
www.volsu.ru

МАТЕМАТИКА

DOI: https://doi.org/10.15688/mpcm.jvolsu.2017.3.6

UDC 517
LBC 22.161

CAN ONE OBSERVE THE BOTTLENECKNESS OF A SPACE
BY THE HEAT DISTRIBUTION? 1

Satoshi Ishiwata
Professor, Department of Mathematical Sciences,
Yamagata University
ishiwata@sci.kj.yamagata-u.ac.jp
Yamagata 990-8560, Japan

Abstract. In this paper we discuss a bottleneck structure of a non-compact
manifold appearing in the behavior of the heat kernel. This is regarded as an
inverse problem of heat kernel estimates on manifolds with ends obtained in [10]
and [8]. As a result, if a non-parabolic manifold is divided into two domains by a
partition and we have suitable heat kernel estimates between different domains,
we obtain an upper bound of the capacity growth of δ-skin of the partition. By this
estimate of the capacity, we obtain an upper bound of the first non-zero Neumann
eigenvalue of Laplace — Beltrami operator on balls. Under the assumption of an
isoperimetric inequality, an upper bound of the volume growth of the δ-skin of
the partition is also obtained.
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1. Introduction

In the real world, waves, like as electromagnetic waves (light, radiation ray, infrared
ray etc...) are good tools to observe a structure of given space (ex. location of obstacles,
airplanes, planets etc...). However, in the following situation, heat distribution might be
more useful to observe the structure of the space. Consider a space separated into two
domains by a “dark” partition (difficult to see by the light). Here, assume that we know
the heat distribution well on each separated domain and we have some data of the heat
distribution between two domains. Then what can one observe the dark partition? Can one
see how large it is? Can one see inside of the partition?

This problem is inspired by a recent progress of the study of the heat kernel on non-
compact Riemannian manifolds. Let 𝑀 be a geodesically complete Riemannian manifold.
The heat kernel 𝑝(𝑡, 𝑥, 𝑦) is the minimal positive fundamental solution of the heat equation

𝜕𝑡𝑢(𝑥, 𝑡) = Δ𝑢(𝑥, 𝑡) (𝑥, 𝑡) ∈ 𝑀 × (0,∞),
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where Δ is the Laplace-Beltrami operator on 𝑀 . It is well-known that the heat kernel
𝑝(𝑡, 𝑥, 𝑦) can be also regarded as the transition density of the Brownian motion ({𝑋𝑡}𝑟≥0,
{P𝑥}𝑥∈𝑀) generated by Δ on 𝑀 , namely, for any Borel set 𝐴 ⊂ 𝑀 ,

P𝑥(𝑋𝑡 ∈ 𝐴) =

∫︁
𝐴

𝑝(𝑡, 𝑥, 𝑦)𝑑µ(𝑦),

where µ is the Riemannian measure on 𝑀 .
On R𝑛, the heat kernel is given by the Gaussian function:

𝑝(𝑡, 𝑥, 𝑦) =
1

(4π𝑡)𝑛/2
𝑒−

‖𝑥−𝑦‖2
4𝑡 .

On a general manifold, the heat kernel is sensitive to the underlying space and the depen-
dence has been an important subject in probability theory, harmonic analysis and geometry.
In particular, on a non-compact Riemannian manifold, long time behavior of the heat kernel
has been investigated under various settings by many authors. For the detail, see [2; 5; 15]
and references therein.

Recently, Grigor’yan and Saloff-Coste [10], Grigor’yan, and Saloff-Coste and the au-
thor [8] proved heat kernel estimates on manifolds with ends. Let us quickly review these
results. Let 𝑀1, . . . ,𝑀𝑘 be non-compact manifolds and for 1 ≤ 𝑙 ≤ 𝑘, 𝐾𝑙 a compact set of
𝑀𝑙. A manifold 𝑀 is called a connected sum of 𝑀1, . . . ,𝑀𝑘 with a central part 𝐾 ⊂ 𝑀 if

𝑀∖𝐾 =
𝑘⨆︁

𝑙=1

𝐸𝑙 =
𝑘⨆︁

𝑙=1

(𝑀𝑙∖𝐾𝑙) .

Then the connected sum 𝑀 is denoted by 𝑀1#𝑀2# · · ·#𝑀𝑘. To study the behavior
of the heat kernel on connected sums, parabolicity/non-parabolicity of the manifold plays
an important role. Here, a manifold is parabolic if the Brownian motion is recurrent
and non-parabolic if the Brownian motion is transient. Various equivalent conditions to
parabolicity/non-parabolicity are known. See [3] for the detail.

When the central part 𝐾 is compact and the all ends are non-parabolic together with
a suitable condition (Poincaré inequality (PI), volume doubling property (VD) and relatively
connected annuli condition (RCA)), behavior of the heat kernel is proved in [10]. For the
detail of these conditions, see for instance [9; 11; 12; 14; 15] and references therein. Here we
note only that Grigor’yan [6] and Saloff-Coste [14] proved that the condition (PI) together
with (VD) is equivalent to the condition of the manifold that Li — Yau type heat kernel
estimates (two-sided Gaussian estimates) holds:

𝑝(𝑡, 𝑥, 𝑦) ≍ 𝐶

𝑉 (𝑥,
√
𝑡)
𝑒−𝑏

𝑑2(𝑥,𝑦)
𝑡 , (1)

where 𝑉 (𝑥, 𝑟) is the Riemannian measure of a geodesic ball 𝐵(𝑥, 𝑟) and the symbol ≍ means
that both ≤ and ≥ hold by changing constants 𝐶 > 0 and 𝑏 > 0.

For 𝑥 ∈ 𝐸𝑖 ⊂ 𝑀𝑖, denote by 𝑉𝑖(𝑥, 𝑟) the Riemannian measure of a geodesic ball
𝐵𝑖(𝑥, 𝑟) in 𝑀𝑖. Let

𝑉min(𝑟) = min
1≤𝑙≤𝑘

𝑉𝑙(𝑟) = min
1≤𝑙≤𝑘

𝑉𝑙(𝑜𝑙, 𝑟),
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where 𝑜𝑙 ∈ 𝐾𝑙 is a reference point on each 𝑀𝑙 in 𝐾𝑙. For 𝑥 ∈ 𝐸𝑖 and 𝑡 > 0, let |𝑥| =
= 𝑑(𝑥,𝐾) + 1 and we define a function 𝐻(𝑥, 𝑡) as

𝐻(𝑥, 𝑡) = min

{︃
1,

|𝑥|2

𝑉𝑖(|𝑥|)
+

(︂∫︁ 𝑡

|𝑥|2

𝑑𝑠

𝑉𝑖(
√
𝑠)

)︂
+

}︃
.

Then the following heat kernel estimates between different ends are obtained:
Theorem 1.1 (Grigor’yan and Saloff-Coste [10, Theorems 4.9 and 5.10]). Let 𝑀 be a
connected sum of non-parabolic manifolds 𝑀1,𝑀2, . . . ,𝑀𝑘 with (PI), (VD) and (RCA).
For 𝑥 ∈ 𝐸𝑖, 𝑦 ∈ 𝐸𝑗 with 𝑖 ̸= 𝑗 and 𝑡 > 0,

𝑝(𝑡, 𝑥, 𝑦) ≍ 𝐶

(︃
𝐻(𝑥, 𝑡)𝐻(𝑦, 𝑡)

𝑉min(
√
𝑡)

+
𝐻(𝑦, 𝑡)

𝑉𝑖(
√
𝑡)

+
𝐻(𝑥, 𝑡)

𝑉𝑗(
√
𝑡)

)︃
𝑒−𝑏

𝑑2(𝑥,𝑦)
𝑡 . (2)

In particular, for 𝑥 ∈ 𝐸𝑖, 𝑦 ∈ 𝐸𝑗 with |𝑥| ≈ 𝑟 and |𝑦| ≈ 1 (resp. |𝑥| ≈ 1 and |𝑦| ≈ 𝑟)
(center-middle time regime), we obtain

𝑝(𝑟2, 𝑥, 𝑦) ≍ 𝐶

𝑉𝑖(𝑟)

(︂
resp.

𝐶

𝑉𝑗(𝑟)

)︂
. (3)

For 𝑥 ∈ 𝐸𝑖 and 𝑦 ∈ 𝐸𝑗 with |𝑥| ≈ |𝑦| ≈ 𝑟 (middle time regime), we have

𝑝(𝑟2, 𝑥, 𝑦) ≍ 𝐶
𝑟2

𝑉𝑖(𝑟)𝑉𝑗(𝑟)
<<

𝐶

𝑉max(𝑟)
, (4)

where 𝑉max(𝑟) = max1≤𝑙≤𝑘 𝑉𝑙(𝑟). These estimates motivate us to observe the bottleneckness
of the space in terms of the heat kernel behavior. We note that, in these regimens (center-
middle time regime, middle time regime), the effect of other ends (first term in (2)) to the
heat kernel is dominated.

When the connected sum is non-parabolic but there exist some parabolic ends (mixed
case), Grigor’yan and Saloff-Coste proved the heat kernel estimates by using Doob’s trans-
form. For 1 ≤ 𝑙 ≤ 𝑘, set

ℎ𝑙(𝑟) = 1 +

(︃∫︁ 𝑟2

1

𝑑𝑠

𝑉𝑙(
√
𝑠)

)︃
+

.

For 𝑥 ∈ 𝐸𝑖 and 𝑟 > 0, set alsõ︀𝑉𝑖(𝑥, 𝑟) =
(︀
ℎ2
𝑖 (|𝑥|) + ℎ2

𝑖 (𝑟)
)︀
𝑉𝑖(𝑥, 𝑟)

and for 𝑡 > 0,

̃︀𝐻(𝑥, 𝑡) :=
|𝑥|2

ℎ2
𝑖 (|𝑥|)𝑉𝑖(|𝑥|)

+
1

ℎ𝑖(|𝑥|)ℎ𝑖(
√
𝑡)

(︂∫︁ 𝑡

|𝑥|2

𝑑𝑠

𝑉𝑖(
√
𝑠)

)︂
+

.

Then the following heat kernel estimates between different ends are obtained:
Theorem 1.2 (Grigor’yan and Saloff-Coste [10, Theorem 6.5 and Remark 6.7]). Let 𝑀
be a connected sum of manifolds with (PI), (VD) and (RCA) and at least one end is
non-parabolic. Then, for 𝑥 ∈ 𝐸𝑖 and 𝑦 ∈ 𝐸𝑗 with 𝑖 ̸= 𝑗 and 𝑡 > 0,

𝑝(𝑡, 𝑥, 𝑦) ≍ 𝐶ℎ𝑖(|𝑥|)ℎ𝑗(|𝑦|)
(︃ ̃︀𝐻(𝑥, 𝑡) ̃︀𝐻(𝑦, 𝑡)̃︀𝑉min(

√
𝑡)

+
̃︀𝐻(𝑥, 𝑡)̃︀𝑉𝑗(

√
𝑡)

+
̃︀𝐻(𝑦, 𝑡)̃︀𝑉𝑖(

√
𝑡)

)︃
𝑒−𝑏

𝑑2(𝑥,𝑦)
𝑡 .
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Let us observe heat kernel behavior in some typical regimes. For simplicity, let us
consider the case that 𝑉𝑙(𝑟) ≈ 𝑟α𝑙 (see [10, Example 6.11 and Corollary 6.12]).

If 2 < α𝑖,α𝑗, the estimate is the same as the case that all ends are non-parabolic stated
in (3), (4).

If 0 < α𝑖,α𝑗 < 2, for 𝑥 ∈ 𝐸𝑖 and 𝑦 ∈ 𝐸𝑗 with |𝑥| ≈ 𝑟, |𝑦| ≈ 1 (resp. |𝑥| ≈ 1 and
|𝑦| ≈), we obtain

𝑝(𝑟2, 𝑥, 𝑦) ≍ 𝐶

𝑟4−α𝑖
<<

𝐶

𝑉𝑖(𝑟)

(︂
resp.

𝐶

𝑟4−α𝑗
<<

𝐶

𝑉𝑗(𝑟)

)︂
. (5)

For 𝑥 ∈ 𝐸𝑖 and 𝑦 ∈ 𝐸𝑗 with |𝑥| ≈ |𝑦| ≈ 𝑟, we obtain

𝑝(𝑟2, 𝑥, 𝑦) ≍ 𝐶

𝑟6−α𝑖−α𝑗
<< 𝐶

𝑟2

𝑉𝑖(𝑟)𝑉𝑗(𝑟)
.

In this situation, the estimate in (5) (center-middle time regime) shows that the heat kernel
behavior on each one end is far different from the Li — Yau type bound in (1).

If α𝑖 < 2 < α𝑗, for 𝑥 ∈ 𝐸𝑖 and 𝑦 ∈ 𝐸𝑗 with |𝑥| ≈ 𝑟 and |𝑦| ≈ 1 (resp. |𝑥| ≈ 1 and
|𝑦| ≈ 𝑟),

𝑝(𝑟2, 𝑥, 𝑦) ≍ 𝐶

𝑟4−𝑛𝑖
<<

𝐶

𝑉𝑖(𝑟)

(︂
resp.

𝐶

𝑟𝑛𝑗
≈ 𝐶

𝑉𝑗(𝑟)

)︂
. (6)

For 𝑥 ∈ 𝐸𝑖 and 𝑦 ∈ 𝐸𝑗 with |𝑥| ≈ |𝑦| ≈ 𝑟, we obtain

𝑝(𝑟2, 𝑥, 𝑦) ≍ 𝐶

𝑟2+α𝑖−α𝑗
<< 𝐶

𝑟2

𝑉𝑖(𝑟)𝑉𝑗(𝑟)
.

In this situation, similar to the previous case, the estimate in (6) with |𝑥| ≈ 𝑟 and |𝑦| ≈ 1
shows us the heat kernel behavior on 𝐸𝑖 is different from the Li — Yau type bound in (1).

When the connected sum is parabolic (i.e., all ends are parabolic), the heat kernel
estimates are obtained in [8]. To state the result, we prepare some notation. A parabolic
manifold 𝑀 is called critical if 𝑉 (𝑥, 𝑟) ≈ 𝑟2 and subcritical if

ℎ(𝑟) =

∫︁ 𝑟2

1

𝑑𝑠

𝑉 (
√
𝑠)

≤ 𝐶
𝑟2

𝑉 (𝑟)
.

We remark that R2 is critical and R is subcritical.
Then the following heat kernel estimates between different ends are obtained:

Theorem 1.3 (Grigor’yan, Ishiwata, Saloff-Coste [8, Theorem 2.3]). Let 𝑀 be a connected
sum of parabolic manifolds with (PI), (VD) and (RCA). If all ends are subcritical, then
for 𝑥 ∈ 𝐸𝑖 and 𝑦 ∈ 𝐸𝑗,

𝑝(𝑡, 𝑥, 𝑦) ≍ 𝐶

𝑉max(
√
𝑡)
𝑒−𝑏

𝑑2(𝑥,𝑦)
𝑡 .

This shows that even if 𝑥 ∈ 𝐸𝑖 and 𝑦 ∈ 𝐸𝑗 are far enough from the center, the heat
kernel is similar to the on-diagonal bound in the central part. Hence, in this situation, the
bottleneckness of the space cannot be seen in the heat kernel estimates in the middle time
regime.
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When some ends are critical, we can see a bottleneck effect in the behavior of the heat
kernel, but the effect is milder than that on non-parabolic connected sums. For example,
consider 𝑀 = R2#R2. Then, for 𝑥 ∈ 𝐸1 and 𝑦 ∈ 𝐸2 with |𝑥| ≈ |𝑦| ≈ 𝑟,

𝑝(𝑟2, 𝑥, 𝑦) ≍ 𝐶

𝑟 log 𝑟
,

which is slightly smaller than the on-diagonal bound 𝐶
𝑟
.

2. Main results

In view of the above observations of the heat kernel behavior on connected sums, we
consider an inverse problem, which asks a bottleneck structure of a manifold appearing in
the heat kernel estimates.

The condition of the manifold we need to observe the bottleneck structure is as fol-
lows. First, from the heat kernel estimates on connected sums of parabolic manifolds in
Theorem 1.3, the manifold is required to be non-parabolic. Take a non-parabolic manifold
divided into two domains by a partition. From the heat kernel estimates in the center-middle
time regime (3), (5), our second requirement of the space is that the heat kernel on each
one domain (including near the partition) is well-known (i.e. Li — Yau type bound (1)).
Under these settings of the underlying space, our interest is a bottleneck structure of the
space appearing in a heat kernel behavior between different domains.

The bottleneckness of the space is characterized by the capacity of closed sets and
the first non-zero Neumann eigenvalue on balls. For a non-empty closed set 𝐹 on 𝑀 , the
capacity of the capacitor (𝐹,𝑀) is defined by

cap(𝐹 ) := inf
𝑓∈Lip0(𝑀),

𝑓=1𝑜𝑛𝐹

∫︁
|∇𝑓 |2𝑑µ,

where Lip0(𝑀) is spaces of all compactly supported Lipschitz functions on 𝑀 . For an open
set Ω ⊂ 𝑀 , let λ𝑁1 (Ω) be the first non-zero Neumann eigenvalue on Ω, namely, by definition,
λ𝑁1 (Ω) is the minimum positive vaule so that there exist 𝑓 ∈ 𝒟 := 𝐶2(Ω) ∩ 𝐶1

(︀
Ω
)︀

such
that {︂

Δ𝑓 = λ𝑓 in Ω,
ν𝑓 = 0 on 𝜕Ω,

where ν is the normal derivative on 𝜕Ω. By max-min theorem (c.f. [1, p. 17]),

λ𝑁1 (Ω) = inf
𝑓∈𝒟

∫︀
Ω |∇𝑓 |2𝑑µ∫︀

Ω |𝑓 − 𝑓Ω|2𝑑µ
,

where 𝑓Ω = 1
µ(Ω)

∫︀
Ω 𝑓𝑑µ. We note that the (strong) Poincaré inequality (PI) is rewritten by

λ𝑁1 (𝐵(𝑥, 𝑟)) ≥ 𝑐

𝑟2
.

For a subset 𝐴 ⊂ 𝑀 and δ > 0, let 𝐴δ = 𝐵(𝐴, δ), that is, the δ-open neighborhood of
𝐴. We call 𝐴δ∖𝐴 the δ-skin of 𝐴. Then we obtain the following.
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Theorem 2.1. Let 𝑀 be a geodesically complete non-parabolic manifold divided into two
unbounded connected components 𝐸1 and 𝐸2 by a closed set 𝐹 ⊂ 𝑀 . Fix a refernce
point 𝑜 ∈ 𝐹 and we assume that there exist curves 𝑥𝑟 ∈ 𝐸1 and 𝑦𝑟 ∈ 𝐸2 satisfying the
following conditions:

(i) There exist constants 𝑎, δ > 0 such that for all 𝑟 > 𝑑(𝑜, 𝜕𝐹 ), 𝑟2/4 ≤ 𝑠 ≤ 𝑟2 and
for all 𝑧 ∈ 𝐹δ(𝑜, 𝑟) := 𝐹δ∖𝐹 ∩𝐵(𝑜, 𝑟),

𝑝(𝑠, 𝑥𝑟, 𝑧) ≥
𝑎

𝑉1(𝑥𝑟, 𝑟)
,

𝑝(𝑠, 𝑦𝑟, 𝑧) ≥
𝑎

𝑉2(𝑦𝑟, 𝑟)
,

where 𝑉𝑙(𝑥, 𝑟) = µ(𝐵(𝑥, 𝑟) ∩ 𝐸𝑙).
(ii) There exists a positive valued function 𝐷(𝑟) such that

𝑝(𝑟2, 𝑥𝑟, 𝑦𝑟) ≤
𝐷(𝑟)

𝑉1(𝑥𝑟, 𝑟)𝑉2(𝑦𝑟, 𝑟)
.

(See Fig. 1).

❋
✍✍

♦

②r

①r

❊✶ ❊✷

❋�✭♦✁ ✂✮

Fig. 1. Partition of 𝑀 , 𝑥𝑟, 𝑦𝑟 and 𝐹δ(𝑜, 𝑟)

Then we obtain

cap(𝐹δ(𝑜, 𝑟)) ≤
4𝐷(𝑟)

𝑎2𝑟2
. (7)

This concludes also the upper bound of the first non-zero Neumann eigenvalue λ𝑁1
on balls. Fix 𝑥 ∈ 𝑀 and 𝑟 > max𝑖=1,2 𝑑(𝑥,𝐸𝑖). For all 0 < ε < 1, set

𝐸1(ε) := {𝑧 ∈ 𝐸1 : P𝑧(τ𝐹δ(𝑥,𝑟) < ε)}, 𝐸2(ε) := {𝑧 ∈ 𝐸2 : P𝑧(τ𝐹δ(𝑥,𝑟) < ε)}. (8)

Then we obtain

λ𝑁1 (𝐵(𝑥, 𝑟)) ≤ 8𝐷(𝑑(𝑥, 𝑜) + 𝑟)

𝑎2(1− 𝜖)2(𝑑(𝑥, 𝑜) + 𝑟)2min𝑖=1,2 µ(𝐵(𝑥, 𝑟) ∩ 𝐸𝑖(𝜖))
. (9)
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Corollary 2.2. Under the same setting of the above theorem, assume further that the
isoperimetric inequality with isoperimetric function 𝐼 holds:

µ𝑛−1(𝜕Ω) ≥ 𝐼(µ(Ω)) ∀Ω ⊂ 𝑀,

where µ𝑛−1(𝜕Ω) is the induced measure of the boundary of Ω. Then by [4; 13], µ(𝐹δ(𝑜, 𝑟))
satisfies the following inequality:(︂∫︁ ∞

µ(𝐹δ(𝑜,𝑟))

𝑑𝑣

𝐼2(𝑣)

)︂−1

≤ cap(𝐹δ(𝑜, 𝑟)) ≤
4𝐷(𝑟)

𝑐2𝑟2
.

In particular, if 𝐼 satisfies ∫︁ ∞ 𝑑𝑣

𝐼2(𝑣)
< ∞ (10)

and 𝐷(𝑟) = 𝐶𝑟2, we obtain
µ(𝐹δ(𝑜, 𝑟)) ≤ 𝐶 ′

for some constant 𝐶 ′ > 0 and for all 𝑟 > 0, namely,

µ(𝐹δ∖𝐹 ) < ∞.

As a more general situation, let us consider the case 𝐷(𝑟) = 𝐶𝑟α with some α ≥ 2

and 𝐼(𝑣) = 𝑣
𝑛−1
𝑛 . Then we obtain

µ(𝐹δ(𝑜, 𝑟)) ≤ 𝐶 ′𝑟
𝑛

𝑛−2
(α−2). (11)

We note that the boundedness (10) implies the non-parabolicity of 𝑀 (see [4, Section
3]). Moreover, we note also that the estimate in (11) may not be optimal. See Example 2.4
below.

Let us apply these results to some examples.
Example 2.3 (Non-parabolic connected sum with compact central part). Let 𝑀 is a
connected sum of manifolds 𝑀1,𝑀2, . . . ,𝑀𝑘 with (PI), (VD) and (RCA) along a compact
central part 𝐾. Assume that there exits at least one non-parabolic end. As a partition, take
𝐹 = 𝐾⊔𝐸3 · · ·⊔𝐸𝑘 and choose curves 𝑥𝑟 ∈ 𝐸1 and 𝑦𝑟 ∈ 𝐸2 so that 𝑑(𝑥𝑟, 𝐾) ≈ 𝑑(𝑦𝑟, 𝐾) ≈ 𝑟.

If 𝑀1 and 𝑀2 are non-parabolic, then the condition (i) in Theorem 2.1 holds by (3) and
(ii) is also true with 𝐷(𝑟) = 𝐶𝑟2 by (4). Then Theorem 2.1 asserts that

cap(𝐹δ(𝑜, 𝑟)) ≤
4𝐶

𝑎2

for any 𝑟 > 0, namely,

cap(𝐹δ∖𝐹 ) ≤ 4𝐶

𝑎2
.

Moreover, for all 𝑥 ∈ 𝑀 and for sufficiently large 𝑟 > max𝑖=1,2 𝑑(𝑥,𝐸𝑖), we obtain by (9)

λ𝑁1 (𝐵(𝑥, 𝑟)) ≤ 𝐶 ′

𝑉min(𝑟)
<<

𝐶 ′

𝑟2

for some constant 𝐶 ′ > 0, which fails the Poincaré inequality (PI). We note that in this
situation, we cannot observe other ends.

If one of 𝑀1,𝑀2 is parabolic, then the condition (i) is failed by the estimates in (5)
and (6).

Математ. физика и компьютер. моделирование. 2017. T. 20. № 3 83



МАТЕМАТИКА

Next, let us verify the effect of Theorem 2.1 on a connected sum with a non-compact
central part.
Example 2.4 (Connected sum of two copies of R𝑛 along a surface of revolution (c.f.
[7])). For 𝑛 ≥ 3, let 𝑀 be a connected sum of two copies of R𝑛 along the surface of
revolution 𝐴(𝑚,α) (0 ≤ 𝑚 ≤ 𝑛− 2, 0 ≤ α < 1) defined by

𝐴(𝑚,α) = {𝑥 ∈ R𝑛 : ℎ(𝑥) ≤ 𝑟(𝑥)α} ,

where

𝑟(𝑥) =

(︃
1 +

∑︁
1≤𝑖≤≤𝑚

𝑥2
𝑖

)︃1/2

, ℎ(𝑥) =

(︃ ∑︁
𝑚+1≤𝑖≤𝑛

𝑥2
𝑖

)︃1/2

.

In the case 𝑚 = 0, we always take α = 0.
As a partition 𝐹 of the space, take the joint part along the surface of 𝐴(𝑚,α). We

choose continuous curves 𝑥𝑟 in 𝐸1 and 𝑦𝑟 in 𝐸2) given by

𝑥𝑟 = 𝑦𝑟 = (0, . . . , 0⏟  ⏞  
𝑚

, 1 + 𝑟, 0, . . . , 0),

which is vertical to the subspace R𝑚 ⊂ R𝑛 (see Fig. 2).

①r

❆✭♠�☛✮

❤✭①✮ ❂ ✁✭①✮✂

✄

Fig. 2. 𝐴(𝑚,α) ⊂ R𝑛 and 𝑥𝑟

Then, by using Theorem 1.1 in [7], for any 𝑧 ∈ 𝐹δ(𝑜, 𝑟), we obtain

𝑝(𝑟2, 𝑥𝑟, 𝑧) ≍ 𝑝(𝑟2, 𝑦𝑟, 𝑧) ≍
𝑎

𝑟𝑛

and

𝑝(𝑟2, 𝑥𝑟, 𝑦𝑟) ≍
𝐶

𝑟𝑛+(1−α)(𝑛−𝑚−2)
,

whence the conditions (i) and (ii) in Theorem 2.1 are true with 𝐷(𝑟) = 𝐶𝑟𝑛−(1−α)(𝑛−𝑚−2).
Then Theorem 2.1 asserts that

cap(𝐹δ(𝑜, 𝑟)) ≤
𝐶

𝑎2
𝑟𝑚+α(𝑛−𝑚−2),

which gives an optimal estimate of the capacity growth of the δ-skin of the surface of
𝐴(𝑚,α). Moreover, for all 𝑥 ∈ 𝑀 and sufficiently large 𝑟 > max𝑖=1,2 𝑑(𝑥,𝐸𝑖), we obtain by
(9) that

λ𝑁1 (𝐵(𝑥, 𝑟)) ≤ 𝐶 ′

𝑟2+(1−α)(𝑛−𝑚−2)
<<

𝐶 ′

𝑟2
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for some constant 𝐶 ′ > 0, which fails the Poincaré inequality (PI).
Since the isoperimetric inequality with 𝐼(𝑣) = 𝑐𝑣

𝑛−1
𝑛 is true (see [7, Section 3]),

Corollary 2.2 asserts that
µ(𝐹δ(𝑜, 𝑟)) ≤ 𝐶 ′𝑟α𝑛+

𝑛𝑚
𝑛−2

(1−α)

while
µ(𝐹δ(𝑜, 𝑟)) ≈ 𝑟𝑚+α(𝑛−𝑚−1) << 𝐶 ′𝑟α𝑛+

𝑛𝑚
𝑛−2

(1−α).

3. Proof of Theorem 2.1

The following lemma is a key to prove Theorem 2.1.
Lemma 3.1 (c.f. [10; 11]). Let 𝑀 be a non-parabolic manifold. For any compact set
𝐹 ⊂ 𝑀 and for all 𝑥, 𝑦 ̸∈ 𝐹 and for all 𝑡 > 0,

𝑝(𝑡, 𝑥, 𝑦) ≥ 𝑡

4
cap(𝐹 ) inf

𝑧∈𝜕𝐹
𝑡/4≤𝑠≤𝑡

𝑝(𝑠, 𝑥, 𝑧) inf
𝑧∈𝜕𝐹

𝑡/4≤𝑠≤𝑡

𝑝(𝑠, 𝑧, 𝑦).

Proof. The proof is similar to Lemma 3.1 in [10]. Let τ𝐹 be the first hitting time to 𝐹 of a
Brownian path 𝜔, namely

τ𝐹 (𝜔) = inf{𝑡 ≥ 0 : 𝑋𝑡(𝜔) ∈ 𝐹}.

We denote by ψ𝐹 (𝑡, 𝑥) the hitting probability

P𝑥(τ𝐹 < 𝑡).

Let E𝑥 be the expectation of the Brownian motion on 𝑀 . For any Borel set 𝐴 ⊂ 𝑀 ,
we have

P𝑥(𝑋𝑡 ∈ 𝐴) =

∫︁
𝐴

𝑝(𝑡, 𝑥, 𝑦)𝑑µ(𝑦) = E𝑥(δ𝐴(𝑋𝑡)) =

= E𝑥

(︀(︀
1{τ𝐹≤𝑡/2} + 1{𝑡/2<τ𝐹≤𝑡} + 1{τ𝐹>𝑡}

)︀
δ𝐴(𝑋𝑡)

)︀
=

= E𝑥

(︀
1{τ𝐹≤𝑡/2}δ𝐴(𝑋𝑡)

)︀
+ E𝑥

(︀
1{𝑡/2<τ𝐹≤𝑡}δ𝐴(𝑋𝑡)

)︀
+

+ E𝑥

(︀
1{τ𝐹>𝑡}δ𝐴(𝑋𝑡)

)︀
≥

≥ E𝑥

(︀
1{τ𝐹≤𝑡/2}δ𝐴(𝑋𝑡)

)︀
,

where δ𝐴 is the characteristic function of 𝐴. By the strong Markov property of the Brownian
motion on 𝑀 , we obtain

E𝑥

(︀
1{τ𝐹≤𝑡/2}δ𝐴(𝑋𝑡)

)︀
= E𝑥

(︁
1{τ𝐹≤𝑡/2}E𝑋τ𝐹

(δ𝐴(𝑋𝑡−τ𝐹 ))
)︁

=

= E𝑥

(︁
1{τ𝐹≤𝑡/2}P𝑋τ𝐹

(𝑋𝑡−τ𝐹 ∈ 𝐴)
)︁

≥

≥ ψ𝐹

(︂
𝑡

2
, 𝑥

)︂
inf

𝑡/2≤𝑠≤𝑡
𝑧∈𝜕𝐹

P𝑧(𝑋𝑠 ∈ 𝐴) ≥

≥
∫︁
𝐴

ψ𝐹

(︂
𝑡

2
, 𝑥

)︂
inf

𝑡/2≤𝑠≤𝑡
𝑧∈𝜕𝐹

𝑝(𝑠, 𝑧, 𝑦)𝑑µ(𝑦).
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Since 𝐴 ⊂ 𝑀 is arbitrary, this concludes that

𝑝(𝑡, 𝑥, 𝑦) ≥ ψ𝐹

(︂
𝑡

2
, 𝑥

)︂
inf

𝑡/2≤𝑠≤𝑡
𝑧∈𝜕𝐹

𝑝(𝑠, 𝑧, 𝑦).

Since 𝑀 is non-parabolic and 𝐹 is compact, we obtain by Theorem 3.7 in [11] that for any
𝑥 ̸∈ 𝐹 ,

ψ𝐹

(︂
𝑡

2
, 𝑥

)︂
≥ cap(𝐹 )

∫︁ 𝑡/2

0

inf
𝑧∈𝜕𝐹

𝑝(𝑠, 𝑧, 𝑥)𝑑𝑠 ≥ 𝑡

4
cap(𝐹 ) inf

𝑡/4≤𝑠≤𝑡/2
𝑧∈𝜕𝐹

𝑝(𝑠, 𝑧, 𝑥),

which concludes the lemma.
Proof of Theorem 2.1. Substituting the assumptions (i) and (ii) of the heat kernel into

the above lemma for 𝐹 = 𝐹δ(𝑜, 𝑟) and 𝑡 = 𝑟2, we obtain

𝐷(𝑟)

𝑉1(𝑥𝑟, 𝑟), 𝑉2(𝑦𝑟, 𝑟)
≥ 𝑟2

4
cap(𝐹δ(𝑜, 𝑟))

𝑎

𝑉1(𝑥𝑟, 𝑟)

𝑎

𝑉2(𝑦𝑟, 𝑟)

which concludes (7).
Next we prove the upper bound of the first non-zero Neumann eigenvalue (9). For

𝑥 ∈ 𝑀 and 𝑟 > max𝑖=1,2 𝑑(𝑥,𝐸𝑖), choose a test function 𝑓 ∈ 𝐶∞(𝐵(𝑥, 𝑟)) as

𝑓(𝑥) =

⎧⎨⎩
1−Ψ𝐹δ(𝑥,𝑟)(𝑥) if 𝑥 ∈ 𝐵(𝑥, 𝑟) ∩ 𝐸1

0 if 𝑥 ∈ 𝐵(𝑥, 𝑟) ∩𝐾
−𝑐
(︀
1−Ψ𝐹δ(𝑥,𝑟)(𝑥)

)︀
if 𝑥 ∈ 𝐵(𝑥, 𝑟) ∩ 𝐸2,

(12)

where Ψ𝐹δ(𝑥,𝑟)(𝑥) = Ψ𝐹δ(𝑥,𝑟)(∞, 𝑥) and 𝑐 = 𝑐(𝑟) is a positive constant so that 𝑓𝐵(𝑥,𝑟) = 0.
Since the hitting probability Ψ𝐹 (𝑥) is the equilibrium potential of the capacitor (𝐹,𝑀), that
is,

cap(𝐹 ) =

∫︁
𝑀

|∇Ψ𝐹 |2𝑑µ,

we obtain

λ𝑁1 (𝐵(𝑥, 𝑟)) ≤
∫︀
𝐵(𝑥,𝑟) |∇𝑓 |2𝑑µ∫︀
𝐵(𝑥,𝑟) |𝑓 |2𝑑µ

≤ cap (𝐹δ(𝑥, 𝑟)) + 𝑐2cap (𝐹δ(𝑥, 𝑟))∫︀
𝐵(𝑥,𝑟)∩𝐸1

|1−Ψ𝐹δ(𝑥,𝑟)|2𝑑µ+ 𝑐2
∫︀
𝐵(𝑥,𝑟)∩𝐸2

|1−Ψ𝐹δ(𝑥,𝑟)|2𝑑µ
.

By the definitions of the test function 𝑓 in (12) and 𝐸𝑖(ε) in (8), for 𝑖 = 1, 2,∫︁
𝐵(𝑥,𝑟)∩𝐸𝑖

|1−Ψ𝐹δ(𝑥,𝑟)|2𝑑µ ≥
∫︁
𝐵(𝑥,𝑟)∩𝐸𝑖(ε)

|1−Ψ𝐹δ(𝑥,𝑟)|2𝑑µ ≥ (1− 𝜖)2µ(𝐵(𝑥, 𝑟) ∩ 𝐸𝑖(ε)).

Then we obtain

λ𝑁1 (𝐵(𝑥, 𝑟)) ≤ (1 + 𝑐2)cap(𝐹δ(𝑥, 𝑟))

(1− 𝜖)2 [µ(𝐵(𝑥, 𝑟) ∩ 𝐸1(ε)) + 𝑐2µ(𝐵(𝑥, 𝑟) ∩ 𝐸2(ε))]
. (13)
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If 𝑐 ≥ 1, the estimate (13) implies that

λ𝑁1 (𝐵(𝑥, 𝑟)) ≤ 2𝑐2cap(𝐹δ(𝑥, 𝑟))

(1− 𝜖)2𝑐2µ(𝐵(𝑥, 𝑟) ∩ 𝐸2(ε))

=
2cap(𝐹δ(𝑥, 𝑟))

(1− 𝜖)2µ(𝐵(𝑥, 𝑟) ∩ 𝐸2(ε))
.

If 0 < 𝑐 < 1, we obtain

λ𝑁1 (𝐵(𝑥, 𝑟)) ≤ 2cap(𝐹δ(𝑥, 𝑟))

(1− 𝜖)2µ(𝐵(𝑥, 𝑟) ∩ 𝐸1(ε))
.

Since
𝐹δ(𝑥, 𝑟) ⊂ 𝐹δ (𝑜, 𝑑(𝑥, 𝑜) + 𝑟) ,

the estimate in (7) concludes that

λ𝑁1 (𝐵(𝑥, 𝑟)) ≤ 8𝐷 (𝑑(𝑥, 𝑜) + 𝑟))

𝑎2(1− 𝜖)2(𝑑(𝑥, 𝑜) + 𝑟)2min𝑖=1,2 µ(𝐵(𝑥, 𝑟) ∩ 𝐸𝑖(𝜖))
,

whence the proof of Theorem 2.1 is completed.

REMARK

1 This work was partially supported by JSPS, KAKENHI 21740034.

REFERENCES

1. Chavel I. Eigenvalues in Riemannian geometry. New York, Academic press, 1984.
362 p.

2. Davies E.B. Heat kernels and spectral geometry. Cambridge, Cambridge Univ. Press,
1990. 208 p.

3. Grigor’yan A. Analytic and geometric background of recurrence and non-explosion of the
Brownian motion on Riemannian manifolds. Bull. AMS, 1999, vol. 36, pp. 135-249.

4. Grigor’yan A. Isoperimetric inequalities and capacities on Riemannian manifolds. The
Maz’ya anniversary collection (Rostock, 1998), Oper. Theory Adv. Appl. Basel, Birkhauser,
1999, vol. 109, pp. 139-153.

5. Grigor’yan A. Heat kernel and analysis on manifolds. Boston, AMS, 2009.
482 p.

6. Grigor’yan A. The heat equation on noncompact Riemannian manifolds. Math. USSR-
Sb., 1992, vol. 72, no. 1, pp. 47-77.

7. Grigor’yan A., Ishiwata S. Heat kernel estimates on a connected sum of two copies
of R𝑛 along a surface of revolution. Global and Stochastic Analysis, 2012, vol. 2, no. 1,
pp. 29-65.

8. Grigor’yan A., Ishiwata S., Saloff-Coste L. Heat kernel estimates on connected sums of
parabolic manifolds, to appear in J. Math. Pures Appl.

9. Grigor’yan A., Saloff-Coste L. Dirichlet heat kernel in the exteior of a compact set.
Comm. Pure Appl. Math, 2002, vol. 55, pp. 93-133.

10. Grigor’yan A., Saloff-Coste L. Heat kernel on manifolds with ends. Ann. Inst. Fourier,
Grenoble, 2009, vol. 59, no. 5, pp. 1917-1997.

Математ. физика и компьютер. моделирование. 2017. T. 20. № 3 87



МАТЕМАТИКА

11. Grigor’yan A., Saloff-Coste L. Hitting probabilities for Brownian motion on Riemannian
manifolds. J. Math. Pures Appl., 2002, vol. 81, no. 2, pp. 115-142.

12. Grigor’yan A., Saloff-Coste L. Stability results for Harnack inequalities. Ann. Inst.
Fourier, Grenoble, 2005, vol. 55, no. 3, pp. 825-890.

13. Maz’ya V.G. Sobolev spaces. Berlin, Springer-Verlag, 1985. 488 p.
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МОЖНО ЛИ ПО РАСПРЕДЕЛЕНИЮ ТЕПЛА СУДИТЬ О НАЛИЧИИ
«БУТЫЛОЧНОГО ГОРЛЫШКА» У ПРОСТРАНСТВА?
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Аннотация. В этой статье мы обсуждаем наличие узких мест в структу-
ре некомпактного многообразия, проявляющееся в поведении ядра уравнения
теплопроводности. Родственная обратная задача оценки ядра уравнения теп-
лопроводности на многообразиях с концами изучалась в [8; 10]. В результате,
если непараболическое многообразие делится на две области и имеются под-
ходящие оценки ядра уравнения теплопроводности между разными областя-
ми, то мы получаем верхнюю оценку роста емкости δ-skin разбиения. По этой
оценке емкости получаем верхнюю оценку первого ненулевого собственного
числа Неймана оператора Лапласа — Бельтрами на шарах. В предположе-
нии изопериметрического неравенства также получен верхний предел роста
объема δ-skin разбиения.

Ключевые слова: ядро уравнения теплопроводности, многообразие с
концами, обратная задача.
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