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Abstract. In this work, the generalized nonlinear Schrodinger equation is
investigated. Exact solutions are derived by the sine-cosine method. This method
is used to obtain the exact solutions for different types of nonlinear partial dif-
ferential equations. Graphs of obtained solutions are presented. The obtained
solutions are found to be important for the explanation of some practical physical
problems.
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Introduction

The study exact solutions for nonlinear partial differential equations play an important
role in many phenomena in physics such as hydrodynamics, fluid mechanics, condensed
matter physics, plasma physics, optics and so on. Many effective and powerful methods
have been established and improved, such as the Jacobi elliptic method [6], the (𝐺0/𝐺)-
expansion method [4], the Exp-function method [5], the tanh-function method [7], the
Darboux transformation method [3].

In this work we study the generalized nonlinear Schrodinger equation,

𝑞𝑧 = 𝑖(𝑞𝑡𝑡 + 2|𝑞|2𝑞 + α𝑞) + γ𝑞𝑡, (1)

where 𝑞 is a complex valued function of the spatial coordinate 𝑧 and the time 𝑡, the subscripts
denote the partial derivatives with respect to the variables 𝑧, 𝑡. The equation (1) is a
typical soliton equation with rich physical and mathematical applications where α denotes
the amplification or absorption and γ relates to the group velocity [1; 2].

The aim of this paper is to construct some new exact solutions for equation (1). We
study the equation (1) by the sine-cosine method that have been extensively studied and
widely applied for a wide variety of nonlinear problems [8–10].

The paper is organized as follows. In Section 2, we present the description of sine-
cosine method. In Section 3, the sine-cosine method is applied to obtain exact solutions for
generalized nonlinear Schrodinger equation.

1. Description of Sine-cosine Method

In this section we describe the sine-cosine method [8–10]. According to the sine-cosine
method by using a wave variable

𝑢(𝑧, 𝑡) = 𝑢(𝑧 − 𝑐𝑡), (2)

the partial differential equation (PDE)

𝐸1(𝑢, 𝑢𝑡, 𝑢𝑧, 𝑢𝑧𝑧, 𝑢𝑧𝑧𝑧, ...) = 0, (3)

can be converted to ordinary differential equation (ODE)

𝐸2(𝑢,−𝑐𝑢
′
, 𝑢

′
, 𝑢

′′
, 𝑢

′′′
, ...) = 0. (4)

So, one can immediately reduce the one-dimensional PDE (3) into ODE (4) by transforma-
tion (2). Then the equation (4) is integrated as long as all terms contain derivatives where
integration constants are considered zeros. The solutions of ODE (4) can be expressed in
the form

𝑢(𝑧, 𝑡) = λ cosβ(µξ), |ξ| ≤ π

2µ
, (5)

or

𝑢(𝑧, 𝑡) = λ sinβ(µξ), |ξ| ≤ π

µ
, (6)
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where ξ = 𝑧 − 𝑐𝑡 and the parameters λ, µ and β will be determined, and µ is wave number
and 𝑐 is wave speed respectively. The derivatives of (5) become

(𝑢𝑛)
′

= −𝑛βµλ𝑛𝑐𝑜𝑠𝑛β−1(µξ) sin(µξ), (7)

(𝑢𝑛)
′′

= −𝑛2µ2β2λ𝑛 cos𝑛β(µξ) + 𝑛µ2λ𝑛β(𝑛β− 1) cos𝑛β−2(µξ). (8)

And the derivatives of (6) have next forms

(𝑢𝑛)
′

= −𝑛βµλ𝑛𝑠𝑖𝑛𝑛β−1(µξ) cos(µξ), (9)

(𝑢𝑛)
′′

= −𝑛2µ2β2λ𝑛 sin𝑛β(µξ) + 𝑛µ2λ𝑛β(𝑛β− 1) sin𝑛β−2(µξ), (10)

and so on for the other derivatives. Applying (5)-(10) into the reduced ODE (4) we obtain a
trigonometric equation of cosβ(µξ) or sinβ(µξ) terms. Then, we determine the parameters
by first balancing the exponents of each pair of cosine or sine to determine β. Next, we
collect all coefficients of the same power in cos𝑘(µξ) or sin𝑘(µξ), where these coefficients
have to vanish. The system of algebraic equations among the unknown β, λ, and µ will be
given and from that we can determine coefficients.

2. Using the Sine-cosine Method

We consider the generalized nonlinear Schrodinger equation (1). By transformation

𝑞 = 𝑒𝑖(𝑎𝑧+𝑑𝑡)𝑢(𝑧, 𝑡), (11)

the equation (1) can be converted to

𝑖𝑎𝑢+ 𝑢𝑧 + 𝑖𝑑2𝑢+ 2𝑑𝑢𝑡 − 𝑖𝑢𝑡𝑡 − 2𝑖𝑢3 − 𝑖α𝑢− 𝑖𝑑γ𝑢− γ𝑢𝑡 = 0, (12)

Be separating real and imaginary parts in the equation (12) we obtain next system

𝑢𝑧 + 2𝑑𝑢𝑡 − γ𝑢𝑡 = 0, (13)

𝑢(𝑎+ 𝑑2 − α− γ𝑑)− 𝑢𝑡𝑡 − 2𝑢3 = 0. (14)

Substituting the wave transformation

𝑢(𝑧, 𝑡) = 𝑢(ξ) = 𝑢(𝑧 − 𝑐𝑡), (15)

into system of equations (13)-(14) we obtain that

𝑢
′
(1− 2𝑑𝑐+ γ𝑐) = 0, (16)

𝑢(𝑎+ 𝑑2 − α− γ𝑑)− 𝑐2𝑢
′′ − 2𝑢3 = 0. (17)

From equation (16) we can get

𝑐 =
1

2𝑑− γ
. (18)

So, finally we study ODE (17)

𝑢(𝑎+ 𝑑2 − α− γ𝑑)− 𝑐2𝑢
′′ − 2𝑢3 = 0, (19)

where 𝑐 is expressed by equation (18).
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2.1. The Sine Solution

According to method the sine solution of the (19) can be found by transformation

𝑢 = λ sinβ(µξ). (20)

We use (20) and its second order derivative

𝑢
′′
= −µ2β2λ sinβ(µξ) + µ2λβ(β− 1) sinβ−2(µξ), (21)

and substitute (20) and (21) into (19) we obtain

λ sinβ(µξ)(𝑎+ 𝑑2 − α− γ𝑑) + 𝑐2µ2β2λ sinβ(µξ)−
−𝑐2µ2λβ(β− 1) sinβ−2(µξ)− 2λ3 sin3β(µξ) = 0. (22)

From (22) we find β:

β− 2 = 3β⇒ β = −1. (23)

Substitute (23) in (22) we obtain equation

λ sin−1(µξ)(𝑎+ 𝑑2 − α− γ𝑑) + 𝑐2µ2λ sin−1(µξ)−
−2𝑐2µ2λ sin−3(µξ)− 2λ3 sin−3(µξ) = 0. (24)

From the equation (24) we have the next system

sin−1(µξ) : λ(𝑎+ 𝑑2 − α− γ𝑑) + 𝑐2µ2λ = 0, (25)

sin−3(µξ) : −2𝑐2µ2λ− 2λ3 = 0. (26)

The equation (25) gives

µ = ±
√︀
−(𝑎+ 𝑑2 − α− γ𝑑)

𝑐
, (27)

and from (26) we obtain

λ = ±
√︁
(𝑎+ 𝑑2 − α− γ𝑑). (28)

Substituting (27)-(28) into (20) and then obtained expression into (11) we have the sine
solution

𝑞1(𝑧, 𝑡) = ±𝑒𝑖(𝑎𝑧+𝑑𝑡)
√︀
𝑎− 𝑑2 − α− γ𝑑 sin−1(

√︀
−(𝑎+ 𝑑2 − α− γ𝑑)

𝑐
(𝑧 − 𝑐𝑡)), (29)

where 𝑐 = 1
2𝑑−γ .
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2.2. The Cosine Solution

Cosine solution of the (19) can be found by transformation

𝑢 = λ cosβ(µξ), (30)

and its second order derivative is

𝑢
′′
= −µ2β2λ cosβ(µξ) + µ2λβ(β− 1) cosβ−2(µξ). (31)

Substitute (30) and (31) into (19) we obtain

λ cosβ(µξ)(𝑎+ 𝑑2 − α− γ𝑑) + 𝑐2µ2β2λ cosβ(µξ)−
−𝑐2µ2λβ(β− 1) cosβ−2(µξ)− 2λ3 cos3β(µξ) = 0. (32)

From (32) we find β:

β− 2 = 3β⇒ β = −1. (33)

Substitute (33) in (32) we obtain

λ cos−1(µξ)(𝑎+ 𝑑2 − α− γ𝑑) + 𝑐2µ2λ cos−1(µξ)−
−2𝑐2µ2λ cos−3(µξ)− 2λ3 cos−3(µξ) = 0. (34)

From the equation (34) we have the next system

cos−1(µξ) : λ(𝑎+ 𝑑2 − α− γ𝑑) + 𝑐2µ2λ = 0, (35)

cos−3(µξ) : −2𝑐2µ2λ− 2λ3 = 0. (36)

From (35) we have

µ = ±
√︀
−(𝑎+ 𝑑2 − α− γ𝑑)

𝑐
, (37)

and from (36) we obtain

λ = ±
√︁
(𝑎+ 𝑑2 − α− γ𝑑). (38)

Substituting (37)-(38) into (30) and then obtained expression into (11) we obtain the cosine
solution

𝑞2(𝑧, 𝑡) = ±𝑒𝑖(𝑎𝑧+𝑑𝑡)
√︀
𝑎− 𝑑2 − α− γ𝑑 cos−1(

√︀
−(𝑎+ 𝑑2 − α− γ𝑑)

𝑐
(𝑧 − 𝑐𝑡)), (39)

where 𝑐 = 1
2𝑑−γ .

In Figures 1, 2 and 3, we show the profile of solutions (29) and (39) with three cases:
α = γ; α < γ; 𝑒α > γ.
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Fig. 1. Solutions of 𝑞1(𝑧, 𝑡) and 𝑞2(𝑧, 𝑡) in case α = γ.
The parameters adopted here are: 𝑎 = 1; 𝑑 = 1; α = 3; γ = 3

Fig. 2. Solutions of 𝑞1(𝑧, 𝑡) and 𝑞2(𝑧, 𝑡) in case α < γ.
The parameters adopted here are: 𝑎 = 1; 𝑑 = 1; α = 1; γ = 5

Fig. 3. Solutions of 𝑞1(𝑧, 𝑡) and 𝑞2(𝑧, 𝑡) in case α > γ.
The parameters adopted here are: 𝑎 = 1; 𝑑 = 1; α = 5; γ = 1
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Conclusion

In this work the sine-cosine method was used to present an analytic study of the
generalized nonlinear Schrodinger equation. Several exact solutions were obtained. The
plots of obtained solutions are presented for cases α = γ; α < γ; 𝑒α > γ. The performance
of the scheme shows that the method is powerful and reliable. The present method is readily
applicable to a large variety of such nonlinear equations.

NOTE

1 This research is funded by the Science Committee of the Ministry of Education and
Science of the Republic of Kazakhstan (Grant No. AP09057947).
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Аннотация. В работе исследуется обобщенное нелинейное уравнение
Шредингера. Точные решения получены методом синус-косинусов. Этот метод
используется для получения точных решений для различных типов нелиней-
ных уравнений в частных производных. Представлены графики полученных
решений. Полученные решения важны для объяснения некоторых задач фи-
зики.

Ключевые слова: обобщенное нелинейное уравнение Шредингера, ОДУ,
ДУЧП, метод синус-косинусов, точное решение.
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