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ALEXANDER ASATUROVICH GRIGOR’YAN
(devoted to the sixtieth birthday)

Alexander Asaturovich Grigor’yan, a remark-
able mathematician, professor at Bielefeld University
(Germany), was born on January 14, 1957 in Baku.
He became interested in mathematics at school and in
1974 he won the First Award at the 16th International
Mathematical Olympiad. This year A.A. Grigor’yan
enrolled the Faculty of Mechanics and Mathematics
of Moscow State University. He completed his PhD
thesis entitled “The properties of harmonic functions
on manifolds” under the supervision of Professor Eu-
gene Mikhailovich Landis at Moscow State Univer-
sity in 1982. In 1982 A.A. Grigor’yan joined the
Department of Mathematical Analysis and Function
Theory at Volgograd State University. Along with re-
search and teaching mathematics, Grigor’yan’s math-
ematical activities included organizing mathematical
Olympiads. He ran programs for students who par-
ticipated in regional, Russian and all-union mathe-
matical Olympiads, where they often won awards. In
1987, he wrote the book ‘The assignments of mathematical Olympiads for students’ in collab-
oration with V.A. Sadovnichy and S.V. Konyagin, which is highly recognised in our country
and abroad. In 1987 he was awarded a prize of the Moscow Mathematical Society for a
series of papers on partial differential equations.

Besides, A.A. Grigor’yan has been awarded the prestigious Whitehead Prize award of
the London Mathematical Society for his contribution to the geometric theory of partial
differential equations. During his career A.A. Grygor’yan worked in Moscow Aviation
Institute (Moscow, Russia), Institute of Management at The Russian Academy of Sciences
(Moscow, Russia), Imperial College (London, Great Britain). At present time he is member
of faculty at Bielefeld University (Bielefeld, Germany). Since 2007 A.A. Grigor’yan has
conducted the well-known Geometric Analysis Seminar in Bielefeld.

Professor A.A. Grigor’yan is widely known for his fundamental contribution to the
theory of potential and partial differential equations on Riemannian manifolds, random pro-
cesses on graphs, theory of functions on fractal spaces. The study of elliptic and parabolic
equations on Riemannian manifolds in connection with the geometry of manifold is a rela-
tively new direction in mathematics that is being developed at the intersection of the theory
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of partial differential equations, function theory, the theory of random processes, and differ-
ential geometry. The first works on the subject appeared in the mid-1970s. A.A. Grigor’yan,
whose first publications came out in the early 1980’s, was a pioneer in this research field in
Russia.

The main objective of his research is to investigate the dependency of the global prop-
erties of solutions to equations of elliptic and parabolic types on the geometry. The research
goals include estimates of the heat kernel, conditions for the fulfillment of Liouville-type the-
orems, estimates of the eigenvalues of the Laplace and Schrödinger operators, parabolicity
conditions for Riemannian manifolds, and so on.

This field has arisen from the problem of classification of noncompact Riemann sur-
faces. The known problem of identification of the conformal type of a non-compact one-
dimensional Riemann surface can be reformulated as follows: does a nontrivial positive
superharmonic function exist on this surface? The classification theory of Riemann surfaces
and manifolds based on the study of functional spaces (including spaces of harmonic and re-
lated functions) on manifolds, was developed in the works of L. Ahlfors, L. Sariot, S.-T. Yau,
A. A Grigor’yan and many other mathematicians.

The existence of non-trivial harmonic and superharmonic functions naturally leads
to the Liouville-type theorems. A classical formulation of Liouville’s theorem asserts that
every bounded harmonic function in 𝑅𝑛 is the identity constant. The validity of the following
statements, also called the Liouville-type theorems, is well known:

• Every positive harmonic function in 𝑣 is identical with constant (𝑝-Liouville property).

• Every function that is harmonic in 𝑅𝑛 and has a finite Dirichlet integral is identical
with constant (𝐷-Liouville property).

• If 𝑢 ∈ 𝐿𝑝(𝑅𝑛) is a harmonic function and 1 ≤ 𝑝 < ∞, then 𝑢 ≡ 0.

Traditionally, the following approach to theorems of the Liouville type is applied. Sup-
pose that a class of functions 𝐴 and an elliptic operator 𝐿 are given on the Riemannian
manifold 𝐿. We say that the property (𝐴,𝐿) is satisfied on 𝑀 if any solution of the equa-
tion 𝐿𝑢 = 0 belonging to the functional class 𝐴 is the identity constant. We note that
recently there has been a trend towards a more general approach to Liouville-type theorems,
namely, the dimensions of various spaces of solutions of elliptic equations are estimated.

A.A. Grigor’yan started the study of asymptotic properties of harmonic functions in
relation to the geometry when he was a student. In his first, unfortunately not very
well-known paper [1], he studied the connections between the geometry of the domains
of revolution in 𝑅𝑛 and the rate at which infinity harmonic functions tend to infinity using
the inequality of Harnack. This subject related to the conditions for the fulfillment of the
Harnack inequality for the Laplace — Beltram equation and the heat equation on Rieman-
nian manifolds and, as a consequence, the fulfillment of the Liouville-type theorems, was
substantially developed both in early and later papers of A.A. Grigor’yan (see [2; 3; 4]).

A.A. Grigor’yan has more than 100 papers published in leading mathematical journals.
Many of the research A.A. Grigor’yan conducted are devoted to the criteria and geometric
conditions of parabolicity of Riemannian manifold type. One of the most significant and
well-known results in this direction is the criterion of parabolic type [5], which asserts
that a Riemannian manifold has a parabolic type if and only if the capacity of some (any)
compactum in it is equal to zero. The search for signs of parabolic type has a long history.
A good overview of contemporary research in this subject is presented in the well-known
review [6].
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A.A. Grigor’yan studied the behavior of harmonic functions with a finite Dirichlet
integral. In particular, the criterion for the existence of a bounded harmonic function
with a finite Dirichlet integral on a Riemannian manifold was proved, and also a method
for finding the dimension of the spaces of such functions was found [7]. A significant
number of works A.A. Grigor’yan devoted to finding of the geometric conditions for the
validity of Liouville-type theorems for solutions of the stationary Schrödinger equation and,
as a consequence, the geometric conditions for the stochastic completeness of Riemannian
manifolds [8; 9].

Another fundamental and significant area of research presented in the works of
A.A. Grigor’yan is estimation of the fundamental solutions to the heat equation for a wide
class of manifolds, including graphs and metric spaces [29; 45; 41; 52; 68]. In addition,
a number of studies have been devoted to problems of random walks on graphs, diffusion
processes on fractal sets, and so on [28; 48; 63].

A.A. Grigor’yan has been an invited speaker at numerous World and European Math-
ematical Congresses.

An internationally recognised scholar Alexander Asaturovich Grigor’yan has a wonder-
ful personality and his professional expertise is matched by consideration, responsiveness,
ever-present warmness and boundless kindness. The Editorial Board wishes him whole-
heartedly health and further achievements.

Here is the list of the most remarkable papers of A.A. Crigor’yan:

1. Reed M., Simon B., Grigor’yan A.A. On the connection of orders with which the
solutions of second-order homogeneous elliptic equations in unbounded domains tend to +∞ and
−∞. Vestnik Moskov. Univ. Ser. 1, Mat. Mekh., 1979, vol. 87, no. 5, pp. 32-38.

2. Grigor’yan A.A. A Liouville theorem on a manifold. Uspekhi Mat. Nauk, 1982, vol. 37,
no. 3, pp. 181-182.

3. Grigor’yan A.A. On the set of positive solutions of the Laplace-Beltrami equation on
Riemannian manifolds of a special form. Izv. Vyssh. Uchebn. Zaved. Mat., 1987, vol. 84, no. 2,
pp. 30-37.

4. Grigor’yan A.A., Saloff-Coste L. Stability results for Harnack inequalities. Ann. Inst.
Fourier (Grenoble), 2005, vol. 55, no. 3, pp. 825-890.

5. Grigor’yan A.A. The existence of positive fundamental solutions of the Laplace equation
on Riemannian manifolds. Mat. Sb. (N.S.), 1985, vol. 128, no. 3, pp. 354-363.

6. Grigor’yan A.A. Analytic and geometric background of recurrence and non-explosion of
the Brownian motion on Riemannian manifolds. Bull. Amer. Math. Soc. (N.S.), 1999, vol. 36,
no. 2, pp. 135-249.

7. Grigor’yan A.A. Dimensions of spaces of harmonic functions. Mat. Zametki, 1990,
vol. 48, no. 5, pp. 55-61.

8. Grigor’yan A.A., Nadirashvili N.S. The Liouville theorems and exterior boundary value
problems. Izv. Vyssh. Uchebn. Zaved. Mat., 1987, vol. 88, no. 5, pp. 25-33.

9. Grigor’yan A.A. Bounded solutions of the Schrödinger equation on noncompact
Riemannian manifolds. J. Soviet Math., 1989, vol. 51, no. 3, pp. 2340-2349.

10. Grigor’yan A.A. A Liouville theorem on a Riemannian manifold. Trudy Tbiliss. Univ.,
1982, vol. 232/233, pp. 49-77.

11. Grigor’yan A.A. Existence of the Green function on a manifold. Uspekhi Mat. Nauk,
1983, vol. 38, no. 1, pp. 161-162.

12. Grigor’yan A.A. Isoperimetric inequalities for Riemannian products. Mat. Zametki,
1985, vol. 38, no. 4, pp. 617-626.

13. Grigor’yan A.A. Stochastically complete manifolds. Dokl. Akad. Nauk SSSR, 1986,
vol. 290, no. 3, pp. 534-537.
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14. Grigor’yan A.A. A criterion for the existence on a Riemannian manifold of a nontrivial
bounded harmonic function with a finite Dirichlet integral. Dokl. Akad. Nauk SSSR, 1987,
vol. 293, no. 3, pp. 529-531.

15. Grigor’yan A.A. On Liouville theorems for harmonic functions with finite Dirichlet
integral. Mat. Sb. (N.S.), 1987, vol. 132, no. 4, pp. 496-516.

16. Grigor’yan A.A. On the fundamental solution of the heat equation on an arbitrary
Riemannian manifold. Mat. Zametki, 1987, vol. 41, no. 5, pp. 687-692.

17. Grigor’yan A.A. Stochastically complete manifolds and summable harmonic functions.
Izv. Akad. Nauk SSSR Ser. Mat., 1988, vol. 52, no. 5, pp. 1102-1108.

18. Grigor’yan A.A. The heat equation on noncompact Riemannian manifolds. Mat. Sb.,
1991, vol. 182, no. 1, pp. 55-87.

19. Grigor’yan A.A. Integral maximum principle and its applications. Proc. Roy. Soc.
Edinburgh Sect. A, 1994, vol. 124, no. 2, pp. 353-362.

20. Grigor’yan A.A. Heat kernel upper bounds on a complete non-compact manifold. Rev.
Mat. Iberoamericana, 1994, vol. 10, no. 2, pp. 395-452.

21. Grigor’yan A.A. Heat kernel on a manifold with a local Harnack inequality. Comm.
Anal. Geom., 1994, vol. 2, no. 1, pp. 111-138.

22. Grigor’yan A.A. Gaussian upper bounds for the heat kernel and for its derivatives on
a Riemannian manifold. Classical and modern potential theory and applications (Chateau de
Bonas, 1993), NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci.. Dordrecht, Kluwer Acad. Publ.,
1994, vol. 430, pp. 237-252.

23. Grigor’yan A.A. Upper bounds of derivatives of the heat kernel on an arbitrary complete
manifold. J. Funct. Anal., 1995, vol. 127, no. 2, pp. 363-389.

24. Grigor’yan A.A. Heat kernel of a noncompact Riemannian manifold. Stochastic analysis
(Ithaca, NY, 1993), Proc. Sympos. Pure Math.. Providence, RI, Amer. Math. Soc., 1995, vol. 57,
pp. 239-263.

25. Chung F.R.K., Grigor’yan A.A., Yau S.-T. . Adv. Math., 1996, vol. 117, no. 2, pp. 165-
178.

26. Coulhon T., Grigor’yan A.A. . C. R. Acad. Sci. Paris Sèr. I Math., 1996, vol. 322,
no. 11, pp. 1027-1032.

27. Chung F.R.K., Grigor’yan A.A., Yau S.-T. Eigenvalues and diameters for manifolds and
graphs. Tsing Hua lectures on geometry & analysis (Hsinchu, 1990–1991). Cambridge, MA,
Int. Press, 1997, pp. 79-105.

28. Coulhon T., Grigor’yan A.A. On-diagonal lower bounds for heat kernels and Markov
chains. Duke Math. J., 1997, vol. 89, no. 1, pp. 133-199.

29. Grigor’yan A.A. Gaussian upper bounds for the heat kernel on arbitrary manifolds. J.
Differential Geom., 1997, vol. 45, no. 1, pp. 33-52.

30. Coulhon T., Grigor’yan A.A. Random walks on graphs with regular volume growth.
Geom. Funct. Anal., 1998, vol. 8, no. 4, pp. 656-701.

31. Grigor’yan A.A., Hansen W. A Liouville property for Schrödinger operators. Math.
Ann., 1998, vol. 312, no. 4, pp. 659-716.

32. Grigor’yan A.A., Kelbert M. Range of fluctuation of Brownian motion on a complete
Riemannian manifold. Ann. Probab., 1998, vol. 26, no. 1, pp. 78-111.

33. Grigor’yan A.A., Noguchi M. The heat kernel on hyperbolic space. Bull. London Math.
Soc., 1998, vol. 30, no. 6, pp. 643-650.

34. Grigor’yan A.A. Escape rate of Brownian motion on Riemannian manifolds. Appl. Anal.,
1999, vol. 7, pp. 63-89.

35. Grigor’yan A.A. Estimates of heat kernels on Riemannian manifolds. Spectral theory
and geometry (Edinburgh, 1998), London Math. Soc. Lecture Note Ser.. Cambridge, Cambridge
Univ. Press, 1999, vol. 273, pp. 140-225.

36. Grigor’yan A.A. Isoperimetric inequalities and capacities on Riemannian manifolds. The
Maz’ya anniversary collection (Rostock, 1998), Oper. Theory Adv. Appl.. Basel, Birkhaüser,
1999, vol. 109, pp. 139-153.

37. Grigor’yan A.A., Saloff-Coste L. Heat kernel on connected sums of Riemannian
manifolds. Math. Res. Lett., 1999, vol. 6, no. 3-4, pp. 307-321.
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38. Grigor’yan A.A., Yau S.-T. Decomposition of a metric space by capacitors. Differential
equations: La Pietra 1996 (Florence), Proc. Sympos. Pure Math.. Providence, RI, Amer. Math.
Soc., 1999, vol. 65, pp. 39-75.

39. Chung F., Grigor’yan A.A., Yau S.-T. Higher eigenvalues and isoperimetric inequalities
on Riemannian manifolds and graphs. Comm. Anal. Geom., 2000, vol. 8, no. 5, pp. 969-
1026.

40. Grigor’yan A.A., Kelbert M. On Hardy-Littlewood inequality for Brownian motion on
Riemannian manifolds. J. London Math. Soc., 2000, vol. 62, no. 2, pp. 625-639.

41. Barlow M., Coulhon T., Grigor’yan A.A. Manifolds and graphs with slow heat kernel
decay. Invent. Math., 2001, vol. 144, no. 3, pp. 609-649.

42. Coulhon T., Grigor’yan A.A., Pittet C. A geometric approach to on-diagonal heat
kernel lower bounds on groups. Ann. Inst. Fourier (Grenoble), 2001, vol. 51, no. 6, pp. 1763-
1827.

43. Grigor’yan A.A. Heat kernels on manifolds, graphs and fractals. European Congress
of Mathematics (Barcelona, 2000), Progr. Math.. Basel, Birkhaüser, 2001, vol. 201, pp. 393-
406.

44. Grigor’yan A.A., Kelbert M. Asymptotic separation for independent trajectories of
Markov processes. Probab. Theory Related Fields, 2001, vol. 119, no. 1, pp. 31-69.

45. Grigor’yan A.A., Telcs A. Sub-Gaussian estimates of heat kernels on infinite graphs.
Duke Math. J., 2001, vol. 109, no. 3, pp. 451-510.

46. Grigor’yan A.A., Saloff-Coste L. Dirichlet heat kernel in the exterior of a compact set.
Comm. Pure Appl. Math., 2002, vol. 55, no. 1, pp. 93-133.

47. Grigor’yan A.A., Saloff-Coste L. Hitting probabilities for Brownian motion on
Riemannian manifolds. J. Math. Pures Appl., 2002, vol. 81, no. 2, pp. 115-142.

48. Grigor’yan A.A., Telcs A. Harnack inequalities and sub-Gaussian estimates for random
walks. Math. Ann., 2002, vol. 324, no. 3, pp. 521-556.

49. Coulhon T., Grigor’yan A.A. Pointwise estimates for transition probabilities of random
walks on infinite graphs. Fractals in Graz 2001, Trends Math.. Basel, Birkhaüser, 2003, pp. 119-
134.

50. Coulhon T., Grigor’yan A.A., Levin D. On isoperimetric profiles of product spaces.
Comm. Anal. Geom., 2003, vol. 11, no. 1, pp. 85-120.

51. Grigor’yan A.A. Heat kernels and function theory on metric measure spaces. Heat
kernels and analysis on manifolds, graphs, and metric spaces (Paris, 2002), Contemp. Math..
Providence, RI, Amer. Math. Soc., 2003, vol. 338, pp. 143-172.

52. Grigor’yan A.A., Hu J., Lau K.-S. Heat kernels on metric measure spaces and an
application to semilinear elliptic equations. Trans. Amer. Math. Soc., 2003, vol. 355, no. 5,
pp. 2065-2095.

53. Grigor’yan A.A., Kelbert M. Recurrence and transience of branching diffusion processes
on Riemannian manifolds. Ann. Probab., 2003, vol. 31, no. 1, pp. 244-284.

54. Grigor’yan A.A., Yau S.-T. Isoperimetric properties of higher eigenvalues of elliptic
operators. Amer. J. Math., 2003, vol. 125, no. 4, pp. 893-940.

55. Grigor’yan A.A., Netrusov Y., Yau S.-T. Eigenvalues of elliptic operators and geometric
applications. Surveys in differential geometry. Somerville, MA, Int. Press, 2004, vol. 9, pp. 147-
217.

56. Coulhon T., Grigor’yan A.A., Zucca F. The discrete integral maximum principle and its
applications. Tohoku Math. J., 2005, vol. 57, no. 4, pp. 559-587.

57. Grigor’yan A.A. Heat kernels on weighted manifolds and applications. The ubiquitous
heat kernel, Contemp. Math., 2006, vol. 398, pp. 93-191.

58. Grigor’yan A.A., Hu J., Lau K.-S. Equivalence conditions for on-diagonal upper bounds
of heat kernels on self-similar spaces. J. Funct. Anal., 2006, vol. 237, no. 2, pp. 427-
445.

59. Grigor’yan A.A., Hansen W. Lower estimates for a perturbed Green function. J. Anal.
Math., 2008, vol. 104, pp. 25-58.

60. Grigor’yan A.A., Hu J. Off-diagonal upper estimates for the heat kernel of the Dirichlet
forms on metric spaces. Invent. Math., 2008, vol. 174, no. 1, pp. 81-126.
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61. Grigor’yan A.A., Hu J., Lau K.-S. Obtaining upper bounds of heat kernels from lower
bounds. Comm. Pure Appl. Math., 2008, vol. 61, no. 5, pp. 639-660.

62. Grigor’yan A.A., Kumagai T. On the dichotomy in the heat kernel two sided estimates.
Analysis on graphs and its applications, Proc. Sympos. Pure Math., 2008, vol. 77, pp. 199-
210.

63. Barlow M.T., Grigor’yan A.A., Kumagai T. Heat kernel upper bounds for jump
processes and the first exit time. J. Reine Angew. Math., 2009, vol. 626, pp. 135-
157.

64. Grigor’yan A.A. Heat kernel and analysis on manifolds. Boston, MA, International
Press, 2009. 498 p.

65. Grigor’yan A.A., Hsu E. Volume growth and escape rate of Brownian motion on a
Cartan — Hadamard manifold. Sobolev spaces in mathematics. II, Int. Math. Ser. (N. Y.). New
York, Springer, 2009, vol. 9, pp. 209-225.

66. Grigor’yan A.A., Hu J., Lau K.-S. Heat kernels on metric spaces with doubling measure.
Fractal geometry and stochastics IV, Progr. Probab.. Basel, Birkhaüser Verlag, 2009, vol. 61,
pp. 3-44.

67. Grigor’yan A.A., Saloff-Coste L. Heat kernel on manifolds with ends. Ann. Inst. Fourier
(Grenoble), 2009, vol. 59, no. 5, pp. 1917-1997.

68. Grigor’yan A.A. Heat kernels on metric measure spaces with regular volume growth.
Handbook of geometric analysis, No. 2, Adv. Lect. Math. (ALM). Somerville, MA, Int. Press,
2010, vol. 13, pp. 1-60.

69. Grigor’yan A.A., Hu J., Lau K.-S. Comparison inequalities for heat semigroups and
heat kernels on metric measure spaces. J. Funct. Anal., 2010, vol. 259, no. 10, pp. 2613-
2641.

70. Grigor’yan A.A., Kondratiev V.A. On the existence of positive solutions of semilinear
elliptic inequalities on Riemannian manifolds. Around the research of Vladimir Maz’ya. II, Int.
Math. Ser. (N. Y.). New York, Springer, 2010, vol. 12, pp. 203-218.

71. Grigor’yan A.A. Yau’s work on heat kernels. Geometry and analysis. No. 1, Adv. Lect.
Math. (ALM). Somerville, MA, Int. Press, 2011, vol. 17, pp. 113-117.

72. Barlow M.T., Grigor’yan A.A., Kumagai T. On the equivalence of parabolic Harnack
inequalities and heat kernel estimates. J. Math. Soc. Japan, 2012, vol. 64, no. 4, pp. 1091-
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73. Bendikov A., Grigor’yan A.A., Pittet C. On a class of Markov semigroups on discrete
ultra-metric spaces. Potential Anal., 2012, vol. 37, no. 2, pp. 125-169.

74. Berg M. vanden., Gilkey P., Grigor’yan A.A., Kirsten K. Hardy inequality and heat
semigroup estimates for Riemannian manifolds with singular data. Comm. Partial Differential
Equations, 2012, vol. 37, no. 5, pp. 885-900.

75. Grigor’yan A.A., Huang X., Masamune J. On stochastic completeness of jump
processes. Math. Z., 2012, vol. 271, no. 3-4, pp. 1211-1239.

76. Grigor’yan A.A., Telcs A. Two-sided estimates of heat kernels on metric measure
spaces. Ann. Probab., 2012, vol. 40, no. 3, pp. 1212-1284.

77. Grigor’yan A.A. Stochastic completeness of symmetric Markov processes and volume
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terms of the Green formula. J. Math. Pures Appl., 2013, vol. 100, no. 5, pp. 607-632.

79. Bendikov A.D., Grigor’yan A.A., Pittè K., Vëss V. Isotropic Markov semigroups on
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