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Abstract. In this paper we discuss a bottleneck structure of a non-compact
manifold appearing in the behavior of the heat kernel. This is regarded as an
inverse problem of heat kernel estimates on manifolds with ends obtained in [10]
and [8]. As a result, if a non-parabolic manifold is divided into two domains by a
partition and we have suitable heat kernel estimates between different domains,
we obtain an upper bound of the capacity growth of 6-skin of the partition. By this
estimate of the capacity, we obtain an upper bound of the first non-zero Neumann
eigenvalue of Laplace — Beltrami operator on balls. Under the assumption of an
isoperimetric inequality, an upper bound of the volume growth of the 6-skin of
the partition is also obtained.
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1. Introduction

In the real world, waves, like as electromagnetic waves (light, radiation ray, infrared
ray etc...) are good tools to observe a structure of given space (ex. location of obstacles,
airplanes, planets etc...). However, in the following situation, heat distribution might be
more useful to observe the structure of the space. Consider a space separated into two
domains by a “dark” partition (difficult to see by the light). Here, assume that we know
the heat distribution well on each separated domain and we have some data of the heat
distribution between two domains. Then what can one observe the dark partition? Can one
see how large it is? Can one see inside of the partition?

This problem is inspired by a recent progress of the study of the heat kernel on non-
compact Riemannian manifolds. Let M be a geodesically complete Riemannian manifold.
The heat kernel p(t,z,y) is the minimal positive fundamental solution of the heat equation

Opu(z,t) = Au(z,t) (x,t) € M x (0,00),
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where A is the Laplace-Beltrami operator on M. It is well-known that the heat kernel
p(t,x,y) can be also regarded as the transition density of the Brownian motion ({X;},>o,
{P,}ren) generated by A on M, namely, for any Borel set A C M,

P.(X; € A) Z/Ap(t,x,y)du(y),

where p is the Riemannian measure on M.
On R", the heat kernel is given by the Gaussian function:

1 _llz—y)?
4t

p(t,x,y) = We

On a general manifold, the heat kernel is sensitive to the underlying space and the depen-
dence has been an important subject in probability theory, harmonic analysis and geometry.
In particular, on a non-compact Riemannian manifold, long time behavior of the heat kernel
has been investigated under various settings by many authors. For the detail, see [2;5; 15]
and references therein.

Recently, Grigor’yan and Saloff-Coste [10], Grigor’yan, and Saloff-Coste and the au-
thor [8] proved heat kernel estimates on manifolds with ends. Let us quickly review these
results. Let M, ..., M} be non-compact manifolds and for 1 <[ < k, K; a compact set of
M;. A manifold M is called a connected sum of My, ..., M with a central part K C M if

k k

M\K =| |E = | |(M\K).

=1 =1

Then the connected sum M is denoted by M #My# ---#M;. To study the behavior
of the heat kernel on connected sums, parabolicity/non-parabolicity of the manifold plays
an important role. Here, a manifold is parabolic if the Brownian motion is recurrent
and non-parabolic if the Brownian motion is transient. Various equivalent conditions to
parabolicity/non-parabolicity are known. See [3] for the detail.

When the central part K is compact and the all ends are non-parabolic together with
a suitable condition (Poincaré inequality (PI), volume doubling property (VD) and relatively
connected annuli condition (RCA)), behavior of the heat kernel is proved in [10]. For the
detail of these conditions, see for instance [9; 11;12;14; 15] and references therein. Here we
note only that Grigor’yan [6] and Saloff-Coste [14] proved that the condition (PI) together
with (VD) is equivalent to the condition of the manifold that Li — Yau type heat kernel
estimates (two-sided Gaussian estimates) holds:

O _bdz(;u,y)
t

p(t,z,y) < me ; (1)

where V' (z,r) is the Riemannian measure of a geodesic ball B(x,r) and the symbol < means
that both < and > hold by changing constants C' > 0 and b > 0.
For x € E; C M,;, denote by V;(x,r) the Riemannian measure of a geodesic ball
Bi(x,r) in M;. Let
Vinin(r) = min Vi(r) = min V(o 1),

1<i<k 1<I<k
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where o, € K is a reference point on each M, in K;. For x € E; and t > 0, let |z| =
= d(xz,K)+ 1 and we define a function H(z,t) as

= min 2 t ds
Hizt) = {1’ e+ - v;m))j'

Then the following heat kernel estimates between different ends are obtained:

Theorem 1.1 (Grigor’yan and Saloff-Coste [10, Theorems 4.9 and 5.10]). Let M be a
connected sum of non-parabolic manifolds My, M, ..., My with (PI), (VD) and (RCA).
Forx € E;, y € E; with i # j and t > 0,

H(e )H(yt) | Hlyt) H(%ﬂ) YL
VauVE) (VD V(YD) |

In particular, for x € E;, y € E; with |z| ~ 7 and |y| = 1 (resp. |z| ~ 1 and |y| =~ )
(center-middle time regime), we obtain

p(t,z,y) < C ( (2)

C C
g (1), o
Vi(r) V;(r)
For x € E; and y € E; with |z| = |y| = r (middle time regime), we have
2 C
p(r, 2, y) =< C— < (4)

Vi(r)Vi(r) " Vinax(r)’

where Viax (1) = maxi<j<x Vi(r). These estimates motivate us to observe the bottleneckness
of the space in terms of the heat kernel behavior. We note that, in these regimens (center-
middle time regime, middle time regime), the effect of other ends (first term in (2)) to the
heat kernel is dominated.

When the connected sum is non-parabolic but there exist some parabolic ends (mixed
case), Grigor’yan and Saloff-Coste proved the heat kernel estimates by using Doob’s trans-

form. For 1 <[ <k, set
2
™ ds
hi(r) =1+ / )
l() (1 Vz(\/g>>+

For z € E; and r > 0, set also

Vi, r) = (W (la]) + B3 (r)) Vi(a, )

and for ¢ > 0,

H(x,t) = il + ! ( L ds )
R (eDVilzl) (2D hi(VE) e Vi(Vs) )
Then the following heat kernel estimates between different ends are obtained:

Theorem 1.2 (Grigor'yan and Saloff-Coste [10, Theorem 6.5 and Remark 6.7]). Let M
be a connected sum of manifolds with (PI), (VD) and (RCA) and at least one end is
non-parabolic. Then, for x € E; and y € E; with 1 # j and t > 0,

H(z,)H(y.t) , H(z.1) ﬁ(y,w) e

+ =
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Let us observe heat kernel behavior in some typical regimes. For simplicity, let us
consider the case that Vj(r) ~ r* (see [10, Example 6.11 and Corollary 6.12]).

If 2 < oy, o, the estimate is the same as the case that all ends are non-parabolic stated
in (3), (4).

If0< a0 <2, forz € E; and y € E; with |z] = 7,
ly| =), we obtain

y| = 1 (resp. |z| ~ 1 and

C C C C
2 -
p(ro,x,y) < e < V) <resp. pr—y < V](r)> . (5)

For x € E; and y € E; with |z| = |y| = r, we obtain

C r’
2 = — C—
p(re,z,y) ro—oi—o = Vi(r)V;(r)

In this situation, the estimate in (5) (center-middle time regime) shows that the heat kernel
behavior on each one end is far different from the Li — Yau type bound in (1).
If ; <2< «, forz € E; and y € E; with |z| = r and |y| = 1 (resp. |z| ~ 1 and

|y’ ~ T)’ C C C C
2 - —_— = :
p(r ,93,?/) = pd-n; < Vi(r) <resp. i X/}(T)) ©

For z € E; and y € E; with |z| = |y| ~ r, we obtain

C r?
2 o
p(re,z,y) < ow— < (O

In this situation, similar to the previous case, the estimate in (6) with || ~ r and |y| =~ 1
shows us the heat kernel behavior on F; is different from the Li — Yau type bound in (1).

When the connected sum is parabolic (i.e., all ends are parabolic), the heat kernel
estimates are obtained in [8]. To state the result, we prepare some notation. A parabolic
manifold M is called critical if V (x,r) ~ r? and subcritical if

7n2

™ ds
wr) = | Ve =SV

We remark that R? is critical and R is subcritical.

Then the following heat kernel estimates between different ends are obtained:
Theorem 1.3 (Grigor’yan, Ishiwata, Saloff-Coste [8, Theorem 2.3]). Let M be a connected
sum of parabolic manifolds with (PI), (VD) and (RCA). If all ends are subcritical, then
for v € Ej and y € Ej,

C _pdiy)
_ e t
Vmax(\/g)

This shows that even if x € E; and y € E; are far enough from the center, the heat
kernel is similar to the on-diagonal bound in the central part. Hence, in this situation, the
bottleneckness of the space cannot be seen in the heat kernel estimates in the middle time
regime.

p(t,z,y) <
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When some ends are critical, we can see a bottleneck effect in the behavior of the heat
kernel, but the effect is milder than that on non-parabolic connected sums. For example,
consider M = R*#R?. Then, for z € F; and y € E, with |z| ~ |y| =~ r,

C

rlogr’

p(r?,a,y) =
which is slightly smaller than the on-diagonal bound %

2. Main results

In view of the above observations of the heat kernel behavior on connected sums, we
consider an inverse problem, which asks a bottleneck structure of a manifold appearing in
the heat kernel estimates.

The condition of the manifold we need to observe the bottleneck structure is as fol-
lows. First, from the heat kernel estimates on connected sums of parabolic manifolds in
Theorem 1.3, the manifold is required to be non-parabolic. Take a non-parabolic manifold
divided into two domains by a partition. From the heat kernel estimates in the center-middle
time regime (3), (5), our second requirement of the space is that the heat kernel on each
one domain (including near the partition) is well-known (i.e. Li — Yau type bound (1)).
Under these settings of the underlying space, our interest is a bottleneck structure of the
space appearing in a heat kernel behavior between different domains.

The bottleneckness of the space is characterized by the capacity of closed sets and
the first non-zero Neumann eigenvalue on balls. For a non-empty closed set ' on M, the
capacity of the capacitor (F, M) is defined by

- : 2
cap(F)i= _int [ VP

f=lonF

where Lip,(M) is spaces of all compactly supported Lipschitz functions on M. For an open
set Q C M, let AY(Q) be the first non-zero Neumann eigenvalue on €2, namely, by definition,
AY(Q) is the minimum positive vaule so that there exist f € D := C?*(Q) N C* (Q) such

that
Af=Af inQ,
vf=0 on 0,

where v is the normal derivative on 0€2. By max-min theorem (c.f. [1, p. 17]),

. V f2du
AN (Q) = inf Jol ,
VO = LT foldn

where fo = ﬁ Jo fdn. We note that the (strong) Poincaré inequality (PI) is rewritten by

N (B(e,r) = .

For a subset A C M and & > 0, let A; = B(A,?), that is, the §-open neighborhood of
A. We call As\A the 6-skin of A. Then we obtain the following.
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Theorem 2.1. Let M be a geodesically complete non-parabolic manifold divided into two
unbounded connected components Ey and Es by a closed set F' C M. Fix a refernce
point o € F' and we assume that there exist curves x, € FEy and vy, € E5 satisfying the
[ollowing conditions:

(i) There exist constants a,d > 0 such that for all r > d(o,0F), r*/4 < s < r? and
for all z € Fs(o,r) := Fs\F N B(o,r),

> _ 4
— Vi(z,,r)’
S *
N V2(3/T>T>’

p(s, zy, 2)
p(87y7“72)

where Vi(x,r) = wW(B(z,r) N E)).
(ii) There exists a positive valued function D(r) such that

D(r)
T27x7’7 T <
P R A ERES AT

(See Fig. 1).
By o F o Ey
. ) Yr
Ty : 0
A /4
Fs(o, 1)

Fig. 1. Partition of M, x,., y, and Fs(o,7)
Then we obtain
4D(r)

cap(Fs(o,1)) < PR

(7)

This concludes also the upper bound of the [irst non-zero Neumann eigenvalue A\Y
on balls. Fix x € M and r > max;—y 2 d(z, E;). For all 0 < ¢ <1, set

E1(€> = {Z e ko ]P)Z(TFﬁ(x,T) < E)}, EQ(E) = {Z e by ]PZ(TF{)(J;,T) < E)} (8)
Then we obtain

8D(d(x,0) + 1)
a?(1 — €)%(d(x,0) + r)?min;— o w(B(z,r) N E;(e))

AY(B(z,r)) < (9)
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Corollary 2.2. Under the same setting of the above theorem, assume [urther that the
isoperimetric inequality with isoperimetric function I holds:

n—1(09) > I(u(Q)) VO C M,

where W, _1(0N)) is the induced measure of the boundary of ). Then by [4; 13], u(Fs(o,7))
satisfies the following inequality:

0 dv \7! 4D(r)
< F, < :
(/u(Fa(on“)) p(@)) < aplf(on) < g0
In particular, if I satisfies
*© dv
10
/ I?(v) <0 (10)

and D(r) = Cr?, we obtain
w(Fs(o,r)) < C

for some constant C' > 0 and for all r > 0, namely,
wW(EFs\F) < oo.

As a more general situation, let us consider the case D(r) = Cr* with some o« > 2
and I(v) = v . Then we obtain

w(Fs(o,r)) < C'raa®2), (11)

We note that the boundedness (10) implies the non-parabolicity of M (see [4, Section
3]). Moreover, we note also that the estimate in (11) may not be optimal. See Example 2.4
below.

Let us apply these results to some examples.

Example 2.3 (Non-parabolic connected sum with compact central part). Let M is a
connected sum of manifolds My, Ms, ..., M, with (PI), (VD) and (RCA) along a compact
central part K. Assume that there exits at least one non-parabolic end. As a partition, take
F = KUFE; - - -UE} and choose curves . € Ey and y, € Es so that d(z,, K) ~ d(y,, K) =~ r.
If My and M, are non-parabolic, then the condition (i) in Theorem 2.1 holds by (3) and
(ii) is also true with D(r) = Cr? by (4). Then Theorem 2.1 asserts that
4C'

cap(Fs(o,1)) < —

for any r > 0, namely,

4C
cap(F\F) < —.

Moreover, for all € M and for sufficiently large r > max;_ » d(x, E;), we obtain by (9)

(o '
<

A1 (B(J],T)) S Vmin(r) ﬁ

for some constant C" > 0, which fails the Poincaré inequality (PI). We note that in this
situation, we cannot observe other ends.

If one of M, My is parabolic, then the condition (i) is failed by the estimates in (5)
and (6).
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Next, let us verify the effect of Theorem 2.1 on a connected sum with a non-compact
central part.

Example 2.4 (Connected sum of two copies of R" along a surface of revolution (c.i.
[7])). For n > 3, let M be a connected sum of two copies of R" along the surface of
revolution A(m, «) (0 <m <n—2,0 < « < 1) defined by

Am,o) = {z € R" : h(x) <r(z)*},

where
1/2 1/2
r(z) = <1+ Z x?) , h(x) = < Z xf) )
1<i<<m m+1<i<n

In the case m = 0, we always take o = 0.
As a partition F' of the space, take the joint part along the surface of A(m, x). We
choose continuous curves x, in F; and y, in Ey) given by

=1y =(0,...,0,1+70,...,0),
——

m

which is vertical to the subspace R™ C R" (see Fig. 2).

Fig. 2. A(m,«) C R" and z,

Then, by using Theorem 1.1 in [7], for any z € Fs(o,7), we obtain

a
p(T27ZET,2) XP(T27yr»Z) = T_n

and
5 C

p(re, o, yr) < (=) (n—m—2)

whence the conditions (i) and (ii) in Theorem 2.1 are true with D(r) = Cpr=(-®)n=—m=2)

Then Theorem 2.1 asserts that

C
Cap(F5(07 71)) < ?Ter(X(nimiZ)a

which gives an optimal estimate of the capacity growth of the o6-skin of the surface of
A(m, «). Moreover, for all x € M and sufficiently large » > max;—, 2 d(x, E;), we obtain by

(9) that
c’ c’
<<

N
AL (B(z,r)) < r2+(1—o)(n—m-2) r2
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for some constant C’ > 0, which fails the Poincaré inequality (PI).
Since the isoperimetric inequality with I(v) = ™ is true (see [7, Section 3]),

Corollary 2.2 asserts that
H(FB(Oa T)) < C”T"‘"+ﬁ(1’°‘)
while

w(Fs(0,1)) s pmte(n=m=1) o crpent i (1-e)

3. Proof of Theorem 2.1

The following lemma is a key to prove Theorem 2.1.

Lemma 3.1 (c.f. [10;11]). Let M be a non-parabolic manifold. For any compact set
F C M and for all x,y ¢ F and for all t > 0,

t .
pt,z,y) 2 Jeap(F) inf p(s,z,2) inf p(s,zy).
t/4<s<t t/4<s<t

Proof. The proof is similar to Lemma 3.1 in [10]. Let Tt be the first hitting time to F of a
Brownian path w, namely

Tr(w) =inf{t > 0 : Xy(w) € F}.
We denote by Pg(t, z) the hitting probability

Let [E, be the expectation of the Brownian motion on M. For any Borel set A C M,
we have

P, (X, € A) = / p(t, 2, y)du(y) = Ex(54(X)) =

= By (Lepst/oy + Lgacep<n + Lnpsn) 8a(X0)) =

= By (Lep<t/2184(X1)) +Ep (Lija<rp<yda(Xi)) +
+E; (Lzpsn8a(Xy)) >

> By (Liep<t2y8a(X))

where &4 is the characteristic function of A. By the strong Markov property of the Brownian
motion on M, we obtain

Ex (Lrpse/04(X0) = Bo (TepsyoyBx, (84(X )
=K

& <1{TF<t/2}]P)XT (Xirp € A) ) >
>

t
2 br (57 I) AR PolXa € 4)
zZ€EO0F

t
> [wr (50 int pls,0)duto)

z€OF
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Since A C M is arbitrary, this concludes that

t :
p(t,z,y) = br (ﬁx) t/g%sfgtp(s, %,y)-
z€OF

Since M is non-parabolic and F' is compact, we obtain by Theorem 3.7 in [11] that for any
r ¢ F,

t/4<s<t/2
2€0F

t t/2 t
— > 1 > — i
Pr (2,x> > Cap(F)/O Zlg%gp(s,z,x)ds > 4cap(F) inf  p(s,z,x),

which concludes the lemma.
Proof of Theorem 2.1. Substituting the assumptions (i) and (ii) of the heat kernel into
the above lemma for F' = Fs(o,r) and t = r?, we obtain

D(r) r? a a

V@), il = 1P e s v

which concludes (7).
Next we prove the upper bound of the first non-zero Neumann eigenvalue (9). For
r € M and r > max;_ » d(z, E;), choose a test function f € C*(B(x,r)) as

1 — Vg, (2 (2) itz e B(x,r)NE;
flz)=4 0 itz e B(x,r)NK (12)
—c (1 — \I/FB(IVT)(x)) if z € B(x,r)N Ey,

where Wp, (o) (2) = Wp, (o (00,2) and ¢ = ¢(r) is a positive constant so that fp,y = 0.
Since the hitting probability Wg(x) is the equilibrium potential of the capacitor (F, M), that
is,

cap(F) = / VU2,
M
we obtain

<fB(:C,r) IV f|?du

B fB(x,r) |f[?du

< cap (Fs(x,7)) + c*cap (Fs(x, 7))

_fB(:E,r)ﬂEl 1= Vg, (ﬂ?ﬂ‘)’de’ + fB(a:,r)mE2 1 — Vg, (W‘)Pdu.

A (B(z,7))

By the definitions of the test function f in (12) and E;(¢) in (8), for i = 1,2,

/ 1= Uy (o) > / 1= Uryenl’du > (1= €)*w(B(z,7) N Ei(e)).
B(z,r)NE; B(z,r)NE;(¢)

Then we obtain

(1 + ¢*)cap(Fs(x, 7))
(1 —€)? [W(B(z,r) N Ei(e)) + Aw(B(z,r) N Ey(e))]

AY (B(z,1)) < (13)
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If ¢ > 1, the estimate (13) implies that

2c%cap(Fs(x,T))
(1 —e€)2c?uw(B(x,r) N Ey(e))
_ 2cap(Fs(x,r))
(1 —€)?w(B(z,r) N Es(e))

A (B(w,7)) <

If 0 < ¢ < 1, we obtain

2cap(Fs(x,r))

MBS G5 B N B

Since
Fé([L’,T’) C Fs (0,d($70) +T> )

the estimate in (7) concludes that

8D (d(z,0) + 1))
a?(1 — €)?(d(x,0) + r)?min;_1 o W(B(z,r) N E;(€))’

M (B(z,r)) <

whence the proof of Theorem 2.1 is completed.

REMARK

! This work was partially supported by JSPS, KAKENHI 21740034.
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MO2KHO JIHX 110 PACITPEAEJIEHUIO TEIIJIA CYAUTb O HAJIUIUN
«BYTBIJIOYHOTI O I'OPJIBIIIKA» ¥ IIPOCTPAHCTBA?

Carommn MmumBara

[Tpoceccop, PakynbreT MaTeMaTHYeCKHUX HaYK,
Yamagata University
ishiwata@sci.kj.yamagata-u.ac.jp

Yamagata 990-8560, Japan

AnHotaumsa. B 3To#l cTaTbe Mbl 06CyK1aeM HalH4Me Y3KUX MECT B CTPYKTY-
pe HEeKOMIIaKTHOTO MHOroo6pasus, MposiBJsiolleecs B MOBeIeHUU f1pa ypaBHEHUS
TEeMJIoNPoBOAHOCTH. PoncTBeHHas obpaTHas 3ajaua OLEHKH sipa ypaBHEHHs Tell-
JIOIPOBOJHOCTH Ha MHOT000pa3usx ¢ KoHlamMu udydanach B [8; 10]. B pesynbrare,
ecsid HemapaboJiMuecKoe MHOrooOpasue AeJUTCs Ha JBe 06JacTh U UMeITCs MoJ-
XONSILIMe OLUEHKH siipa YpaBHEHHS TEIJONPOBOAHOCTH MEXIY Pas3HBIMHM 00JacTsi-
MH, TO MBI [IOJy4aeM BEPXHIOK OIEHKY POCTa eMKOCTH d-skin pasbuenusi. [lo atoi
OlLlEHKe eMKOCTH MO0JiydaeM BEepPXHIOK OLIEHKY MePBOTO HEHYJIeBOI0 COOCTBEHHOTO
yucsaa He#imana onepatopa Jlannaca — besnbrpamu Ha mapax. B mpeamnosoxe-
HUM H30MepUMEeTPHUUECKOr0 HepaBeHCTBA TaKrKe MOJyuyeH BepXHHUH Ipenes pocTa
o6bema d-skin pasbueHus.

KuroueBble cjioBa: sp0 ypaBHEHHs TeIJONPOBOIHOCTH, MHOTroo6pasue ¢
KOHIIaMHU, oOpaTHas 3anaua.

88 S. Ishiwata. Can one observe the bottleneckness of a space by the heat distribution?





