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Abstract. One of the urgent problems in the construction of computer vision
systems is the problem of determining the spatial orientation and spatial position
of an object from a photograph. For example, this task is especially important
for autonomous driving systems, where the positioning of nearby vehicles is a
key issue for autonomous vehicles in an urban environment. In this regard,
for example, in 2019, the Baidu Robotics and Autonomous Driving Laboratory
together with Peking University, set an appropriate task for the Kaggle com-
munity (https://www.kaggle.com/c/pku-autonomous-driving) and provided more
than 60,000 copies of three-dimensional cars marked from 5,277 real images. In
this article, we formulate some results that are the mathematical basis for sub-
stantiating methods for solving the above-mentioned reconstruction problems in
computer vision systems.

Key words: central projection, degenerate maps, preimage restoration,
transformation groups, computer vision systems.
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Introduction

We choose the finite subset P C R? as a 3D model of objects in space. Let 7t : R3 — R?
be central projection which is defined by formulas

m(x,y,2) = (¢v/z,y/z), z#0.

It is clear that the set P can’t be reconstructed by its image P’ = 7t(P). But if we introduce
some restrictions on the structure of finite set P we can hope that this reconstruction will be
possible. Note, that earlier we considered some problems which are closed to the considered
here:

e the problem of determination the plane of the circle in R? by its projection [1];

e the problem of determination the spatial triangle with defined angles by plane triangle
of its projection [6];

e the problem of the surface reconstruction for objects in space by its image [2];

e the problem of determination the profile function of the visible part of the rotation
surface by its projection [5].

In addition, we developed machine learning models using artificial Convolutional Neural
Network (CNN) and performed a series of experiments for determination of the spatial
orientations vehicles on the photographs [3;4].

The goal of this article to give mathematical foundations for explanation of possibility
the solving of the reconstruction problem. The key statement to solve this problem is
uniqueness theorem. In other words, we propose that structure of the set P is described by
the admissible transformations I : R® — R3 of this set. Uniqueness theorem presuppose
that if 7(P) = m(F(P)) then P = F(P).

Now we give strict mathematical formulations. Let P C R3 be some finite set. Con-
sider some family @ of differentiable transformations of R®. What the conditions we set for
this family which imply the fact: the equality 7t(P) = m(F(P’)) for some transformation
F:R> =+ R3 F € ® leads to P’ = P. We shall consider general case of degenerate
mappings.

Let f: R" - R™, 1 < m < n be some differentiable mapping. We consider Lie
group G with unit e € G of differentiable transformations of R™ and let Ag be its Lie
algebra. It is well known that for each X € Ag it corresponds vector field X* in R™ such
that exp(tX) be local 1-parameter of local transformations of the vector field X* (see, for
example, Proposition 4.1 in [7]). We define the following set for each X € Ag

My ={z e R": X*(z) € Ker df }.

Example. Let G be a group of parallel transformations in R™. Then Ag is isomorphic to
R"™. Then if X € Ag, then X* is constant vector field X*(z) = X.
Hausdorff distance is defined by the formula

dy(A, B) = inf |a — b|, sup inf |a — b|}.
#(A, B) max{igggg]gla |,§2§;2A|a |}
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1. Uniqueness theorem

Consider some finite set P C R™ such that VX € Ag the set P is not subset of M.
Theorem 1. For all gy € G there is some neighborhood U C G of gy such that if for some
g € U it holds

f(g(P)) = f(g0(P))
then g = gq.

For the proof of theorem 1 we use the following result.

Lemma 1. Let dy(A, B) denotes Hausdorff distance between subsets A, B C R™. Consider
curve vy = exp(tX) for X € Ag. We put

h(t) = du(f(P), f(v:(P)))-
Then
= max |df (X" (p))| -

peP

2400
dt

t=0
Proof. We note that there exists point p € P such that for all sufficient small ¢ > 0 we have

du(f(P), [(v«(P))) = [f(p) = f(v+(p))].
It follows from the fact that the nearest point in the set f(y,(P) for p € P is the point

f(ye(p)). We set
q(t) = f(p) — f(ve(p)):  wlt) = [a(?)]
It is clear that ¢(0) = 0 and

¢(0) = lim %’5) — _df (vtd(f)

RS

Therefore

0) — 1o 40 4(®) _ 1g(0)
O =) w(0)
and finitely W/ (0) = |¢'(0)| = |df (X™)].

Proof of Theorem 1. 1t is obviously that it is sufficient to prove theorem for gy = e. We put

hx(t) = du(f(P), f(v:(P))).
From lemma 1 it follows that for all X € Ag there exists ¢x > 0 such that A/ () > 0 for
t €[0,tx]. We define
U={9€G:g=exp(tX), t €]0,tx]}.

Now we note that if g = exp(sX) € U for some X € Ag and s € [0,tx] such that
f(g(P)) = f(P) then hx(0) = hx(s) = 0. Therefore 'y (t*) = 0 for some t* € [0,¢x]. It
contradicts to definition of U. Theorem is proved.

Corollary 1. Let M C R3 some polyhedron and P = V(M) is the set of its vertices.

Consider some rotation R : R® — R? by sufficiently small angle o > 0. If o R(P) = m(P)
then o« = 0.
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2. Stability Theorem

In addition to the uniqueness theorem, to substantiate the possibility of reconstructing
objects, we formulate and prove a stability theorem. This theorem assumes that with a small
deformation of the projection of the object, the result of the reconstruction also undergoes
small deformation. Let us move on to the exact wording.

Let f: R® — R™ be some smooth mapping such that

detdf > 0

everywhere. We fix some positive A > 0. Let D =df -dfT and 0 < A, < ... < A, By, ... E,
eigenvalues and eigenvectors of matrix D. Here (-)” denotes a transposed matrix of df.
We suppose that it exists 1 < k£ < n such that A < Apyq < ... < A,. We denote by Ly -
subspace spanned by vectors Ej, ..., E.

For each X € Ag and for 0 < 0 < 7t/2 we define the following set

Mx(0) = {z € R" : value of angle Z(X*, L) < 6}.

For X € Ag we put g = exp(X) and y; = exp(tX) t € [0,1]. Let T'(p) = {v:(p),t €
€ [0,1]} be integral curve of the vector field X* which joins the points p and g(p). We
define the following values

L(g, P) = max |I'(p)[, (g, P) = max|f(I'(p))|,

peEP peEP

where |T'(p)| and |f(T'(p))| denote the length of the curves.

Theorem 2. Let X € Ag, g = exp(X). We suppose that for some 0 < 6 < 7/2 and for all
t € [0, 1] it holds
Y(P) N Mx(0) = 0.

Then (o, P
Lig P) < &1

< m
Lemma 2. If © ¢ Mx(0) then
|df (X*)| > | X*|V/Asin6.
Proof. Indeed, we have
[df (X*)|* = {df (X*), df (X)) = (df" - df (X*), X") = (D(X*), X").
Let o, = 1,2,....,n be the angles between vector X* and eigenvectors F;. Then

(D(X*),X*) = |X*>> A cos” ;.

=1

We denote by o« the angle between vector X* and subspace Ly. It is clear that
k
cos® a = Z cos? o
i=1
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Therefore

k n
(D(X*), X*) = | X*|? (Z)\iCOSQOCi—F Z A; cos® oci> >

i=1 i=k+1

k
> | X*? (2:(7\Z — A) cos® o; +A) >

=1

> [ X*? (A — A)cos® a + A) > | X*|*Asin® « > | X*|*Asin® 0.

Proof of Theorem 2. Let p € P be point such that

IT(p)| = L(g, P).

Using Lemma 2 we conclude

(g, P) > |f(T /1"” =

/ |df (vi(p))| dt > V/Asin@ / Yi(p)|dt = VAsin8| f(T(p))| = VAsin0L(g, P).

NOTE

! This work was supported by the Ministry of Education and Science of Russia (the project
“Development of Virtual 3D Reconstruction of Historical Objects Technique”, scientific theme
code 2019-0920, project number in the research management system FZUU-0633-2020-0004.
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AnHoTanusa. OnHOU U3 aKTyasbHBIX MPo6JeM MOCTPOEHUS] CUCTEM KOMIIbIO-
TEPHOTO 3peHHs sBJSETCS 3ajada OnpeleseHHs MPOCTPAHCTBEHHOH OpHEHTALUH U
NPOCTPAHCTBEHHOrO ToJIOXKeHHs1 oObekTa no ¢ororpaduu. Hampumep, sta 3ana-
4ya 0COOEHHO BaKHa [1/151 aBTOHOMHbBIX CHCTEM BOXK[EHHS, I/le MO3ULHOHHUPOBAHHE
O/MKAUILIMX TPAHCIOPTHBIX CPEACTB SIBJSETCS KJ/IOYeBOH NpoOJeMoH ass aBTo-
HOMHBIX TPAHCIOPTHBIX CPENCTB B IOpPOACKOH cpene. B cBs3u ¢ 3TuM, Hampumep,
B 2019 r. JlabopaTopuss poOOTOTEXHUKH W aBTOHOMHOro BoxKaeHHsi Baidu cos-
MecTHO ¢ [IeKMHCKHUM YHHBEPCUTETOM IOCTaBUJM Mepel coobiiectBoM Kaggle co-
otBeTcTBYyMoIy0 3anauy (https://www.kaggle.com/c/pku-autonomous-driving) u
npenoctaBuau 6osee 60000 konmuil TpexMepHBIX aBTOMOOWJEH, pa3MeueHHBIX C
5277 peanbHbBIX M300paxKeHHH. B naHHOH cTaTbe Mbl (OPMysNHpyeM HEKOTOpbIE
pe3y/bTaThl, ABJSAMOLIMECS MaTeMaTHYeCKOH OCHOBOH 1/11 00OCHOBaHHSl MeTOMOB
pelleHUs] YIOMSIHYTBIX BbIlle 3afad PEKOHCTPYKLHHU B CHCTEMaX KOMIIbIOTEPHOIO
3peHusl.

KuioueBble cioBa: leHTpa/bHAas MPOEKIIMS, BBIPOXKAEHHbIE OTOOpaKeHUs,
BOCCTaHOBJIEHHe Mpoobpasa, Ipymnbl npeobpasoBaHUM, CHCTEMbl KOMIIbIOTEPHOTO
3peHHusl.
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