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null.
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1. Introduction

We consider the regularity of the double transform of Laplace (the theorem 1, the
remarks 1, 2). The theorem proved in this part have a general-mathematical character and
are easily checked up. With help of the theorem 1 and the remark 2 it is simply to prove a
some theorems related with the transform of Fourier and Laplace [3-6] (for instance, about
the inverse operator of the transform of Laplace, using only positive values of the transform
of Laplace on the [0,+00) [5]). The theorems are not by the theme of the the article and
require the separate study in connection with the theorem 1. Some results in the direction
were formulated in the works [4-7].

The fact about double decomposition on the elementary fractions is considered conclu-
sion. In opinion of author the fact underlines interest to the remark 2.
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By definition,

o0

Lo2(t)(x) = / 7 (1)t x € [0, 00),
(we will use Lo Z(t)(-)(x) = LLZ(t)(x) too),

Fou(t)(-)(p) = / Ptu(t)dt, p € (—00,00), Ly = L,
COu(t) () () = / cos wtu(t)dt, Su(t)(-) (x) = / sin wtu(f)dt, & € (—o0, 00),

o0

FRut)()(p) = [ e "utyit,p € (~o0,00).

2. The regularity of Laplace transform in |z| < a > 0

In the section we use the Y1 condition.

The Y1 condition takes place for the u(p) function, if the u(p) function is regular for
all p without only k points 21,..., 2k, 2; ¢ (—00,00) J(—io0,i00),k = 0,1,..., u(0) =0,
and

max([u(p)|, |du(p)/dpl. |d*u(p) /p*[][p**°] = 0, |p| — o0,
0 >0, 0 = const.

We use the Chl condition too.

Ch1 condition.

The wu(p) function is regular in K, = {p : Imp > 0}({p : Rep > 0} or in
Ky ={p:Imp<0}{p: Rep >0}

Theorem 1. The functions

[e.o] [e.o]

LF%()(-)(z) = / et / ¢y(z)dz = iLLu(x)(-)(iz), LLu(x)(-)(2),

0 0

are regular in the area {z : |z| < €} for some ¢ > 0, if for the u(p) function the Y1
condition takes place, and Reu(t) = u(t),t € [0, 00).

Proof. We can use the proposition 1 [5;6].
Proposition 1. The equalities

LEYu(a)(-)(v) = iF* Lu(z)(-)(v), v € [0, 50),

LC%()()(v) = 8" Lu(x)(-)(v), LS u(x)(-)(v) = C°Lu(x)()(v), v € [0, 00)

take place, if for the function w(p) the Y1 condition takes place. The similar equality
LF%u(z)(-)(v) = —iF) Lu(x)(-)(v),v € [0,00) takes place too.
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Proof. We get the first formula after the change of order of integration in both parts of the
first equality. If w(0) = 0, it is obviously with help of the expressions

|Fou(z) () (0)] < |(du(z)/dw]ao) /7] + [(1/°) FE(d*u(@) /da®) () ()] < e1 /£, — oo,

c1 = const, ¢; < oo (see [8]).

With help of the proposition 1 we obtain, that the F° Lu(x)(-)(p) = I_(p) function is

defined for all Imp < 0, and
lim O Lu(a)()(p) = F* Lu(x)(-)(iy), y € (—oc, ).
p—iy,Im p<0

(it is obviously, if u(0) = 0; as in the proposition 1 we use the formula of integration on
parts [8]).

Similar facts take place for a similar function iy (p) = F? Lu(x)(-)(p); the function is
definite from other side of plane Imp > 0.

We suppose u(—p) = —u(p).

We can write

FOLu(x)(-)(p) + F} Lu(z)(-)(p) = 2C°Lu(z)(-)(p) = F(p), p=y, ye€l0,00),

if u(—=p) = —u(p), or
(p) + 1+ (p) = F(p),
where F(p) are regular in {p: [Imp| < A} U{p: |Rep| < A} for some A > 0, if function
u(p) is regular as in the Y1 condition (the fact is well-known [2;5; 6]).
To prove the fact for p =y € (—00,0] we can define a new functions 1" (p), %~ (p):

1"“*(p) =1_(p),Im p <0,
1Y~ =1(p),Im p >0,

where [**(p) is an analytical continuation of the {_(p),Im p < 0 function from the lower
part of plane to the overhead part of plane {p : Imp > 0}; I (p) is an analytical continua-
tion of the I (p),Im p > 0 function from from the overhead part of plane to the lower part
of plane {p: Imp < 0} [2].

The equality I**(p)+1,(p) = F(p), Imp > 0 repeats the main equality I_(p)+1, (p) =
= F(p), but in the {p : Im p > 0} area; the equality I_(p) + I’ (p) = F(p) repeats the
main equality [_(p)+{.(p) = F(p), but in the {p : Imp < 0} area, where the F'(p) function
is regular in {p: [Imp| < A} U{p: |Rep| < A} for the u(—p) = —u(p) function [2]. We
obtain, that

127 (p) + 1 (p) = 1-(p) + I (p),p = y € [0, 00).

But the same equality takes place and for the p = y € (—o00,0] (we use, that both
functions I**(p) + I.(p) = F(p),l_(p) + ¥ (p) = F(p) are equal to the regular F(p)
function in different parts of the plane for the u(—p) = —u(p) function [2]).

We get

127 (p) + Lo (p) = I-(p) + 1" (p),p = y € (—00,00).

The functions 1" (p), L4 (p),l_(p), 1’2 (p) are the transforms of Laplace in area of def-
inition, and the functions are regular in area of definition [2] (from the proposition 1) with
values on the boundary. The I'°"(p), I~ (p)) functions are regular in the area of regularity
of the sums from the the lemma 1.
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Lemma 1. 1. The function LF%u(z)(-)(p) = iF° Lu(x)(-)(p) = il_(p) = il'" (p) is regular
for all {p : Imp > 0} (we consider the branch of the function, passing through {p : p =
=idy,y = Imp > 0} and {p : p = z,x = Rep > 0}, where the F°Lu(z)(-)(p)) values
not defined), if for the u(p) function or for the Vi(p) functions the Y1,Chl conditions take
place 1 = 1,2, u(p) = Vi(p) + Va(p) (see the part 2 of the remark 2 too).

2. The function LF%u(z)(-)(p) = —iF?Lu(z)(-)(p) = —il.(p) = I’ (p) is regular
for all {p : Imp < 0} (we consider the branch of the function, passing through {p : p =
=1y,y =Imp <0} and {p: p =z, = Rep > 0}, where the ) Lu(z)(-)(p)) values not
defined), if for the u(p) function or for the Vi(p) functions the Y1, Chl conditions take
place i = 1,2, u(p) = Vi(p) + Va(p) (see the part 2 of the remark 2 too).

Proof. 1f the u(p) function is regular in K,y = {p : Im p > 0}({p : Re p > 0}, after
integration along the line Ly = Ly |J Lo |J L3 of the (1/ip + z)u(z) function anticlockwise ,
Ly =[0,R], Ly={p:p= Re",0 < ¢ <m/2}, Ly = [iR, (], we obtain, that

1"t (p) =1_(p) = F° Lu(x /1/2p+x r)dr =
0

/ 1/ip + izq)u(izy)dixy = (1/i) LLu(iz1)(-)(p), p € (0, +00),

as for {p: Rep ¢ (—00,0)} so as for all {p: Imp > 0}. We use the Y1, Chl conditions
(the u(p) function is regular in Ky ={p: Imp > 0}{p: Rep > 0}; for Imp = 0 we
use the u(0) = 0 condition for proof of continuity on the (—o0,00) axis with help of the
proposition 1 [8]).

We obtain, that the such sum is regular for all {p : Im p > 0,Re ip < 0}, and the
function

/ 1/ip + izq)u(izy)dixy = (1/i) LLu(x)(:)(p), Rep ¢ (—o0,0)

is regular in {p : Im p > 0,Re ip < 0} with the values on the boundary line {p : Im p =
= 0,Re p < 0} (with help of the formula of integration on parts as in proposition 1 [2;8]).

For the function FOLu(z)(-)(p) = I+ (p) = I¥~(p), Im p < 0 we use I}?~(p) = I (p),
as the branches of the functions [, (p) = {_(p) [2] (with help of the formula F Lu(z)(-)(p) =
= FOLu(z)(-)(p) on the [0,+00) line) by the theorem of Riemann about the analytical
continuation across the (—oo, 00) line [2], and the function I, (p) = I~ (p) = 1T (p)(p) is
defined and regular in {p : Imp < 0} (or for the u(p) = Vi(p)+Va(p) function in connection
with the part 2 of the remark 2 too) .

If the function wu(p) is regular in K._ = {p : Imp < 0}(\{p : Rep > 0}, after
integration along the line Ly = Ly |J Lo« |J L3, of the (1/ip+ 2z)u(z) function anticlockwise,
Li=[0,R], Ly, = {p:p=Re"®, —m/2 < ¢ <0}, Ls, = [~iR, 0], we obtain, that

FO Lu(x)(-)(p) = / 1/ip — z)u(x)dr =
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—0o0

_ / (1/ip — iy )u(izy ) diz, —

_ / (1/ip + s )u(—izs)dizs = LLu(—iz1)(-)(p),p € (0, +00).

The further proof of lemma repeats proof of the first part (we use, that Re u(t) =
= u(t),t € [0,00), but u(p) = Vi(p) + Va(p)).

With help of lemma 1 we get
1" (p) + L (p)| < C = const, Im p > 0; I_(p) + 1" (p) < C = const, Im p <0,

C' < oo. Both sums I"“*(p) + 14 (p), I_(p) + I'°"(p) are regular in area of definition and
continuous on the boundary [2;8].
We proved
"t (p)+1.(p)=C, C=const, C<oo

for all p (see [2]) and 2C°Lu(z)(-)(p) = F(p) = I"*(p) + I (p) = C; = const, C; < oo
[2;6] or It (p) = —1,(p) for all p including p € (—o0, c0).

We obtain, that the F'(p) function is regular [2] with the values 2C°Lu(z)(-)(p) =
= F(p),p € (—00,00).

We can use, that the function LFQu(z)(-)(p) = iF°Lu(x)(-)(p) is regular in

{p:|Rep| < e} J{p:[Imp| < e}

for some ¢ > 0. It is well-known fact [2;5;6] in Y1 condition for the function u(p).
We proved, that

FO Lu(z)(-)(p) = F(p) — F{ Lu(z)(-)(p)

is the analytical continuation from from one side of plane on other [2].
For the u(—p) = u(p) we can use

F2 Lu(z)(-)(p) — F{ Lu(z)(-)(p) = 2iS" Lu(x)(-)(p) = F(p),p = y,y € [0, 00),

further by analogy with the first part (with help of the lemma 1 and the u(0) = 0 condition).
The theorem 1 is proved.

From the theorem 1 we obtain the remark 1.

Remark 1. The theorem 1 takes place for the functions u(p) = v(p) + v(—p),
u(p) = v(p) — v(—p), if all the essential points [2] of the v(p) [unction are placed
or in K, (or all the essential points are in K_).

From the remark 1 we get the first part of the remark 2.

The second part is easily proved by the methods of the work [1;6].

Remark 2.

1) The theorem I takes place for the function u(p) = (v1(p)—vi(—p))+(v2(p) —v2(—p)),
if the essential points [2] of the function v;(p) are placed or in K, or in K_,,
i = 1,2, and for the u(p) functions the conditions of the theorem I take place.
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2) The function u(—p) = —u(p) can be presented in the form u(p) = (v1(p) —v1(—p))+
+ (vo(p) — vo(—p)), if for the function u(p) the YI condition takes place.

We will get a similar result, if to apply the z; = 1/z inversion and the w = €'z, @ =
= m/4, function; we use, that the same result we obtain for the functions in the reverse
order with ¢ = —m/2 (by analogy for —@).

3. Conclusion

We will mark the fact about double decomposition on the elementary fractions:

1 1 1 1
_ ]: + ,
p—1 p+1 p—1 p+1

P

P p 1 n 1
(p-12 p -1 (p-12 p -1
p # 1,—1. The fact in opinion of author underlines interest to the theorem 1 and to the
consequences of the theorem 1.

Probably, the equality |C°S%u(t)(-)(z)| = |S°C%u(t)(-)(z)| ensues from theorem 1 and
remark 2, z € (0, 00).
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AnHortaumsa. JlokazaHa pery/sipHOCTb JBOHHOro npeo6pasopanus Jlanmaca B
OKPeCTHOCTH HyJs. PaccMmartpuBaercs Kjacc (pyHKLUHH ¢ HapylleHHeM peryJspHo-
CTH B HyJe, npeo6pasoBaHue Jlansmaca ot npeo6pazoBaHus Pypbe OT KOTOPBIX
pEeryssipHO B OKPEeCTHOCTH HYJIS.

KuroueBsle cioBa: npeobpasoBanue Pypee, npeobpasoBanue Jlamnaca, pe-
TYJASPHOCTb JBOHHOro npeobpasoBaHus Jlamnaca, perysnsipHOCTb NpeobpasoBaHUS
Jlanyaca ot npeo6paszoBanust Pypoe.
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