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AnHortanusa. Ilycte D C C — ongHocBssHas 00/acTb, pasfeseHHast Kop-
naHoBo#t ayrod ' C D Ha nBe momobsactu Dy u Dy, U B 3TOH 00JaCTH 3aaHO
ypaBHeHHe DBesnbTpamu, BO3MOXKHO, TEpEMEHHOTO THIA, BhIPOXKAalolleecs BIOIb F.
B pa6ore [6] Obli omucaHbl 1Ba MPUHIHIHAJBHO PA3JUYHBIX CJyuasi BHIPOXKJe-
HUSl ypaBHeHHs DBesbTpaMu, MpH KOTOPOM aCCOLUMHPOBAHHOE C HUM KJACCHUECKOe
ypaBHeHHe DesjbTpamMu nomyckaeT eIMHCTBEHHOE, ¢ TOYHOCTBIO O CYNeprno3ulHUU
c KOH(OpPMHBIM OTOOpakeHueM, romeoMopgHoe peuleHue. B Hacrosimiedl pabdoTte
JI0Ka3blBaeTCsl, UTO CIPaBeNJNUB <«IBYCTOPOHHHH» aHaJOr BBILIEYNOMSIHYTBIX pe-
3yJbTaTOB paboThl [6], momyckawoiiui, 4ToObl XapaKTep BbIPOXKIEHHUS MO Pa3Hbie
CTOpPOHBl £ Obl1 pasauuHbIM’.

KuroueBble cioBa: BbipoXKjatlleecsi ypaBHeHHe DesbTpamu, KoMIjeKcHas
JUJaTaurs, XapakTepucTUkd JlaBpeHTbeBa, pellleHHe ¢ 0COOEHHOCTbIO, aCCOLMHU-
pOBaHHOE ypaBHEHHeE.

BBenenue

MATEMATHKA U MEXAHHKA e———

[Iycte B onHoCBsi3HOH obsactu D C C 3amano nuddepeHHa bHOe YpaBHEHHE — ypas-

Henue Beaompamu (cm.: [2, ra. 2])

fz(2) = w(2) f.(2), (z=uz1+ixg € D),
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MATEMATHUKA U MEX AH U K A 1

roe w(z) (Ju(z)| # 1 n.B. B D) — n.B. KOHeYHasi U3MepHMasi KOMIIEKCHO3HAUHAsT (PYHKIIHS.

Xopoiio usaBecTHo (cM.: [2, ri1. 2]), uTo ecaiu BO Besikod nogobaactd D) € D BbINOJHEHO
yesioBHe esssuppy |u(z)| < 1, To cymectByet romeomopdHoe petenne w = f(z) € W,o*(D),
mpuuem z = fH(w) € WE2(f(D)). 1o pelieHne eIMHCTBEHHO C TOYHOCTBIO O CYMePHO3HU-
LIUU C KOH(POPMHBIM OTOOpPa’KeHHEM B IJIOCKOCTH wW.

B nanbHeiimmem pewenuem ypaBHenusi (1) OyneM HasblBaThb HENpPepbIBHYIO (PYHKIIMIO
f(2) € WL2(D), ynoenersopsiomyio emy m.s. B D.

Hanomuum [1, c. 7], uro koapduuuent w(z) = fz(z)/f.(z) HaspiBaeTcsi KomnaexcHoul
duramayueii otobpaxenus f(z) € W,b2(D); ero 3anaHue SKBUBAJEHTHO 3a[aHUIO I.B. B
D noast pacnipenenenusi xapakrtepuctk JlaBpentbeBa (p(z),0(z)) (cm. [14]). OrobpakeHue

w = f(z), nepBast XxapakTepUCTHKA KOTOPOTO M.B. B [) yIOBJETBOPSIET YCJIOBHIO
p(2) < Q = const, )

HasblBaeTcsl (Q-k8a3ukongopmuoim. Eciu yenoBue (2) BoimosHsieTcss B 1D JIOKanbHO (TO €CTb
co cBouM ) = Q(D') mast Besikoit obaactu D' € D), To 0TOOpaxKkeHHe HA3BIBAETCS AOKAALHO
K8Q3UKOHPOPpMHLIM. YCTOBHE esssupp |1(z)| < 1 (esssupp |w(z)| < 1 mas Besikoit obiactu
D’ @ D) 3KBUBaJIEHTHO YCJOBHIO KBa3UKOH(OPMHOCTH (JIOKAJIbHOH KBa3UKOH(OPMHOCTH).

Crenyer OTMETHTb, UTO B HAaCTOslllee BpeMsl M3BECTHBI (oJiee TOUHbIE YCJIOBHS CYIle-
CTBOBaHHMS M €IMHCTBEHHOCTH ypaBHeHHUs1 BesibTpamu, yem ycmoBue esssupp, [n(z)| < 1 (em.,
Hanpumep, [11;15]).

YpaBuenue Beabtpamu ¢ |n(z)| < 1 m.B. B D Oynem B najbHeflieM Ha3biBaThb KAQCCU-
yeckum. Cayuan |pu(z)] <1 mB. B D u |u(2)] > 1 n.B. B D otsM4aoTCs TeM, 4TO B MEPBOM
ciydae roMeoMOp(Hble PellleHHs He MeHsI0T OPHeHTalMIo, a BO BTOPOM MeHsitoT. Pasznuuue
3mech Juiib hopmasbHoe. MHTepec mpeacTaBisieT CUTyalllsi, KOraa OQHOBPEMEHHO CYIIECTBY-
0T moxo6sacti [, B KOTOPBIX I.B. BBIMOJHEHO |w(z)| < 1, u mogo6aactu D, B KOTOPBIX I.B.
|1(z)| > 1. B atom ciyuae roBopuTcsi, UTO ypaBHeHue BesbTpamu UMeeT nepemertblii THIL.
Ero perrennsi onuchBalOT OTOOPAXKEHHSI CO CKJAAKaMH, cOOPKaMH M T. 1. 3ajadya HCCJeno-
BaHMS TaKWUX ypaBHeHHMH Oblna mocrtaBseHa JI.M. BosnkoBeickum [3], a psn ycrnexoB B 3TOM
HarnpaBJeHHH Obll cienaH B paborax [16; 18]. HekoTopble pesysibraTbl B 3TOM HarpaBjeHUH
OBLJIK yCTaHOBJIEHBI HaMH B paboTax [D; 6].

YpaBuenuto (1) Gynem cTaBUTb B COOTBETCTBHE (K/iaccuueckoe) ypaBHeHHe BenbTpamu
C KOMIIJIEKCHOH AUJaTaluel

‘() — wz)  mpu |u(z)] <1,
v =1 () o [u(z)] > 1.

D10 ypaBHeHHe Ha3blBaeM B [aJbHEHIIEM YpasHeHueMm, QACCOUUUDOBAHHLIM C YPABHEHU-
em (1).

OuesupHo, |p*(z)| < 1 n.B. B D, npuueM B KjaccHueckoM ciydae p(z) = p*(z).

TecHast B3aMMOCBSI3b MEXY PElIeHUsIMH aCCOLMUPOBAHHOTO YPABHEHHUS | MepBOHAUYAJb-
Horo ypaBHeHust (1) Oblia mokasana B [6;8; 12].

Ilyctb umeercss pyukuus f(z) : D — R. Ecau cymectsyer dyukuus K (z) € WH2(D),
TaKasi, 4To

f(z) < K(2),

to dynkuus f(z) naswisaercas W'2-mamopupyemoii 8 D. Ecan f(z) asaserca Wh2-ua-
sopupyemoti Bo Besikoil momobaactu D' € D, To rosopat, uto f(z) ABASETCH A0KAALHO
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e MATEMATHUKA U MEXA HHA K A S

W2-mamopupyemori B D. Jlns KpaTKocTH BMecTO «iokaibHo W h2-Maxopupyema» Beiomy
HUXKe OyleM MUcaTh «W/IO’f-Mamopprema».

Ecan ¢yHkuus f a6cosioTHO HempepbiBHA BHYTPM MOUTH BCeX cedeHuil 2 o6nactu D
NPSIMBIMH MapaJJieIbHBIMHA OCSIM KOOPAMHAT, TO OyieM TOBOPUTh, YTO f TMPHUHAMJIENKUT KJacCy
ACL B D, kpatko 3anucbiBasi 370 B Buze «f € ACL B D». B nasnbheiiliem cBsi3b MeXIy
pyHxuusmu KiaaccoB CoboseBa u pyHkuusamu kiaacca AC' L npepnosnaraetcs U3BeCTHOH (CM.,
Hanpumep, [10, c. 14] uau [4, c. 122]).

[TycTb cyliecTByeT 3aMKHYTOe OTHOCHTebHO [ MHOXecTBO [ C D Mepel mesy 2 = 0.
Ecnu nenpepeisuas B D ynkuus f(z) ssasercs pemenueM ypasHenus (1) B D\ E 3, 10
¢yukuuo f(z) Gynem Has3bBaTh peuleruem ¢ 0cobeHHocmbio I TaHHOrO ypaBHEHHUSI.

Hannuue ocoGeHHOCTEN Yy pellleHUE XapakTepHO AJs ypaBHeHuH (1) sviposcdaroujuxcs

Ha HEKOTOPOM MHOxecTBe [/, To ecTb TakoM [/, uTo

essinf 2 —1=0
gssint [lu()] - 1

nast Besikoro r > 0, roe B,(z) — kpyr ¢ uentpom z € E. Ilpu stom B kauectBe E yacto

BBICTYIIaeT MHOXKeCTBO pasnesa mexnay {z:z € D, |u(z)| <1} u {z:2 € D,|u(2)| > 1|}.

1. YpaBHeHus BenabTpamu ¢ BbIpOXKAeHUEM

[Tycts D C C — opnocssizHas obsacts ¥ v = T(z) : D — T(D) C C — HeKkoTOpbiii
romeoMop(u3M, COXpPaHSALUIMN OpUeHTALHIO.
Onpenenum B D (yHKIUIO

Qu(z) = lim sup 1= [ T() ~ TC)|
T ro0 ming - [T(2) = T(2)|

UssectHo [1, ru. 1, §4], uro ecin Qr(z) < +oo Beiony B D u Qr(z) < Q (Q >
> 1 — koHcraHTa) 1m.B. B D, 10 oToGpaxenue T (z) (Q-kBa3ukoH(popmHO B o6sacti D u, Kak
caenctre, AudpepeHiypyemo n.B. B D, uMeeT M.B. B D KOMIJIEKCHYI0 AMJATALHIO Wo(2) =
= T%(z)/T.(z), nepByio xapakrepuctuky JlaBpeHTtbeBa pr(z), skobuan [(z) = (‘;((;’1—:;’;)) >0wu
B Toukax guddepenuupyemoctu pr(z) = Qr(z) = P (2).

OrnocutenbHo T'(z) GymeT HOMycKaThCs BO3MOXKHOCTb BBIPOKAEHHUS, HO MIPH 3TOM OYAYT
HaJlaraTbCsl CJefyIollie OrpaHUYeHHs:

(A1) MHOXKeCTBO BBIpOXKIEHHsT 0TOOpaxeHus 1'(z)

E={z:2z€D, sup Qp(z)=+00 mns Beskoro kpyra B,.(z)},
z'€B,(z)ND

uMeeT Mepy mesy ' = 0;

(A2) nmast orobpaxenusi T(z) Bwimosusietcs N-cBodicto [4, ra. 5, §1, m. 1.1]: Besikoe
MHOXecTBO Ey C D mepsl mesy Fy = 0 mepexogut B MHOxectBo T'(Ey) C T(D) me-
pbl mesy T'(Ey) = 0.

HetpynHo Buznets, uto ycnoBue (A1) rapaHTHpyeT 3aMKHYTOCTb MHOXKeCTBa F OTHOCH-
TesbHO D U J0Ka/MbHYI0 KBa3HKOH(POPMHOCTb 0ToOpaxenust 1'(z) B D\ E. B cuiy KBa3HKOH-
¢opmHocTH oToGpaxenue T'(z) nudpeperuupyemo n.8. B D\ E, a cnenosarenbHo, u B D. [lpu
5TOM Yy HEro I.B. OIpejiesieHa KOMIIEKCHAsi XapaKTepUCTHKA [g(2), MepBasi XapakTepUCTHKa
JlaBpentbeBa p(z) = Py, (z) = Qr(z) u skobuan [(z). Kpome Toro, mpu BblleyKa3aHHbIX
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yeaosusix (Al), (A2) cnpaBemsuBa opMmysa 3aMeHbl TepeMeHHOH B WHTerpase [4, ri. D,
§1, n. 1.4, reopema 1.8]: mas o060t nogobaactu D' € D u 060i cymmupyeMod (pyHKIHH
f(v), 3anaunnoii B T'(D’), uMeeT MecTo paBeHCTBO

] swavdes = [[ se)1e)dads,
(D) D’

[To panHomy otobpaxkenuio T'(z) ompenesum KJjace QpyHKIME T*V[/I})f(D) KaK MHOXe-
ctBo dyukumit Buna f(z) = @(T(2)), rae @ € W2 (T(D)).

3amerum, uto B ciydae E = () oroGpaxkenue T'(z) nokajbHO KBasukoH(opMHO B D H,
caenosatensto, T(z) € W,h(D). Tlostomy, B culy HHBapHaHTHOCTH Kaaccos W2 mpu kBa-
3UKOH(OPMHBIX 0TOOpaXkeHUsIX (cM., Hanpumep, [4, r1. b, §4, n. 4.1, Teopema 4.2]), 3akio-
yaem, uto T*W,-3(D) = W,23(D). Cnenosarensro, npu E # 0, ecnu f(z) € T*W,52(D), o

loc loc loc

f(z) €Wl (D\ B).
B paGore [6] Oblna ycTaHOB/IeHa cjefyiollas TeopeMa, Wrpawllas [Jjs Hac KJYeBYIO

pOJIb.

Teopema 1. [Tycmo D C C — oduocsasnas obaacme; v = 1(z) : D — T(D) C C —
eomeomopgroe omobpaxcerue co ceoticmsamu (Al), (A2), umerowee KomniekcHyro xapax-
mepucmuxy Wo(z). [pednoroxcum, wmo oas ecsakot nodobaacmu D' € D mosxcHo ykaszame
Qynryuro K(z) € WH2(D') makyro, umo

// P (2)|[VK (2)|*dr1dzy < 400,
D/

1(2) — uo(2)]?

0= DI — @

K(T'(v)) € ACL & T(D).

K(z) ne eD,

Toeda cyujecmsyem w = f(z) : D — f(D) C C — eomeomopgroe pewerue ¢ ocoberHo-
cmoio E ypasnenus, accoyuuposanrozo ¢ (1). Mpu amom f(z) € T*W*(D), f(w) €
e WE(f(D\ E)) u 6 npedcmasrenuu f(z) = ¢(T(2)) omobpaxcerue @ umeem W,>-ma-
aopupyemyro nepsyro xapakmepucmuky. lomeomoppusm w = f(z) eduncmesenen ¢ mou-
HOCMbI0 00 KOHGPOPMHO2O OMOBPANCeHUs 8 W-NAOCKOCMU.

3ameuanue 1. [lpunapnexuocts K (T '(v)) knaccy ACL B T(D') B HEKOTOPBIX CJIyuasix

BBLITIOJIHSIETCSl aBTOMATHUECKH, SIBJISIICh CJIEICTBHEM CBOKCTBA oTobGpaxkenus v = T'(z) coxpa-
HATb 3TOT KJacc. [Ipumepom otobpaxkenusi, coxpansitomiero knace AC'L, sBasercs

?5(2) = fg(l‘l) + i!L’Q, fé(t) = /Ot 5(T)dT,

rae 8(t) — moJsioxkuTesbHAsE HenpepbiBHAs NpH ¢ # 0 QYHKUHs, HMELasi HHTErPUPYEMYIO
oco6eHHoOCTb B Hyse. HecsioxHo mposeputh, uto ecau K(z) € ACL 8 D, 1o K(F; '(v)) €
S ACL B ?5(D)
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2. BpipoxkjaeHue Ha JUHUH

[TycTb cyuiectByet xkoppaHoBa ayra E C D, nensuias obaacts D Ha ABe OQHOCBSI3HBIE
nonob6sactu Dy u Do, npuuem Ha E ypaBHeHue (1) BbIpOXKIAeTCsi, a XapaKTep BBIPOXKIEHHUS
onuchiBaeTcs caenyomumu yeaosusimu (Bl), (B2).

(B1) CnpaBennuBo npeacras/ieHue

u(z)] =1+ M(2)8(H(2)),

roe M (z) — uamepumasi, 1.B. KoHeuHasi B D (yHKuusi; §(¢) — HenpepbiBHAst QYHKLHs, TaKas,
uro 8(t) > 0 mpu t # 0 u 5(0) = 0; H(z) € C(D)NWL*(D), npuuem VH(z) #0 ns. B D
u H(z) <08 Dy, H(z) >0 B Ds.
(B2) CyuiectByer HemnpepbiBHast QyHKIHs Z(2) € VV&?(D) Takasi, YTO 0TOoOpakeHue
J(2) = H(z) +iZ(z) € C(D)NW,.2(D)

SIBJISIETCST JIOKANbHO KBasHKOH(OPMHBIM romeomopdusmom D Ha J(D), coxpaHSIOLINUM OpH-
eHTALIHIO.

W3 ycnosust (B1) caenyer, uto H(z) = 0 — ypaBHeHue KpuBoi E.

[lycrs B nanvueiuem [4(z2) = H,, Z,,—H,,Z,, — siko6uan otobpaxenus J(z), ps(z) —
ero mepsasi xapakrepuctuka JlaBpentbesa, a () (D) = esssupyp, py(z) > 1. Torna B cuay
KBasuKoH(popMHOCTH J(2) B D', 1.B. MeeM

IVH(2)* + [VZ(2)]* < 2Q,(D')1(2) < 2Q4(D")|[VH(2)||VZ(2)]. (3)

IaJsiee, mJist IPOU3BOJIBHON BellleCTBEHHOH (PyHKIMHK f(z), UMEIOUIeH IPaIUeHT B TOUKE
z € D, 6yneM 10/b30BaThCst 0TOXKAECTBACHUIMU V [ (2) = fo, +ifp, 1 Vf(2) = fo, — i fu,-
BBeneM B paccMOTpeHHe CJeAYIOULYI0 U3MEPUMYI0 (PYHKIHIO

% npu z € Dy, takux uto V HcymectByer uVH # 0,
S(z) = % npu z € Dy, takux uto VZcyuectsyer uV.Z # 0,

1 B ocTanbHBIX C/yYasx.
1
[Ipennonoxum, 4to (yHKLHA 5(p) MMeeT MHTerpupyemyio cesa 0COOEHHOCTb B HyJIe.
Torna MoXXHO onpenesnuTh (PyHKIUU

— npu t <0,

d(t) mpu t >0, t
8"(t) = { (1) P g for(t) = / 8" (T)dr, Fs«(2) = for (1) + ia.
®) 0

OCHOBHBIM P€3y/bTaTOM HACTOSIIEE pabOThI SIBJASETCS CJAEAYIOLlee YTBEPKIEHHUE.
1
Teopema 2. [Ipednorosxcum, umo svinosnsiomes ycrosus (Bl), (B2) u ¢pynkuus 5[ Umeem

unmeepupyemyro cresa ocobenrnocms 8 wyse. Kpome moeo, npednosoxcum, 4mo 04s 8caKoll
nodobaacmu D' @ D moxcro ykasamo gynxyuro K(z) € WH2(D') makyro, umo

[VEK(2)
// S(H) dxidry < 400,
D/
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npuuem ois n.e. z € D'

1

1M (2)[52(H) ln(z) = S(2)" +

1
gy = K

Hononcum T(z) = Fs(J(2)). Toeda cywecmsyem zomeomoppusm w = f(z) : D —
— f(D) C C, 015 komopozo cnpagediusvl ymeepioeHus:
(i) f(2) ecmo pewenue ¢ ocobennocmoto E ypasuenus, accoyuuposarmoeo ¢ (1);
(ii) f(z) € T"Wyo2 (D), f~(w) € Wi (f(D\ E)) u 6 npedcmasaenuu

f(2) = o(T'(2)) = ¢(Fs (J(2)))

omobpascerue @ umeem I/Vl(l)f-Maofcopupyemyfo nepsyo xapaxmepucmuxy. ['omeomoppusm
w = f(z) eduncmeenen ¢ mournocmoto 00 KOHGOPMHO20 OMOBPANEHUS 8 W-NAOCKOCTLL.

B [6, Teopembr 3, 4], OblM onMcaHbl ABa NPUHLMIIHAJBHO Pa3/JHYHBIX XapaKTepa BbI-
poxkneHusi ypaBHeHHust (1) Bnosb E, mpu KOTOPBIX CYLIECTBYET eIMHCTBEHHOE roMeoMop(Hoe
pellleHHe COOTBETCTBYIOIIEr0 aCCOLMHUPOBAHHOIO yPAaBHEHMUS, a TaKXKe OMHcaHa CTPYKTypa Ta-
KOTO pelleHHsi; HEMHOTO MM03e, B [8], OblJIO MOKa3aHo, YTO 3TH YCJOBHS SIBJASIOTCS CJIa0bIMHU
BEPCUAMHU CJEAYIOIHUX YCJIOBUH:

dz +u(z)dz # 0, 4)
= 0, (5)

rie dz HampaBJeHO MO KacareJbHOH K F. YcioBue (4) HCrosb30Bajoch paHee B paboTax
fAxy6oBa u Cpebpo [13, Teopema 4.4, c. 70], a (5) 6vl10 paccMoTpeHo B [6; 8] Bnepsble. Teo-
peMa 2 MoKasblBaeT, YTO BO3MOXKEH TaKyKe BapHaHT Pa3HOTHUITHOTO BBIPOXKIEHHs YpaBHEHHs
BesibTpam, Mpu KOTOPOM XapaKTepbl BBIPOXKAEHHS PA3JHUYHBI 110 Pa3Hble CTOPOHBI OT K.
Jloka3areabcTBo Teopemsl 2. [lycts z € Do. B passepuytom Buse 1(2) = f5s(H) +iZ u
nJst otrobpaxenusi v = T'(z) monydaem

8(1)1,1)2) 6<H)HII 6(H>HCC2

3(I1,x2) = Za, Zy = 6(H)[1(Z>7
oT(z) 1 = = 0T(z) 1 .
o _5(6(H)VH+ZVZ), 5 = 5 (BH)VH+iVZ),
OTKYyJza
_0T(z) JOT(2)  §(H)VH+iVZ VZ—is(H)VH
Ho(2) = 0z / 0z  S(H)VH+iVZ VZ—is(H)VH (©)

Orobpaxenune v = 7T'(z) coxpaHseT OpHUEHTALHI0, CleI0BaTesqbHO |Ho(z)| <1 m.B. B Ds.
HMmeem

vZ \A 2 \ Ak A\ 2
| — ol _Hu 57|t |ez M| <2tz o5 M (7)
VZ  NZ VZ-is(H)VH 25(H)I, () )

vZ T NZ YZ_i(HVH VZ(NZ—is(H)\VH)
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e I ATEMATH KA 1 MEXA HHU K A B

Ins z € Dy ananoruyno umeeM 1'(z) = f%(H) +iZ, oTKyna

8(1}1,02)
3(x1, l’g)

1 1
sy o s Hee

Loy Ly

ag_(zz):%<ﬁv—}”iﬁ)j %:%(ﬁwqﬂvz),

oT(2) /aT(z)  VH+i5(H)\VZ
0z 0z  VH+i8(H)\VZ'

Ho(2) =

2

VH

2<2' - = 2— — , 9

1t — ol HVH+ o M 9)
vVH B 25(H) I, (2)

(10)

— Mo =

VH VH(VH — isS(H)\VZ)

3adukcupyem nomnobaacts D' € D. Torna nast n.B. z € D' () Dy ¢ yuetom (3), (7), (8)

nosiy4aem
vz '_ 48°(H)I3(2) Y
‘ﬁ “W| = VZP(VZP S E)VHP + (AL (=) = @ PISH). ()

IVZ|? +8%(H)|VH|* + 28(H)I,(z) < C(D"),(2), (12)

rie C1 (D) = 2Q ;(D") max{1,sup,, (8*(H))} + 2supp, (8(H)) > 1.
Anagornuno aast n.B. z € D' () Dy ¢ yuerom (3), (9), (10) umeem:

‘VH

VH

2 482 (H)I?(2) o s
 |[VHP2(|VH|? + 82(H)|VZ[2 + 28(H)1,(z)) < 1605 (D)5 (H),
IVH|? +8*(H)|VZ|* + 28(H) 1, () < C\(D')11(2),
rie C1 (D) = 2Q ;(D") max{1,sup, (82(H))} + 2supp, (8(H)) > 1.
Hcnoabayst (6) u (12), nas z € Dy nonyyaem
45(H) I (z) 1
(1+ uo(2)) (IVZ]? + 82(H)|VH|? + 25(H) 11(2)) —

Orciopa ¢ yuetom (7), (11) u coornowenun |1 — |u(z)|| = |M(2)[5
MPUXOAUM K OLIEHKe

— Ho

1 —[uo(2)| =

~—
/\

<
~—

[ — ol? <2‘”_ﬂ’ +2[8 — <
(=@ =D~ aippIMeHE)

, | vZ 1
SQ&”QM@MWﬂ%_V7_WMMO’ (19

Cy(D') = 32Q%(D")Cy (D).
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Ilanee, cHOBa MoJb3Ysich (3), ycTaHABAMBAEM OLEHKY

Cs(D")

f 5(H)

Ho (Z) S

: (14)

Tak kak z € Dy () D', To umeem

_ Tl 1wl SUH)IVHP 4+ |VZE _ Cy(D)
el R S S(H)Ii(z) ~M(H)

rne C3(D’) = 2Q ;(D'") max{sup, (8*(H)), 1}

Paccy»nast aHaJIoTHYHO, yCTaHaB/AMBaeM HepaBeHCTBO Buaa (14) mas cayyast z € Dy ( D'.
B cuny (14) ans eskoit dyukuun K (2) € WL?(D') nmeem HepaseHCTBO

PHU (Z>

/ / Pu(2)|VE (2) 2drdaes < Co(D') / / %dmld:@. (15)

Umeem z = T 1(v) = J7H(Fy ' (v)). Hyers ¢ = Fyo ' (v). Torma v = F5-(0), ¢ = J(2).
Tak kak oToGpaxkenue ( = J(z) J0KaJIbHO KBa3UKOH(OPMHO, TO 06paTHOe K HeMy z = J 1({)
TaKe JIOKaJbHO KBa3HKOH(OPMHO, H, ciemoBatenbho, J 1(¢) € W.b2(J(D')). Mockonbky
K(z) € W2(D'), 1o B cuny unBapuanTHocTH Kiacca W2 mpu KBasHKOH(OPMHBIX 0TOG-

paxenusix umeeMm K () = K(J7'(0) € W2(J(D') u no 3ameuanmio 1 3akaouaeM o
npunaanexuoctu K(T1(v)) = K(F5. (v)) € ACL 8 T(D").
OueBupHo, KpuBasi £ ectb MHOXecTBO BhipoxaeHusi T(z) = Fp(J(2)) u BbimOMHS-

totest yeqoBusi (Al), (A2). Takum o6pasom, nosydeHHble oueHkH (13), (15) obecneunBaioT
BBINIOJIHEHHe ycJioBUE TeopeMbl 1. Teopema nokasaHa.

IHPUMEYAHHA

! HMnaue rosops, B D u Ds.

2 To ecTb Ha MPOU3BOMBHBIX OTPE3KAX, JeXKALUIUX B YIOMSHYTHIX CEUEHHSIX.
1,3

3 Tlpu 5ToM He M3BeCTHa mpHHamIeRHOCTh f € W7 (D).
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ON BELTRAMI EQUATIONS
WITH A DIFFERENT-TYPE DEGENERACY ON AN ARC

Alexander Nikolaevich Kondrashov
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Abstract. Suppose that, in a simply-connected domain D C C, we are
given the Beltrami equation (see [2, Chapter 2])

fz(2) = w(2) [2(2). (%)

We will call case of the Beltrami equation with |u(z)| < 1 a.e. in D by
classical. The cases |u(z)| < 1 a.e. in D and |u(2)| > 1 a.e. in D differ in that,
in the first case homeomorphisms do not change sense, and in the second they
do. The difference is but formal here. Of interest is the situation when there
simultaneously exist subdomains in D in which |u(z)| < 1 a.e. and subdomains
D in which |u(z)| > 1 a.e. In this case the Beltrami equation is said to be
alternating. The problem of the study of alternating Beltrami equations was posed
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by Volkovyskil [3], and successful progress in this direction was made in [16; 18].
[ts solutions are described by mappings with folds, cusps, etc.
Assign to (*) the classical Beltrami equation with complex dilation

ey fouz) mpn [u(z)| <1,
@ ={ el ron Il 1

Below we call this equation associated with (*).

Suppose that there exists a Jordan arc £ C D dividing the domain D into
two simply-connected subdomains Dy and Ds. Suppose also that (1) degenerates
on F and the nature of the degeneration is described by the following conditions:
(B1) The representation

u(z)] =1+ M(2)8(H(2)),

holds, where M (z) is a measurable a.e. finite function in D; 5(¢) is a continuous
function such that §(t) > 0 for ¢t # 0 and §(0) = 0; H(z) € C(D) N W,-*(D),
and also VH(z) # 0 a.e. in D and H(z) < 0in Dy, H(z) > 0 in Ds.

(B2) there exists a continuous function Z(z) € W,-2(D)

loc

J(z) = H(z) +iZ(z) € C(D) N W,23(D)

loc

is a sense-preserving locally quasiconformal homeomorphism of D onto J(D).

Obviously, (B1) implies that H(z) = 0 is the equation of FE. In what
follows, we suppose that [1(z) = H,, Z,, — H,,Z,, is the Jacobian of J(z), while
ps(z) is its first Lavrent’ev characteristic, and @Q;(D’) = esssupp ps(z) > 1.
Then, since J(z) is quasiconformal in D', a.e. we have

IVH(2)* + [VZ(2)]* < 2Q,(D')i(2) < 2Q4(D")|[VH(2)||VZ(2)].

Throughout the sequel, given an arbitrary real function f(z), having gradient
at a point z € D, we put Vf(2) = fo, +ifs, and Vf(2) = fo, — ifs,. Also we

put
VH
{VH at z € Dy,

\4
Sz at ZGDQ,

S(z) =

Fs«(2) = fo+(x1) +izy where f5(t) = /Ot 8*(t)dr.

The main result of the article is as follows.
Theorem. Suppose that (B1) and (Bl) are [ulfilled, while for every subdomain
D' € D there is a function K(z) € WY2(D') such that

// %dwldm < 400,

D/
and
1

1
Gy < K

ISSN 2587-6325. Maremar. ¢pu3uka u Komnslorep. mopeaupoBanue. 2017. T. 20. Ne 5

Iy



—— MATEMATHKA U MEX AHHJ K A m5m

for a.e. z € D'. Put T(z) = Fs-(J(2)). Then there exists a homeomorphism
w= f(z): D — f(D) C C such that
(i) f(2) is a solution with singularity E to the equation associated with (*);
(i) f(2) € T*W2(D), f~(w) € WE(f(D\ E)), and, in the representation

f(2) = 0(T(2)) = o(Fs-(J(2)))

the mapping ¢ has VVI})C2 majorized first characteristic.

This homeomorphic solution with singularity F is unique T*VVlif(D) up
to composition with a conformal mapping.

This result is a two-sided analog of Theorems 3, 4 of the paper [6].

Key words: degenerate Beltrami equation, alternating Beltrami equation,
Lavrent’evs characteristics, solution with singularity, associated equation.
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