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AHAJIOT TEOPEMBI JIABPEHTHEBA — 30PHYA
O I'JIOBAJIBHOM 'OMEOMOP®U3ME IJII OTOBPAJKEHUU
C HEOTPAHUYEHHOM XAPAKTEPUCTUKOH

E.A. Cesocmoanos, P.P. Carumos

Jns1 HekoToporo kJjacca otobpaxkeHHH, Gojee OOIIUX, YEM JIOKAJbHO KBAa3HWKOH-
(bopMHBIe, MOJyueH aHaJOT XOPOILIO M3BECTHOH TeopeMbl JlaBpeHTheBa — 3opuya o
rno6anbHOM romeoMopdusme. B yacTHoCcTH, MOKa3aHo, YTO JIOKAJbHBIE TOMEOMOP(HU3-
Mbl KJ1acca CoboJsieBa VV&):, n > 3, BHelHss aunatauusi Ko(x, f) KOTOPBIX JIOKaJbHO
cymmupyema B R™ B cTeneHd n—1, MHbeKTHBHB B R™, KaK TOJIBKO Kg_l(x, f) < Qx)
MOYTH BCIOAY NPU HEKOTOPOU H3MepuMoil pyHKIHHU (), UMeIolIel KOHeUHOe CpeiHee
kone6anre (FMO) B okpecTHOCTH GECKOHEUHO yHaJeHHOH TOYKH, JHOO YAOBJIETBO-
psoLlel YyCJOBHIO PACXOAWMOCTH MHTerpasa ClelralbHoro BUaa. YIOMSHYTbIH BbIlle
pe3y/abTaT BepeH TakKe W JJis HEKOTOPOro 0oJiee LIMPOKOTO KJjacca 0ToOpaKeHHH,
YIOBJIETBOPSIIOLIMX OIpelesIeHHBIM [eOMEeTPUYECKHUM YCJIOBHUSIM.

Knrouesoie cnosa: keaszuxkongopmuole omobpascerusn u ux ob6o0buenus, mooyiu cemeiicms
KpUBbLX, eMKOCMb, meopema 0 eA00aNbHOM eomeomopduame, omKpoimoie OUCKpemHble 0mob-
pascerus.

Beenenue

OcHOBHBIE yTBEpXKIEHHS] HACTOSILEH CTaTbW aHOHCHPOBaHBI B pabore [5] Ge3 mpuse-
JeHHs KakKoH-1160 apryMmeHTaluud. JloKa3aTesbCTBO OCHOBHOIO pe3y/bTaTa B JAHHOM TEKCTe
TMPUBEIEHO CXEMAaTHYHO, TOCKOJBKY 371eCh Mbl B 3HAUUTEJbHOH Mepe OnMpaeMcsi Ha 3aMeyaHue
13 paboThl [2, c. 532, 2-i1 a63al].

B 1938 r. M.A. JlaBpeHTbeBbIM ObLJIO CHeJAHO TPEATNONOKEHHE O TOM, YTO JIOKAJbHO
KBa3uKOH(pOPMHble 0TOOpakeHHsl mpocTpaHcTBa R AB/stoTcs roMeoMopdusMaMu. Xopoluo
M3BECTHBIM MaTeMaTHKoM B.A. 3opuuem OblIO MOJNy4eHO Cjefyiollee pellleHHe MPOOIeMbl
M.A. JlaBpentbeBa (cMm. [1]).

Ecau f:R"™ — R™ n > 3, 10ka1vH0 comeomoppHoe KkeasupecyiapHoe omobpascerie
R"™, mo f asasemcs comeomoppusmonm, npuiem Ha 8ce npocmparcmao R™.

OcHoBHasi 1esib HaCTOsILleH 3aMeTKH 3akKJ/io4aeTcss B PACIPOCTPAHEHHH THIIOTE3HI
M.A. JlaBpeHTbeBa 0 TrJ100ajbHOM romeomopduame, nokasanHoid B.A. 3opuuem B ero pa-
6ote [1], Ha Gosiee WIHPOKUE caydaii. Mbl mokaxkeMm, 4yTo otobpaxenus f : R” — R™ n > 3,
YIOBJIETBOPSIIOLLHE OTHOCHUTEJNbHO OOIIMM TreoMeTPUYeCKHUM COOTHOLIEHHSM B OKPECTHOCTH
6eCKOHEUHO y[aJeHHOH TOUKH, SIBJASIOLINECs JIOKAJbHBIMU roMeoMop(ru3MaMU MPOCTPAHCTBA
R™, n > 3, unbekTuBHbl. HeoOGxomumo 3ametutsb, 4To B.A. 3opuuyem Obln1 mosydeH u 6o-
Jee oOIIMH BapuaHT ero TeopeMbl (cM., Hamp.: [2]). YmomsiHeM TakxKe HelaBHIOW paboOTy
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M. Kpucru [12] no s3Tomy noBony.

[lepefinem Tenepb K omnpeneseHHI0 YIOMSIHYTBHIX Bbllle KJacCOB OToOpakeHWH. Kak us-
BECTHO, B OCHOBY T'€OMETPHUUYECKOr0 OTpefiesieHUs] KBa3UKOH(OPMHBIX OTOOpaXKeHHH, 3a1aH-
HeIX B obsact D u3 R™, n > 2, MojoxeHO yCJa0BHE

M(f(I)) < K M(T) 1)

IJisl IPOK3BOJIbHOrO ceMelicTBa [' KpuBbiX 7 B ob6nactu D, rme M — KOH(POPMHBIE MOMLY/b
ceMelCcTBa KPUBBIX (BHEIIHSISI Mepa, ONpeesieHHasi Ha ceMeHCcTBax KpuBbix B R"), a K > 1 —
HeKoTopasi MocTossHHast. JpyrMMH CJ0BaMH, MOAYJb JI0O0ro ceMeicTBa KPUBBIX HCKaKaeT-
csi He Gosee, yeM B K pas. [lycTb Temepb B OCHOBe ompefesieHHUst OTOOpakeHHUs [ JIEXKHUT
HepaBeHCTBO BHJIA

M) < [ Q@) w)dm(a) @)

roe m — Mepa Jlebera B R", p — npousBosibHas HeoTpullaTesbHasl 6opeseBcKas (yHKLHS,
TakKasi uTo NPOMU3BOJIbHAS KpUBas 7y ceMelcTBa ' HMeeT IJIMHY, HE MEHbIYI0 1 B MeTPUKE p, TO

eCTb KPUBOJIMHEHHBIA HHTerpas nepsoro poaa [ p(x)|dx| mo kaxno# kpusoit v € I' ynosJe-
0
tBopsieT yeqosuio: [ p(z)|dx] > 1,a Q : D — [1,00] — HekoTopas (3amaHHasi) BelleCTBEH-

0l

Ho3HauHasi GyHKIUs (cM., Hamp.: [16]). M3yueHuto oToOpakeHUH, yI0BJIETBOPSIIOMIUX COOTHO-
meHuo (2), MOCBSILIEHO 3HAYUTENbHOE KOJUUeCTBO padoT (cM., Hamp.: [3;5-8;11;12;16;17]).
OtmeTum, yto B.M. MUKJ/IOKOB HCCJeI0BaJ HEKOTOPble KJacChl 0TOOpaKeHWH, YI0BJETBO-
PAIOLIMX aHAJOTHUHBIM OLEHKaM B T€PMMHAX €MKOCTeH Ha MOoBepxXHOCTSAX (cM., Hamp.: [4]).
[Ipu 3TOM HepaBeHCTBO Buaa (2) aHOHCHpOBaHO Ge3 TPHUBENEHHs A0Ka3aTeJbCTBa B pabo-
Te [8] mnia Tak HasbIBaeMbIX OTOOpaXKEHHi, KBa3UKOH(OPMHBEIX B cpeiHeM. B gyacTHOM ciry-
yae, Koraa B cooTHoieHuu (2) umeer mecto yciaoBue (QQ(z) < K m.B., Mbl CHOBa MPUXOAHUM K
HepaBeHCTBY (1). B ofuiem caydae, Korna 3To He 0653aTesbHO TaK, HepaBeHCTBO (2) o3Haua-
eT, YTO MCKa)KeHHe MOMYJsi HCXOAHOro cemelicTBa I’ MPOMCXOOUT ¢ HEKOTOPHIM BecoM (),
M (f(I')) £ Mg (T') (cm. pabotel A. Kasaky Ka6epus [10] u M. Kpuctu [12]).

Kak y»e OblJIO OTMeUeHO BbIllle, JIOKaJbHbIE TOMEOMOP(U3MBI f, YIOBJETBOPSIOIINE CO-
oTHolIeHHUsIM Buaa (1), Ha3bIBaeMble B 3TOM CJydae L0KAAbHO KBA3UKOHDOPMHbIMU Omobpa-
oeHuamMu, MHbeKTUBHBL pH 1 > 3 (cM., Hamp.: B [1]). DocTatoyHo mpocToil npumep otobpa-
xenust f(z) = e ykasbiBaer, BOOOII€e TOBOPsi, HA HEBEPHOCTD MOCJEIHETO YTBEPKAEHHUS MPH
n=2.

B nHacrosimell pa6ote 0603HaUEHBl HEKOTOPblE aHAJUTHUECKHE YCJOBHS Ha (PYHKIHIO ()
u3 GoJsiee obuiero, Hexeau (1), cooTHouleHus (2), OTIHYHBIE OT GaHAJbHOTO TPeGOBAaHHUS ee
OTPaHHUYEHHOCTH, MPHU KOTOPBIX JIOKAaJbHble TOMeOMOP(HU3MBI [, yIOBJETBOPSIOIIHE HEPaBEH-
cTBY (2) m/is MPOU3BOJIBHOTO ceMeHcTBa KpUBbIX ' # jt060i p € adm ', nHbekTHBHH B R"
npu n > 3. Borpoc o TouHoCTH yc/0BUi B paboTe He 06cy»KaaeTcs, OAHAKO, KaK MOKAa3bIBaeT
CXeMaTHYHO MOCTPOEHHbIH HaMu MpuMep (cM. TeopeMmy 2), HU OIHO M3 3THX YCJOBHH HeJb-
31 3aMeHHUTb Ha TpeboBaHue () € LP, p > 1. HekoTopele mpu/oKeHHUs HAIIEro OCHOBHOIO
pesysbrata (Teopema 1), oTHocsimuecs: K romeoMopduamam kKiaaccoB CoboseBa VVlzc", MOTYT
OBITb Hal/eHbl B 3aKJ/IOUNTEbHOH YacTH cTaTbhh (cyencTBHe 1).
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1. Onpepnenenns u npeaBapuTebHbIe CBeIEHUS

Berony nanee D — obnacts B R", n > 2. 3anucs [ : D — R" npennonaraer, 4to 0To6-
paxketue [ HermpepbiBHO. B nasbreiimem R = R"U{oco} — ogHOTOYEUHAsT KOMTAKTH(DHUKALNS
R™,

B(zg, r) ={x e R" : |z — xo| < 1}, B" = {z eR": |z| < 1},
S(zo,r) ={x € R": |z — 9| =1}, s*t:=5(0,1),

m — wmepa JleGera B R™. Tlycts @ : D — [0, 00] — namepumas no Jlebery dyHKuusi, Toraa
0z (r) — cpenmHee wHTerpasbHOe 3HaueHue (Q(x) Han cdepoit | — zo| =7,

0= —— [ Qs @

|x—xo|="

rne dS — 3JeMeHT MJIOLIaH TOBEPXHOCTH S, w, | O3HayaeT miomanb chepel S*1 B R"
2, — obbeM enunnuHoro mapa B"” B R", dist(A, B) — eBKJIHIOBO PACCTOSIHHE MEXKIY MHO-
xectBaMd A, B C R". BopeseBa ¢ynkuus p : R" — [0, 00| HasbiBaeTcst donycmumoil 1iist
cemeiictBa I' kKpuBbiX v B R" | ecau

[ pla) 1dal =1 @

v

15 Bcex KpuBbIX 7y € I'. B atom cayuae mbl nuiem: p € adml'. Modysem cemeiicTBa KpUBBIX
[" HasbiBaeTcs BeMUYMHA

M) = inf p"(x) dm(x).

p€admI
D

CBo#icTBa MOLYJ/sl B HEKOTOPOH Mepe aHasornyHbl cBoicTBaM Mephl Jlebera m B R™. MimeHHO
MOJyJib MyCTOTO CeMeHCTBA KPUBHIX paBeH Hymo, M (&) = 0, monyab obiafaet CBOHCTBOM
MOHOTOHHOCTH OTHOCHTENbHO ceMedcTB KpuBbix '] 1 'y : Iy C 'y = M([y) < M(I'y), a
TaK»Ke CBOUCTBOM MOJYaaAUTHBHOCTH (cM. Teopemy 6.2 B [18]):

M (fj n-) S 6

['oBopsT, 4TO cemelicTBO KpuBBIX 'y mMunopupyemcs cemeiictBom Iy, mumem I'y > 'y, ecan
L7151 KaXXJ0H KpuBo#l v € [’y cyllecTByeT noaKpHuBasi, KOTopas MpUHaLNeKHUT ceMeHcTBy I's.
B stom cayuae M (') < M(T'y) (cm. Teopemy 6.4 B [18]).

[ycts E, FF C R" — npousBo/ibHble MHOxKecTBa. O603HaunM yepes I'(E, F, D) cemeii-
CTBO BceX KpUBBIX 7 : [a,b] — R™ koropwle coemunsiior £ u F B D, To ecTb
v(a) € E,y(b) € Fu~(t) €D aput € (a,b). Crenytolee MoHsiTHE MOTHBHPOBAHO
ONIHUM M3 BaKHEHIIUX omnpeneseHUd KBasukoHpopmHocTH no . [epuHry, onpenesuBiieMy
KBa3HKOH(OPMHOEe 0TOOpaXkeHHe KaK roMeoMoppusM f, HCKaXKalolIUi eMKOCTh KoJiblla B KO-
Heuroe uncyo pa3 K, 1 < K < oo (cm. 06 atom pasnen 13 B [13]). [Tycrs ry = dist (xg, D),
Q@ : D — [0,00] — usmepumas o JleGery QyHKIHs,

A(ry,re,z0) = {z € R" : 1y < |x — 20| < 12}, (6)
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Si = S(zo,r;). Tosopar, uto f : D — R" apnserca Koivuesoim Q—omobpascenuem 6 mouke
ro € D, ecqu COOTHOLIEHHE

M (f (T (S, Sa A)) < / Q) - 1" (|z — zo]) dm(x) ()

BBINIOJIHEHO AJisi jiroGoro koabua A = A(ry,7re,x0), 0 < 1 < 1y < ro W I KaxaoH
13MepUMOi yHKUHU 1) : (r1,72) — [0, 00] Tako#, uTo

T2

/n(r)dr >1. (8)

T1

He numuum Gyner 3ametuthb, 4TO ycjoBue (8) 3ameHsieT Gojee obiiee TpeboBaHHe
ponyctuMocTd (4) mais crenuasnbHoro cemedcrsa Kpusbix I (S7, Sp, A). 3ameTum Takxe,
yrto ecau f sBjseTcs K -KBa3UKOH(MOPMHBIM, TO [ yIOBJETBOpPsieT COOTHOLIeHUIO (7) mpH
Q(z) = K € [1,00). Mcxonst u3 cka3aHHOTO BbIlle, A/l HAC B MEPBYI0 Ouepeib Mpei-
CTaBJISIeT MHTepeC CJaydail HeorpaHHUeHHBIX (), MO0 CHUTYyalUsi OrPaHUUEHHOCTH MOCJEIHUX
MOJIHOCTBIO HccyenoBaHa B padote [1]. [ycth xg € D. Ilo anajoruu, GyaemM TOBOPHTb, 4TO
[ D\ {xg} — R" aBaserca xoavyesvoim (Q-omobpasceruem 6 mouke xo € D, ecau
cooTHOlIeHHe (7) BBIMOJNHEHO AJS KaXKAOH HEOTpUIATeNbHOH H3MepUMOH (YHKUMH 1), yHO-
BJIETBOPsitoILed cooTHolneHuUO (8). [Ipu aToMm, 31eck mpennosnaraetces, 94To caMo O0TOOpakeHHe
f Oyner orpenesieHo JIUIIb B MPOKOJOTOH OKPECTHOCTH TOUKH Tg.

lnst orobpaxenuss f : D — R", umeromtero B [D yacTHble MPOU3BOAHBIE TIOYTH BCIOLY,
nyctb f'(x) — sikoOueBa marpuua otobpaxkenus f B Touke x, || f'(x)| = he%%}fo} W
Buewnss dusramayus otobpaxkeHusi f B TOUKe T ONpenesisieTCss KaK BeJHYMHA

IS @)™
[T(z,f)] ° J(:L‘,f) 7&07

Ko(z, f) = = 1, f'(x) =0,

o0, B APYruUx cjaydasax

2. BcnomorareqbHble pe3yJbTaThbl

IIpennoxenune 1. [Ipednoroxncum, umo obaracme D codepmcum Hauaro Koopouxam,
f: D\ {0} = R* n > 2 — koavuesoe Q-omobpasxenue 6 nyae. [Tycmov, Kpome mo-
eo, Haudymes gy > 0, €9 < dist (0,0D), u 6opearesckas pyukyus ¥(t) : (0,00) — (0, 00),
y0084emBoPAIOULAS YCAOBUIO

0 < I(e1,29) = /@Z)(t)dt < 00 9)

€1
o5 npoussonvrblx £1,¢2 € (0,e0), makue umo npu € — 0
Q(x) - ¢"(lz]) dm(z) = o(I"(¢,0)) - (10)
e<|z|<eo
O6osnauum uepes I' cemeticmso ecex omkpoimoix kpusoix (t) : (0,1) — R™, makux umo

Y(tx) — 0 npu nekomopoii nocaedosamenvrocmu ty, — 0 u y(t) # 0. Toeda M(f(I')) = 0.
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Hokazamenbcmaso. 3aMeTUM, UTO

r>J .. (1)
=1

roe I'; — cemeiictBo kpuBbIX ;(t) : (0,1) — R™ rakux, uto a;(1) € S(0,7;), roe r; —
HEKOTOpast MOC/Ie0BATEbHOCTD, YAOBJIETBOPSIOLIAS YCAOBHAM T; < £o, 73 — 0 TpH i — 00,
u a;(ty) — 0 mst Toi ke mocienoBatenbHocTh £, — 0. 3aduxcupyem ¢ > 1, u ¢ € (0,7;).
Beuny coornomwenust (9) umeem I(e,r;) > 0 npu Bcex ¢ € (0,7;), rae Benuuuna I(e,r;)
Takxe onpezessercs u3 (9). 3ametum, uto GyHKUHUS

Y(t)/I(e,r;), te (e, ),
i = { MO R

Y/IOBJIETBOPSIET YCJIOBHIO HOPMUPOBKH Bia (8) B Kosibiie A(e,r;,0) = {x € R" 1 e < |x]| < r;}
, CJe0BaTe/bHO, B CHUJY COOTHOIIeHHS (7)

M (f (I (5(0,¢), 5(0,74), Ale, r,0)))) < / Q(x) - n"(|z]) dm(z) <3Ji(e), (12)
)

A(g,ri,0

rae §i(e) = ﬁ |f| Q(z) " (|z]) dm(x). YunrsiBas (10), nmeem §;(¢) — 0. 3ame-
e<|z|<eo

THM, 4TO TpH Jito6om € € (0, 7;)
[, >T(50,¢), S(0,1), A(e,1;,0)) . (13)
Takum o6paszom, mpu KaxaoM ¢ukcupoBanHoM ¢ = 1,2, ..., u3 (12) u (13) nosmyuaem, uto
M(f(I:)) <Fi(e) =0 (14)

npu € — 0 u kaxaom duxcupoBanHoMm ¢ € N. OnHako JieBasi yacTb HepaBeHcTBa (14) He
zaBucut ot € u nosromy M(f(I';)) = 0. Hakonew, u3 (11) u cBoiicTBa mosyanauTHBHOCTH
monyJisi, cM. (5), caenyert, uro M(f(I")) = 0. O

Kak u B pabore [3], BBeieM cienyiollee onpeseseHue, obobliamliee NOHATHe QYHKIUHA
orpaHuH4eHHoOro cpenHero Kose6anus no xxony — Hupenbepry (cm. [14]). Bynem rosopurs,
yto QyHKUHUsA ¢ : D — R uMeeT Koneunoe cpeduee Koaebarue B ToUKe Ty € D, U mucathb
p € FMO B g, ecau

— 1
ll—% Q, -en

[ 1e@) =l dm(a) < oo, (15

B({L’Q,E)

e B = gl [ pla) dmia).

B(xzo,€)

HNpenaoxenune 2. [lycmo Q) : D — [0,00] — usmepumas no Jlebeey ¢gynxyus, D C R",
n > 2, xg € D, makue, umo evinoareno xoms 6ol 00HO U3 CAe0YOUWUX YCAOBULL:
1) Q € FMO(xo);

29 Q) < € (log )
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2) ¢y (1) = O ([log ﬂn_1> npu r — 0;
3) npu nexomopom §(xg) > 0, 6(xg) < dist (xg, D) u npoussossrovix € € (0,(x0))

W a
c tary (1)
u
(zo)

0 tqlgo_1 (t)
Toeda moxcno ykaszamo €y € (0,1) u gynxuuro 1(t) > 0 makue, umo 8 mouke xy 8bLNON-
Herol ycaosus (10) u (9) npedroxcenus 1.

Pasywmeetcs, 2*) siBjisieTcst MPOCTO YAaCTHBIM cyydaeM 2). OTMeTUM, 4To ecsu f sBJjsieTcs
K -xBasuperyssipubiM otoGpaxenueM, To ectb Q(z) = K B (7) mjsi HEKOTOPOH MOCTOSIHHOM
K > 0, kaxpoe u3 ycqaoBui 1)-3) npensokeHusi 2 aBTOMaTUYeCKH BbITONHEHO. OTMETHM TaK-
e, uTo cooTHolleHHe (16) BbIpaxkaet co6oil HHTErpajbHOE YCIOBHE PACXOIMMOCTH, KOTOPOE
UCI0JIb30BaJIOCh U paHee GOJBIIMM YUCJIOM aBTOpoB (cM., Hamp.: [15], [9] u [2]).

Hokazamenscmeo. He orpaHuunBasi 0OGIIHOCTH, MOXKHO CYHTaTh, uTo Ty = (. 3akJ/woue-
HHe TmpensoxkeHus 2 B caydae () € FMO caenyer us caenctsus 6.3 . VI [16], koTopoe
yTBepxaaer, 4ro ycaosue ) € FMO(0) npu HekOoTOpoM £g > () BJieYeT COOTHOLIEHHE

Qa) 4" (i) dm(z) = O (loglog ) | (18

e<|z|<eo

rie 0 < Y(t) := ﬁ. 3aMeTHM TaKxke, 4TO B 0003HadeHHsix mpemnoxenus 1 I(e,ep) =
t

log L
= [(t)dt = log 1:ggi. Takum o6pazom, cooTHolieHue (18) ¢ yueTom mocJieqHero 3aBepiiaer
€0

paccmorpenue caydasi 1). [lycts Teneps ¢, (r) = O ([log ﬂn_1> npu r — 0. Pukcupyem
g0 < min { dist (0, D), 1}. INonaraem ¢(t) =

L 3amerum, uTo
tlog ¢

Quidn(x) _ [ Q@dn@) o\ 4 e,
. (1108 7) / m/r C) N

rae, kak npexnue, I(g,&9) = fzp t)dt u C' > 0 — HekoTopasi mocrosinHasi. Takium 06pasom,
clydall 2) paccMOTpEH. OCTa.HOCb paccMorpethb caydait 3). Ilpu Ka}KILOM (PMKCHPOBAHHOM

g0 < d(xp) ¥ mpousBoOJILHOM € < £y paccMoTpuM pyHkunw I (g, €p) fz/) (t)dt, roe

_ 1 tﬁt , tel(eg ),
o) - { (0] te e 19)
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rae qo(r) = Guo(7), o = 0. 3amerum, uto [(g,&9) < oo mpu Bcex ¢ € (0,g9) B cuay

npennosioxenust (16). Torna BBuny (17) mMoxHo cumtath, uto I(g,e9) > 0, ¢ € (0,&¢). B ra-

KoM caiydae GyHkuus 1 (t), onpenesnenHast coorHouenuem (19), yaoBaeTBopsieT COOTHOIIEHHIO

(9) npennoxenust 1. Kpome Toro, 1 ymoBseTBopsieT Takxke cooTHoueHuto (10), mockosnbky

HeCJIOKHBIH mofcyet mokaswiBaet, uto [ Q(z) - "(|z|) dm(x) = w,_1-I(e, &), npu-
e<|z|<eo

ueM [(e,e9) = 0 (I"(e,€0)) BBURY (17). TIpensoxkeHne 2 moJaHOCTbIO H0Ka3aHo. []

3. OcHoBHO# pe3yJbTaT

Bynem rosoputhb, uto oTobpaxenue f : R — R™ ecTb Koavyesoe (Q-omobpascenue
8 mouke ry = 00, ecau otobpaxkeHue [ = f (ﬁ) SIBJIsieTCS KOJIbIIEBBIM ()-0TOOpake-

HHUeM B Touke xo = 0 npu () = ) <ﬁ) . Ilpu 3TOM, HcnoOMb3ysl 3aMeHy MepeMeHHBIX ¥ =

= ﬁ B MHTerpasjie B MPaBOH 4YacCTH HepaBeHCTBa (7), MOXKHO nepedopMynHPOBaTh HaHHOE

onpejeseHye caeayiomum obpasoM. Otobpaxenue f : R™ — R™ GyneM HasbiBaTh KOAbUEBLLIM
Q-omobpasxcenuem 8 mouke xry = 0O, €CJH COOTHOLIEHHE

M (f (T (S(0, Ry), S(0, Ry), A(Ry, Ry, 0)))) < / QW) n"(y)dm(y)  (20)
)

A(R1,R2,0

BBIMOJIHEHO JIsi MPOHM3BOMbHBIX 0 < Ry < Ry < 0O M MPOW3BOJIBHOH HEOTPHLATEIbHOH
uaMepuMoit pyHKuuu 7 : (Ry, Ry) — [0, 00] Takoi, uto

Ro

/ n(r)dr > 1, @1)

Ry

roe muoxkectBo A(Ry, R2,0) = A(Ry, Ry, o) npu xy = 0 3amaercst coorouenuem (6). By-
AeM TOBOPUTb, uTO (yHKUHSA ¢ : R" — R HMMeeT KoHeuHOoe cpefHee KoseOaHUe B TOYKE OO,

ecan GyHKUUS ©*(z) = ¢ ﬁ MMeeT KOHeuHoe cpenHee kosnebGaHue B Touke (). 3aMeTHM,

xT

yTo OTOOpa)keHue (x) = T TON0GHO 0TOGpaxaer cepy S(0,7) Ha chepy S(0,1/r),

otkyaa caenyer, uro |J(z, )| = (1/|z[)*". CorsacHo ckasaHHOMy, NpuGeras K 3aMeHe
TrepeMeHHOH B HHTerpasje B IMPaBOH 4yacTHW cooTHouleHHs (15), MBI cHOBa MoxKeM mepedop-
MYJIHPOBAaTb OMpeJe/ieHHe KOHEUHOro CpeiHero kKoseGaHHs B TOUKe OO B CJEAYIOLIEM BHJE.
Bynewm rosopute, uto pyHKuus ¢ : D — R nMeeT KOHe4UHOe cpefiHee KoseOaHHe B TOYKE OO,
nueM ¢ € FMO(00), ecau npu R — oo

dm(x) 1
_ 7 = o= 22
|z| >R
roe pp = g—: - [ e(x) d‘?‘gi). AHanoruyHo /s 6eCKOHEYHOCTH MOXKHO repedopmy-
|z| > R

JIMPOBATb YCJOBHS BUIA 2), 2¥) U 3) npensoKeHNs 2 TpebIyLIero pasaena, COOTBETCTBEHHO:

1 ot
S(0,R)
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Q) = O ([log \:c|]"_1> NpH T — 0O; (24)
[ (25)

n—1
5 tag (1)
11 HeKoToporo &y > 0.
OnvH 1oJie3HbIH Pe3ysbTaT, UCIOJIb3yeMblH HAMH HHXKE, 3aK/04yaeT B cebe cjaeayollee.

Ipennoxenune 3. [Ipoussorvroe comeomopgroe omobpancerue f: D\ {0} — R™ ydosse-
meopsatrouee ycaosuio suda (7) 8 mouke xg =0 € D, umeem koueunvitli uru beckoHeuHbLL
npedesa 8 smoil mouke, Kak moavko Gynkuus Q(x) ydosremeopsem mpebosaruro (10)
npedaosxcenus 1 npu wekomopotl yukyuu H(t) ¢ ycaosuem (9), cm. aemmy 4.1 u caed-
cmeue 5.2 6 [3]. [Tpu amom npodoiscenrHoe no Henpepvisrocmu omobpascenue f : D — R?
asasemcs comeomopgpuamon 8 D.

OcHoBHOH pesyJbTat HaCTOSIILIEH CTaTbH 3aKJUYaeT B cede cjeayrouiasa TeopemMa.

Teopema 1. [Ipednorosxcum, umo rokasbrolil comeomoppusm f: R™ — R™ n > 3, asarsem-
csi Koavuesvim (Q-omobpascenuem Ha 6ecKoHeuHocmu, mo ecmo omobpaxcenue [ yodosie-
meopsiem ycaosuro suda (20) ors npoussosvroix 0 < Ry < Ry < o0 u awboil Heompuya-
meavHol usmepumoti no Jlebeey gpynkyuu 1, 015 KOMOPOU 86INOAHEHO COOMHOUEHUE 8uda
(21). [Ipednonroxcum, umo pynkyus Q(x) ydosremsopsem, no Kpaiineii mepe, 00HOMY U3
Yycro8ull:

1) ¢ynkuus Q(x) umeem xKoneunoe cpednee konrebanue Ha beckorneurocmu, cm. (22);

2) sbinoarnero xoms 6vl 00HO U3 coomuoulenuil suda (23)—(24);

3) svinoaneno mpebosarnue (25) npu donoanumenrvrom ycrosuu Q(xr) > 1 noumu
8cro0y.

Toeda [ seasemcs comeomoppusmom 8 R, npuvem f(R™) = R".

Hoxazamenvcmeo. OrpaHuuyrMcs 3716Ch CXEMOH JI0Ka3aTejbCTBa, OMycKas noapodHocTH. Us-
BECTHBIM MaTeMaTHKoM B.A. 3opuueM, yCTaHOBHBLIMM CIIPaBEeIJHBOCTb JAHHOTO YTBEPXKe-
HHUS A1 cJydasl orpaHHYeHHBIX (), Oblio 3ameueHo (cMm. 2-# a6san Ha c. 532 B [2]), uTo
JI0Ka3aTeJNbCTBO FOMEOMOP(HOCTH OTOOpaXKeHHs1 f HCMOJb3yeT JIMIIb TOT (akT, YTO MOMYJb
ceMedcTBa KPUBBIX [', yXOnsIIMX Ha GECKOHEUHOCTh, TIPH PacCMaTPUBAEMOM OTOOPaXKEeHUH f
nepexoaut B cemeiicTBo '/, Takoe uro M (I'') = 0. Bocrosibayemcest Tenepb 3THM 3aMedaHHEM.

W3 npennoxenut 1 u 2 caenyer, uto otobpaxenue f = f <#> MepeBOIUT CeMeHCTBO

[y, cocrosiliiee W3 BCeX KPHUBBIX, JexKalmx B R™ U CTPEMSILIMXCS [0 HEKOTOPOH MOC/en0Ba-
TeJbHOCTH K TOuKe Xy = 0 B ceMeHCTBO KPHBBIX, MOAY/Ib KOTOPOro paBeH Hy.0. OGo3Hauast
p(r) = 7jz n uepes I's, ceMefiCTBO BCeX HEOrpaHWHYEHHBIX KPMBBIX B R, Mbl MMeeM, uTO
' = ¢ (T0), u, 3uaunr,

M (f(Toe)) = M ((f 0 ¢)To) = M (J(To)) =0.
TaxkuM 06pa3oM, roMeoMop(hHOCTb 0TOOpaXKeH s [ CiefyeT U3 CHeJaHHOIO Bhillle 3aMedyaHus,
Ha OCHOBe paccyXIeHHH 3 padoThl [1].
T[lockonbKy f — romeomophusM B R™, MOXKHO PUMEHHTh MPeJIOKeHHe 3 OTHOCHTEIbHO
vHBepcuu f = f (ﬁ) B uyne, f : R"\ {0} — R”. Torna f — romeomopdusm B R”, npu 3Tom
mHoxkecTBO f (R™) ONHOBPEMEHHO OTKPBITO M 3aMKHYTO B R” (kak romeoMopdHbiii 0Gpas

KOMIIAKTHOTO M OTKPBITOro MHoxkecTBa B R”), 10 ectb f (R") = R™ u, snaunur, f(R") =
=R". O
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4. O meTone NMOCTPOEHMS JIOKAJbHOIO roMmeoMop(u3Ma, Ajd KOTOPOro HapylieHa
teopema Tuna JlaBpentbeBa — 3opuua

[Ipexxme Bcero xoresocb Obl OTMETHTb, YTO [Jisl JIOKAJbHBIX TOMEOMOP(HU3MOB, YI0-
BJIETBOPSIIOIIKX cooTHomeHuo (1), ycaoBus Buma (22)—(25) aBTOMATHUECKH BHIOJHSIOTCS,

MOCKOJIKY YKa3aHHBIH ciydail cooTBeTCTBYeT HepaBeHcTBY (7) mpu Q(x) = K.
Crenyroui mpumep MokasbBaeT, YTo yCJOBUs Ha QyHKIHIO (), chopmynrpoBaHHbIe
B TIPeAbIAYIIEM pasieJsie, SIBJASIOTCS TOUHBIMH B HEKOTOPOM cMbicjie. VIMeHHO ycjioBusi Ha

Q(z) Hesb3si 3aMeHHTh GoJjiee MPOCTHIM YCJOBHEM () (#) € LP uu ans kakoro (CKoJb
YyTOOHO 60JblIoro) p > 1.

Teopema 2. [{ns kaxdoezo p > 1 naildemcs arokasvHoil eomeomoppusm f: R — R™,
n > 3, ydosiemsopsaroujuil coomuouienuto euda (20) ¢ nekomopuim Q(x), makum umo
Q'(r) =Q (#) € LP(B"), npu amom [ He 5645emMCs UHDEKMUBHLIM OMOOPaAXNCeHUem 8
R™.

Hoxaszamenscmeo. 3ananum romeomoppusm g : R™\ {0} — R” cenyioumm o6pasom:

_ 14 a]?
]

g(z)

raie a € (0,n/p) (cM. mpensoxkenue 6.3 ra. VI B [16]). dTo oToGpaxeHHe sBJISETCS TOMeO-
mop¢uamoM, orobpaxaromum R” \ {0} Ha mHoxectBO {y € R” : |y| > 1} B R™, npu stom,
MOXHO TOKa3aTh, YTO ¢ YAOBJETBOPSIET COOTHOIIeHHO Buaa (7) B HyJse ¢

1+ |x\°‘>"1

(cm. [ram xel). 3amerum, uto mpu |z| < 1 nis Hekoropo# moctosiHHOH C' > () BHIIOJHEHO
Q,(z) < MM% u, crefoBatesibHo, Q,(z) € LP (B™), mockosmbky ap < m. [lonaraem

h(z) = L%L .

3ameTuM, 4To h — romeomopcusM npocTpaHcTBa R™ Ha efnHUUHBIN map B", ynoB/aeTBopsi-
folKE cooTHoweHuoo Buaa (20) ¢ HekoTopo# QyHKUMeH (), MpUUeM MO MOCTPOEHHIO

8

cooTBeTCTBYIOUIAss QYHKUHS Q) (#) = @Q,(z) cymmupyema B crenenu p B B". fcHo,
YTO eJMHHYHbII [Iap MOXKHO OTOOPas3HTb Ha HEKOTOPYH0 00JaCTb MOCPEACTBOM JIOKATbHOTO
¢-KBa3UKOH(OPMHOro oTobpaxKeHust s(), KOTOpoe MpefiHaMepPeHHO MOXKHO BbIOPAaTb HE HHB-
ektuBHbIM. [Tostaraem f(z) = soh(x). I[TocTpoeHHOE TAKHM 06pa3oM 0TOOpaXKeHHE, OUEBHIHO,
He sIBJISIETCSI MHBEKTHBHBIM B IR", OIHAKO YIOBJETBOPsieT cooTHouleHHo Buaa (20) Ha Gec-
KOHEYHOCTH C HeKOoTOpoil (dyHKuHeHd ()f(z), B TO BpeMs Kak COOTBETCTBYHLIas (DYHKLHUS

Qr (#) = ¢ - Q4(x) cymmupyema co crenensio p B B". O

Hanomuum, 4to yy € D — mouka semsnenus otobpaxenus f : D — R" ecaun HU B
OIHOH OKpecTHOCTH U TOUKH ¥y CykKeHHe oTOOpaxeHHs f|y He siBJsleTCS TOMEOMOP(HU3MOM.
CoBOKYMHOCTb BCeX TOueK BeTBJeHHUs f NMPHHATO 0603HauyaTh Bj.
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Npennoxenune 4. [Tycmo xy € D, f : D\{xo} — R™ — omxpoimoe duckpemnoe omobpaxce-
nue xaacca Wi (D \ {zo}), dan komopoeo K5 '(z, f) € L, (D \ {xo}) u m(By) = 0.
Toeoa f ydosaemsopsiem coomnowenuro (7) 8 mouke Ty npu Kaxcodol Heompuuamenv-
ROl usmepumoil Gyukyuu 1, yoosiemsopsoweli (8), u 8nOAHE KOHKPEMHOM 3HAUEHUU

Q= Ky !z, f) (cm. meopemy I 6 [6]).
Ha ocHoBanuu npensoxkeHus: 4 u TeopeMbl 1 nosyyaem cjeicTBHe.

CaenctBue 1. [Tycmo f : R" — R", n > 3, — 10KarvHbil comeomopdusm Kracca VVé:(R"),
drs komopoeo Ko(z, f) € L)m.*(R™). [pednorosun, umo gyuxyus Q = K '(x, f) une-
em KoHeuHoe cpeduee Korebarue Ha beckoneurocmu, cm. (22), aubo ydosiemsopsem xoms
6oL 00Homy us coomrnowenuil (23)—(25). Toeda f aeasemcs ecomeomopgpusmom 6 R", npu-

wem f(R") =R"

3ameuanue. dDiemMeHTapHbId npumep otobpaxenus f(z) = e*, meicryiomero u3 C B C u
SIBJISTIOLIETOCST JIOKAJIBbHO KBa3HKOH(MOPMHBIM ()(2) = 1, mokaseiBaet, 4To Mpu 1 = 2 Teopema
1 u caencTBue 1 He MMelOT MecTa.
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THE ANALOGUE OF THE LAVRENT'EV — ZORICH
GLOBAL HOMEOMORPHISM THEOREM FOR THE MAPPINGS
WITH NON-BOUNDED CHARACTERISTICS

E.A. Sevost’yanov, R.R. Salimov

[t is obtained the analogue of the well-known Lavrent’ev — Zorich global homeomorphism
theorem for some sufficiently wide class of mappings which are more general than locally qua-
siconformal. In fact, it is shown that the local homeomorphisms of the Sobolev class VV&)C",
n > 3, whose outher dilatation Ko(z, f) is locally integrable in R™ in the degree n — 1, are
injective in R™ provided that the inequality K '(z, f) < Q(z) take a place at some function
Q(z), having a finite mean oscillation (FMO) in the neighborhood of the infinity, or satisfying
some integral divergence condition. Moreover, the result mentioned above take a place for more

general class of mappings satisfying some general geometrical conditions.

Key words: quasiconformal mappings and it’s generalizations, moduli of families of
curves, capacity, global homeomorphism theorem, open discrete mappings.
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