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AHHoTanusa. B paboTe ycTaHOBJIEH XapaKTePUCTHUECKUH MPU3HAK 2-MEPHBIX
nosepxHocTedi F2 ¢ MOCTOSAHHBIM TaycCOBBIM KpydeHHeM s = const # 0 B 4-
MepHOM eBKJAMA0BOM mpocTpaHcTee F*4. JlokasaHo, uTo moepxHocth F? C E4
MMeeT MOCTOSIHHOE raycCcoBO KpyueHHe s = const # (0 Torma u TOJBKO TOT[a,
KOTJla TeH30p HOpMa/ibHOM KpuBM3Hb R1 # () mapa/eseH B CBA3HOCTH BaH nep
Bapnena — BoptosotTH.

KaroueBble cioBa: rayccoBo KpydeHHe, 3/JIMIC HOPMaJbHOH KPUBU3HEL, TEH-

30p HOpPMaJ/IbHOM KPHMBHM3HBI, HOPMaJslbHasi CBSI3HOCTb, CBSI3HOCTb BaH nep Bappue-
Ha — bopTtosoTTH.

BBenenue

M3BecTHO, 4TO BCAKOE ABYMEpHOE PMMAaHOBO MHOroo6pasve M? co 3HaKOMOCTOSHHOH
rayccoBOod KpHMBH3HOH K HMeeT peKyppeHTHBIH TeH30p KpHBH3Hbl Prumana R. HMmeeT mecto
pasenctBo [2]: VR = d In|K| ® R, rne g — pumanoBa metprka M?, V — puMaHoBa CBA3-
HOCTb, corsiacoBaHHasi ¢ ¢g. OCHOBHBIM MHBApPUAHTOM HOPMAJIbHOW CBSI3HOCTH [) JIByMepHOH
nosepxHocTH F? B eBKJMA0BOM npocTpaHcTBe F* siBnsieTca rayccoBo KpyueHue ». B kaxmoi
Touke ¥ € F? || = 2ab, rne a, b — moayocu 3/MIICa HOPMAJIbHOE KPUBU3HbI B T.

O603HaunM yepes D U R cOOTBETCTBEHHO HOPMAJbHYIO CBA3HOCTb H TEH30P HOPMaJlb-
Ho#t kpuu3HE F2 C B, Tlyets V = V @ D — cBasHoctb Ban aep Bapaena — BoprosorTy.
Onpenenenne 1. TeH3op HOpMabHOH KPHBH3HEI Rt # () HasblBaeTCsl MapaJijieJbHBIM, €CJIH
VRt =0.

Onpenenenue 2. TeHsop HopMaJjbHOH KpuBH3Hb RY # (0 HasbiBaeTcs peKyppeHTHbBIM (B
cBasHocTH V), ecau cymecTyer I-popma v Ha F? takas, uro VRY = v @ R* [3].

CnpaBensiuBa cienyolias Teopema.

Teopema 1. [Tlosepxrocmo F? ¢ nenynresoim eayccosoim kpyueruem »x # 0 6 E* umeem
peKyppermublll MeH30p HOPMALbHOL KpususHol RE:

VRt =dln || ® R (1)
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M3 teopembl 1 Mbl mosyyaeM clefyOLIMHA XapaKTePUCTHUECKUH NMpPHU3HAK ABYMEPHBIX
(O) TIOBEPXHOCTEH C MOCTOSAHHBIM IayCCOBbIM KpydeHueM s = const # 0 B B,
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Teopema 2. [losepxrocmo F? C E* umeem nocmosmnnoe eayccoso Kpyuerue » = const # 0
moezoa 1 moibko mozda, Ko2da MmeH3op HOPMaAbHOL Kpususnol RY # 0 napaienren.

3ameuanne. [losepxHocT F? ¢ MOCTOSHHBLIM rayccOBBIM KpyyeHueM s = const # 0 B E*
cyuectByioT [1].

1. PeKyppeHTHOCTb TeH30pa HOPMAaJbHON KPUBM3HBI IBYMEPHOi MoBepxHocTu B F*

[ycte E* — 4-MepHOe eBKJIHI0BO MPOCTPAHCTBO C AEKAPTOBBIMH MPSIMOYTOJLHEIMH KO-
opaunaramu (zt, 2%, 23, 2*), <, > — ckanspnoe npoussenenue B £*. [lycts F? — nBymepHas

nosepxHoCcTb B F*, 3a1aHHasi B OKPeCTHOCTH KaXkK/IOH CBOeH TOUKM BEKTOPHBIM ypaBHEHHEM

rne U — HekoTopas obmacTb napamerpuueckoil maockoctu (ul,u?), x%(ul,u?) € C>(U),
a=1,...,4.

PaccMOTpUM Ha MOBEPXHOCTH 2 B OKPECTHOCTH KaXKIOH TOYKH PEry/sipHOe OCHalleHHe
{fa}2oy, <o), 7ig >=0as, The Jas — cumBoa Kponekepa, o, 3 =1,2. Ilycts

L orute?) L 9t ) L gy (ut u?)

T T ow 0 T T huiow 0 T T g

Bexropsl {7;(2)}7_; 1 {fla(x)}2_; cooTBeTCTBEHHO 06pa3yOT Ga3KChl KACATEJNbHOH MIOCKO-

ctu T, F? u nopmasbHoil mockoctu 1 F? nosepxnoctd 2 B Touke .
Mertpuueckas (popMa noBepxHocTH F'? uMeeT BHA:

ds* = gijduiduj,

rae gi; =< T3, 7; >, 1,j =1,2.
O603HauuM yepes o
Il(ﬁa‘) = ba‘ijdulduj

BTOPYI0 KBaJApaTHUHYIO (GOPMY MOBEPXHOCTH F'? OTHOCHTEJBHO HOPMAJIH Ti,|, TAE KOI(DQHLH-
eHThl byjij = < Tla|, T35 >, 1,7 =1,2, a=1,2.
TayccoBo Kpyuenue nosepxHoctu 2 C E* Bhiumcasercs no gopmyJe

KM (b 11 b2ima — b11k2b2im
%:9 (1\k1 2|m2 1|k202| 1). 2)

V9

JInHelHBIEe (OPMBI
Wap = Fiﬁ\iduza «, 6 =1,2,

Ha3bIBAIOTCA JHHeHHBIMU (hopMaMM KpyueHHs mosepxHoctd 2 C E*, rae koaduLMeHTbl
F(J)z_ﬁh’ =< Tl4,7g|; > Ha3bIBAIOTCA KOMIOHEHTAMHM HOPMa/bHOH CBSI3HOCTH [) MOBEPXHOCTH
2 4 1 L —
F* C E°. Ameer mecto pasenctso I'yy, + 15, = 0.
KopapuaHTHas NpoM3BOJHAs BEKTOPA 7l B HOPMaJNbHOH CBASHOCTH [) BBIYMCIAETCA MO
bopmyJe

Difia = Tiliig, tae TAP=6%TL. i=12 af,o=12

ali oali’
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marpuua ||0°°]] = |[dagl| "
KOMIOHEeHTHl TeH30pa HOpMa/bHOH KPHBH3HBI R BEIUMCAAIOTCA 1O (hopMyJie
orte  orie
Lla Bli Bli
Rﬂlw ol ou’ + Fﬁ\lr i FB\JFU\Z (3)

O603HauuM
1 _ plaz
Rjjij = Rpjijiial-

B okpectHocTH Touku x € F? KOBapuaHTHas NPOM3BOJHAST TEH30pa HOPMAJIbHOH KPHBHU3HBI
R* B cBsisHoctH Ban nep Bapmena — Boprosorty V BRUMCAseTCS 10 hopMyJie

~ 1 1 m L
Vil = Dy (Rﬁ\ij) L3 Roim; — Ui Rigim — T3 Raiys (4)
rie I} — cumposbl Kpucroddens, BbiunC/IeHHbIE OTHOCHTELHO METPHUYECKOTO TeH30pa gi;.

Hoxasamenscmeo meopemot 1. B oxpectHocTH ToukM = € F'? B JIOKaNbHBIX KOOpAMHATaX
(u', u?) us dopmyan (3) umeem:

8Ffﬁ arﬁg . L 61%& 81%& .
R1|12 guz oul | Hajia = oz out )

O6paTtumcest K ypaBHeHHI0 Puuuu:
Ry = g™ (bganbl; — babii) » 4,5, k,m=1,2, a, =12, (5)
rae bf; = 6a5b5|,-j. W3 (5) Haxomum
R1|12 = 9 (blllkb%2 - b1|2kbgn1) ) R2|12 = 9 (b2|1kbgn2 - b2\2kb%1) : (6)
U3 (6) B cuay (2) umeem:
R1|12 = Rﬁ%ﬁal = Rﬁ%2ﬁ2| = %\/§ﬁ2|’ R2l|12 = R2L|(f2ﬁa\ = R2L|%2 ﬁll =—x 9ﬁ1|~ (7)

[To dbopmyse (4) Haxonum

kaéﬂz = Dy <R§\12> - quiRamz - F%Ré_ﬂm FB|kRa|127 o, f=1,2. (8)
Mbl nmeeM: (o /)
Dy(Rius) = Dy(oe Vg i) = 5 G Tah iy + Y iy )
_ L 00x\g)
Du(R}1) = Dl /i) = e /iTH iy — 2D g, (10)

YuutbiBasi (9), (10), u3 (8) COOTBETCTBEHHO MOJYYHM

9(>/9)

iy — (T + T3o) R1\12 F1|k Rzuza

Ew — 8(% )
VkRzLuz %\/_Fifk 2~ T, \k/_ — (T +T%) R2|12 F2|k R1|12
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OTciona, NpUMeHsist cOOTHoOLIeHHUsI (7), HAXOIUM
— . In /g B .
Velthhs = Tk + oDy OO iy v (eyy) =

ouk ouk
d(xy/g) Oln
- ( 8u\’“/_ ? [”\/_> ™I = By N

_ . 0 . dln /g . .
ka%_HQ = —%\/ﬁffﬁk Ng| — ou \’{_ ny — ou Z;/_ (—% gn1|) — F;_|1k %\/§n2| =

( O(=y/g)  9(n ) \/§> \/_ 81nM%\/_ 1‘781n|%IR2|12'

81n|%| 61n|%|

7/ Ty = R1|127

ouk ouk
CJaegoBaTesbHO,

ViRgy = = Rgp, k=12, =12 (11)

Tak kak Rﬁ\ll = RB|22 =0, RB\H Ré\ﬂ’ 13 (11) Haxomum

8111]%\

E v 1
Viltgi; = —5 5

Ry, ij.k=12 B=12 (12)

W3 (12) nonyyaem, uTo Ha moBepxHoCTH F'2 ¢ HeHy/MeBbLIM rayccoBbIM KpyueHueM » # 0 B E*
BBINOJIHEHO ypaBHeHHe VR = v @ R, rme 1-opma v = dln|x|.
Teopema nokasana.

Teopema 2 HemocpenCTBEHHO cJjenyeT U3 TeopeMbl 1.

CITHCOK JIUTEPATYPbI

1. Amunos, 0. A. O nopepxHoctax B E* co 3HaKOMOCTOSHHBIM TayCCOBBIM KpydeHHeM
/ YO. A. Amunos // Ykp. reomerp. ¢6. — 1988. — T. 31. — C. 3-14.

2. bonpenko, Y. 1. O BHyTpeHHeH reoMeTpHd BHELIHe PEKYPPEHTHBIX MOAMHOroo0pasuit
B TMpocTpaHCTBax mnoctossHHOH KpuBuaubl / WM. WM. Bompenko // BectHuk Boarorpanckoro
rocynapctBeHHoro yHuBepcutera. Cepus 1, Mar. @us. — 2003-2004. — Bein. 8. — C. 6-13.

3. bBonpenko, M. 1. O60611eHHBIe TOBepxHOCTH [lap6y B MpOCTPaHCTBAX MOCTOSTHHOH KpH-
BusHbl / M. U. Bonpenko. — Saarbriicken, Germany : LAP LAMBERT Academic Publishing,
2013. — 200 c.

REFERENCES

1. Aminov Yu.A. O poverkhnostyakh v E4 so znakopostoyannym gaussovym krucheniem
[Surfaces in E* with a Gaussian torsion of constant sign]. Ukr. geometr. sb. [Ukranian
Geometric Collection], 1988, vol. 31, pp. 3-14.

2. Bodrenko L.I. O vnutrenney geometrii vneshne rekurrentnykh podmnogoobraziy
v prostranstvakh postoyannoy krivizny [On internal geometry of externally recurrent
submanifolds in spaces of constant curvature]. Vestnik Volgogradskogo gosudarstvennogo
universiteta. Seriya 1, Mat. Fiz. [Journal of Volgograd State University, series 1, Mathe-
matics. Physics], 2003-2004, issue 8, pp. 6-13.

3. Bodrenko I.I. Obobschennye poverkhnosti Darbu v prostranstvakh postoyannoy
krivizny [Generalized Darboux surfaces in spaces of constant curvature]. Saarbriicken,
Germany, LAP LAMBERT Academic Publishing, 2013. 200 p.

16 H.H. Bodpenxo. XapakTepuUCTHUYeCKUH MPU3HAK MTOBEPXHOCTEH C MOCTOSTHHBIM FayCCOBBIM KpyueHHeM




s MATEMATHU K A

A CHARACTERISTIC FEATURE OF THE SURFACES
WITH CONSTANT GAUSSIAN TORSION IN E*

Bodrenko Irina Ivanovna

Candidate of Physical and Mathematical Sciences,

Associate Professor, Department of Fundamental Informatics and Optimal Control
Volgograd State University

bodrenko@mail.ru

Prospect Universitetsky, 100, 400062 Volgograd, Russian Federation

Abstract. It is known that every two-dimensional Riemannian manifold
M? with Gaussian curvature K of constant signs has recurrent Riemannian —
Chrictoffel curvature tensor R. The following equality holds: VR = d In|K| ®
® R, where g is Riemannian metric M2, V is Riemannian connection.

Let E* be 4-dimensional Euclidean space with Cartesian coordinates

(2, 2%, 23, x), F? is two-dimensional surface in E* given by vector equation

Flut u?) = {o (ul u?), 22(u! 1?), P () o), o ud)}, (! ) € U

2 (ut,u?) e C=(U), a=1,...,4.

The properties of surfaces F? with nonzero Gaussian torsion s # 0 in
Euclidean space E* are studied in this article.

Let Rt be normal curvature tensor of F?2 C E*, D is normal connection,
V =V @ D is connection of van der Waerden — Bortolotti.

Normal curvature tensor R+ # 0 is called parallel if VR = 0. Normal
curvature tensor Rt # 0 is called recurrent (in connection V) if there exists
1-form v on F? such that VR* = v ® R*..

The following statement is proved in this article. A surface F'? with nonzero
Gaussian torsion s # 0 in E* has recurrent normal curvature tensor R*:

VR* =dln|x| ® R

The characteristic feature of 2-dimensional surfaces F? with constant Gaus-
sian torsion s = const # 0 in 4-dimensional Euclidean space E* was obtained in
this article.

It was proved that surface F? C E* has constant Gaussian torsion s =
= const # 0 if and only if normal curvature tensor R+ # 0 is parallel in
connection of van der Waerden — Bortolotti.

Key words: Gaussian torsion, ellipse of normal curvature, normal curvature
tensor, normal connection, connection of van der Waerden — Bortolotti.
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