n c] b]
a2] a2] A a2n . —
M M M M M
A a c b

ml mn n m

1 1
rue a, = b, =——, MeV,

oM ; rMQ,

3aMeTHuMm, 4TO TpH M > 11 CUCTEMa HEe COBMECTHA, TOTJIa €€ MOYKHO PEIIUTh TPUOIKEHHO, HATPH-
Mep, METOIOM HaWMEHBIIHMX KBaaparoB [6]. [y MCKITIOYEHUS] TAKOTO Ciydas IL1elnecoo0pa3Ho IOIo-
XKUTb N = m, B pe3ylbTaTe MOMyYUM CHUCTEMY C KBaJpaTHOM MmaTpuiuel. Takoi crnocoO BBHIYHCICHUS
¢ynkunu ['prHa MOXKHO paccMaTpuBaTh Kak paclpoCTpaHEHHE METO/IA 3JIEKTPOCTATUIECKUX H300pa-
JKeHwui [ 8] Ha 00J1aCTH TPOU3BOIBHON (HOPMBI.

Bropoii cioco6 npubnrkeHHOro octpoenus GyHKIuM [puHa onepatopa Jlamnaca ocHOBaH Ha
WCIIOJIb30BaHMH TIOTEHIIMANa ABOHHOrO ciosi. ['apMoHnueckyro B obnactu ¢pynknuio U(M, N), Bxoas-
IYO B BRIpa)keHue A1l GyHKuu [ prna:

G(M,N)= L U(M,N)

b
vn

MOYKHO MCKAaTh B BAE IIOTEHIIMATIA TBOWHOIO CJIOI:

1 0 1
UM,N)=— ———dS
( s ) 47'C iT(Q)anQ rNQ 0
YI0oBIETBOPSIS TPAHHYHOMY YCIIOBUIO;
1
UM Ny ==

Mev
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" UCIIO0JIb3YA CBOIMCTBa IIOTCHIIHMaJia ﬂBOﬁHOFO CJ104, TOJTYYUM UHTETrPAJIbHOC YPABHCHUC!

o 1 2
- — == MeV
u(N) - f t(Q)anQ - ds, — NeS,MeV .

3/1eCh 71 — BHEIIHSSA K S HOpMAaIb.

Jnst kaxx ol Touku M € V, HeoOXxoauMol st AanbHERIIero ncrnois3oBanus GyHkn [puna G(M,
N), pemaercst 3o Y u Beraucnsercst pyakius [puna.

Ecnu pemenve nekaTe B BUJIE NOTEHIMAIIA IPOCTOrO CIIOSL:

U(M,N)=41—n§ (Q)dS

TO IIPUXOJIUM K UHTETPAJIbHOMY YPABHEHUIO IIEPBOrO pOJa:

@ngz—L,NeS,MeV‘

s Tno vn

Beruucisist npuOIKeHHO HHTETPa 10 GOopMyIie IPSMOYTOIEHUKOB, TIOTYYHM:

ol Zf Vas, <30, [De oo L joipm

s rNQ i as, v, i ASrN,Q rMNk

OTH COOTHOIIICHUS 3aJal0T CUCTEMY JIMHEHHBIX anreOpanueckux ypaBHenuit (CJIAY) orHocu-
TENbHO G :

_deQ k=12..n

rMN, as, Tv,0

chalk

W3-3a nanmuums ocoOeHHOCTEH 1/ Fy,o AMArOHAIBHBIC HIEMEHTBI MAaTPHILBI 9T0it CJIAY mpeBocxo-
JSIT OcTalibHbIe, To3ToMy onpenenutens CJIAY He paBeH HYNIO W OHa pa3peluMa 1 Ipyu 3TOM eIUH-
CTBEHHBIM CII0COOOM.

CuHyCOMANBHBIH peXUM

[IycTs Bce GyHKuMHU, BXoasamme B (3), U3MEHAIOTCS BO BPEMEHHU MO CHHYCOUIAIbHOMY 3aKOHY.
Torma comoctaBiasg UM KOMILJIEKCHBIE aMIUIUTYAbI, OTMEUEHHbIE TOYKAMH, MOTYIHM:

M)+ 1| N)G(M, NV, = &M ), (6)
4
e A= i—m; ® — JacToTa,
4ma

M)= —417[! ANYG(M, NV, —i fg&(N);(i(M, N)dS,.

[Ipencrasmsis T%M ) 51 gSﬁM ) B BHJIC PA3JIOKEHHI 110 COOCTBEHHBIM (DYHKIIHSIM sIIpa U MOJICTaB-
JISISL OTH Pa3IoKeHus B (6), TOTydHnM:

:;@ggfk(M), ﬁM)zgéifk(M
Y&+ T ~&y (M)~ 28 £, ()=
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OTcroma nMmeeMm:

I
N
[~
Q

«&[Hjj:lﬁi, &

B = J§( ) (M)av, =B + B,

(N)dS,,
— MN )f,(N)av,
}\‘k vV
IloncraBnsas HalieHHBIC (8; B pEIICHUE, MOIYYUM:
éL iar
#M):Zikfk(M ZZ“‘%‘e g&fk(M)-
k 1+i k
}\‘k

CoorBercTByomasi BpeMeHHasi PYHKIHS UMEEeT BHI:

M t):;‘c&‘fk (M)sin((ot+argc§c). (7)

Pemenue 3agauu npu kpaeBbIx yciaoBusax Heiimana
[Tycrp B 3amaue (1) xpaeBble YCIOBHS UMEIOT BU:

6T(

M z# =o(M,t), MeS
on )

MeS

Perrenue 37oit 3aaun MOXKET OBITh BhIpaykeHO 4epe3 GyHKIuI0 [puHa 3anaumn Helimana [8]:

1 jaT NGY (M, NV, +

T(M,z):—;—EJF(N,t)GN(M,N)dVN L

L fo(N.0)G" (M. NS,
4

rae
GN(M,N)=L+U(M,N),
Tvn
AU(M,N)=0,

N
oG (M,N)= _ 1 wes
4nS

on,

Ora (yHKIHUS ONPENENIETC ¢ TOYHOCTBIO 10 CJIAaraeMoro c,(M), 3aBHCSIIETO OT MONOKCHHUS
TOYKU M.

Hopmupyroree yciosue ifGN (M ,N )dS v =0 onpenensier Gpynximo GV(M, N) oxHO3HAYHO U J1e-

Jaer ee cummerpuuHoi [8]. MuTterpo-auddepenimansnoe ypaBHeHHE, aHAIOrHYHO (3), UMEEeT BUI:
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T(M,z)+i j a—f(N,t)GN(M,N)dVN = —4—1n j f(NGY (M, NV,

dnay,

1 N
—§o(N,0)G" (M, NS, = g(M,t).
4
NHTerpanpHblii onepaTop, MOpOXKAAOIINMN 3TO YpaBHEHHUE, SBIIAETCS CAMOCOIIPSKEHHBIM B KJlac-
Ce MHTErPUPYEMBIX C KBaJpaToM (pyHKIHI U 7Sl pelieHHus ypaBHEHHS MpruMeHuMa Teopusi [ miboepra —
[MImuara. IIoBTOPSIS BBIKIAAKU, U3JI0KEHHBIE BBILLIE, PELICHUE MOXKHO 3alIMCATh B BUJIE:

0

T(M’ Z) = Z S (M){4na7\,k I a, (T)efx"‘m(H)dI + bkefuk"‘” ,
0

b, = [w(NV)f, (Vv
a = aylth a, ),
¢

)= folv. s (s,

@ 1
)= [0 (V)

f}c (N) B 7\'/( — PCIICHHUEC YpaBHCHUA
S0)=[ r(N)G" (M, N,

14

HOPMHPOBAHHOE YCIOBUEM

§/(N)ds, =o.

N

Ipubaukennoe nocrpoenne pynknuu I'puna 3agaun Heiimana

Kax u panee, ¢pynkuuro ['puna GY(M, N) 6ynem uckaTh B BHIE:

GV(M N) =4 Gy G S (M), NeV )

v Tun  Tun Ty N

311ech ¢, — MOCTOAHHAs, 3aBHCSINAS OT TOUKH M, C TOUHOCTBIO JI0 KoTopoii onpenensiercs GY(M, N).
OTa MoCTOsIHHAS OJHO3HAYHO OIPEIENAETCS HOPMUPYIOLINM YCIIOBUEM:

§G" (M, N)ds, =0,
N

ey(M)= _1ﬂ1+i i }dSN, :

v k=t Ty
[Moxacrapnsist GY(M, N) B rpaHUYHOE yCIIOBHE:

N
oG (M,Qi):—ﬁ, 0, €S, i=1,2K m,

on 0

nomyanMm CJIAY oTHOCHUTETHHO Chr B marpuunom Buze 3ta CJIAY umeer BuI:
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a]] a12 A a]n c] b]
a2] a2] A a2n . CZ b2
M M M| M M
a ml a ml A amn cn bm
_ o 1), oo 1
Toong o, I Ong \ 1y, ) 4nS-

[ToncTanoBKa HalIEHHBIX ¢, ¥ ¢, B (8) maer npubnmxeHHoe 3Hadenue Gynkuun ['puna 3ana4n
Helimana nns ypasHenus Jlamiaca.

[pubmnmkeHHbIE 3HAYEHHS COOCTBEHHBIX (YHKIMIA £ (M) 1 COOCTBEHHBIX YMCEN A , HHTETPAIbHBIX

omeparopos ¢ sapamu G(M, N) u GN(M, N) moxuHo nocrpouts metonoM Kemtora [4]. JIpyroii crioco6
BBIYMCIICHHSI COOCTBEHHBIX (DYHKIIMI M YUCENT 3aKII0UaeTcs B 3aMeHe B (5) MHTerpajia KBaapaTypHO
¢dbopmoii (HarpuMep, TPSIMOYTOIBHHUKOB). [TpH 3TOM 3a1a4a OThICKaHUSI COOCTBEHHBIX (PYHKIIHIA M YUCEN
CBOJIMTCS K anreOpanveckoil mpodiemMe BHIYUCICHUS CIIEKTPa CHMMETPHYHON MaTpPHUIILI, KOTOpasi Mo-
JKeT OBITh pellieHa METOJIOM CIIEKTPAIbHOTO Pa3jIoKeHHUs MaTpHIbI [6].

U3 dpopmyn (6) u (7) cnemyer, 4To UcKoMoe TemIiieparypHoe nosne 7(M, f) onpenensieTcs: TOIbKO
COOCTBEHHBIMU (DYHKLHUAMH f,(M) 1 4ncnamu A, yIOBJIETBOPAIONMMH ypaBHeHuIo (5). U3BectHO [8],
YTO pemieHue (5) SKBUBAIEHTHO pemiennto 3aga4yu Lltypma — JlnyBusis:

Af +Af =0,

01, =0. ®

OTy 3a1auy MOXXHO TTPHOIMKEHHO PEIIMTh METO/IOM, aHaJOTHYHBIM METOIy IMOCTpOeHUs PyHK-
uuu ['puna G(M, N), U310)KEHHOMY BBIIIIE.
[pu nonoxuTenbHBIX A (yHIAMEHTAIBHOE pelnieHue ypaBHenus (8) umeer Bup [7]:

R(M,N):M.

Tvw

Bre obnactu pemenust V BbioepeM MpOu3BOIbHO TOUKH N, i = 1,2...n ¥ pacHoloKUM B HUX HCTOY-
HUKH MOLIHOCTBIO ¢, Perienne ypaBHenus (8) MPEICTaBUM B BUIIE HAIOKECHHUSI TIONEH 9TUX UCTOYHHUKOB!

f(M’Ni)z iM

i=1 Yun.

i

ITocnenoBarenpHO coBMelas TOUKY M ¢ TpaHMYHBIMM TOYKaMu Q,, i =1,2..n U NpuUpaBHUBAS
pe3yasTaT K HyJo, moryauM ogHopoanyto CJIAY ¢ cummerpudHoit Matpuliei 4 = (al.j), rae

~ sm(\/krM/M )
a,=———,
T,
HenyneBoe perienue 31oil CJIAY cymecTByeT npy yCIOBHH det(al.j) = 0. Kopau 310T0 YpaBHEHUS €CThH
MCKOMBIE COOCTBEHHBIE YUCIIA A,. METOM PEIICHHUS OTOTO yPABHEHHUS U BHIYUCIICHUS COOCTBEHHBIX (yH-
KITUH U3JIOKEH B [5].
3aMeTHM, 4TO TIPU TaKOM CIIOCO0e OmpereneHus] COOCTBEHHBIX YUcel W QYHKIMA He TpeOyeTcs
MpEeBapUTENBHOrO BeIYKciaeHUs GyHKIMU [pruHa G(M, N), 4To cokpaiaer 00beM BBIYHACICHUH.
Jiist obmacteid, rpaHUIIbI KOTOPBIX COBIMAAAIOT C KOOPAWHATHBIMU IIOBEPXHOCTSMH KaKUX-IHOO OpTO-
TOHAJILHBIX KOOPAWHAT, COOCTBEHHBIC (DYHKIIMK M YHUCIIA JIETKO HOCTPOUTh MeTonoM Dypre [7].
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Abstract. Sometimes it becomes necessary to solve initial boundary value problems for the
heat equation under various boundary conditions in the numerical study of the processes of moisture
removal from moisture-containing materials by electromagnetic radiation. For some bodies of
canonical geometry, one can obtain an analytic solution. For domains of arbitrary shape, a numerical
algorithm based on the use of the Green’s function of the Laplace operator is proposed.

The study considers a solid body with a constant coefficient of thermal diffusivity @ and internal
heat sources with a given density M, £). Consequently, the solution of the initial boundary value
problem for a body with a surface S and volume ¥ determines the temperature field inside the body.

If the Green’s function G(M, N) of the Laplace operator is known for one of the listed
boundary conditions, then the desired solution can be represented in the form (for boundary
conditions of the first kind a = 1, f = 0).

As a result, the relation is an integral-differential equation with respect to
T(M, t). The integral operator generating this equation is self-adjoint in the class of quadratically-
integrable functions. Therefore, the Hilbert-Schmidts theorem is applicable for the solution.
Expanding the functions T(M, ¢), fiM, f) into series in eigenfunctions of the integral operator
obtains the Cauchy problem for the coefficient ¢ (¢) of the expansion T(M, ?).

Carrying out the necessary transformations, the solution of the starting initial boundary
value problem is expressed in terms of eigenfunctions and the number of the kernel G(M, N)
which can be calculated by the Kellogg method. The authors propose the certain form of the
kernel G(M, N) which is necessary for the realization of this method.

Thus, putting N consecutively points into the boundary points and equating the results to
zero it obtaines a system of linear algebraic equations for c,.

As a result, the proposed method for constructing G(M, N) can be treated as a
generalization of electrostatic images method to regions of arbitrary shape.

In addition, the study obtains expressions for boundary conditions of the second and
third kind. Thus, the proposed method makes it possible to take into account boundary conditions
of various types in a natural way.

Key words: heat equation, Green’s function of the Laplace operator, integral-differential
equation, proper functions and numbers, initial boundary value problems.
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