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AnHotaumsa. B crathe uccsenyroTcs CBOHCTBAa HeNMpepbIBHBIX deopMalui
IBYMEpPHBIX MOBEPXHOCTEH C KpaeM B TPeXMEepPHOM €BKJ/HI0BOM IIPOCTPAHCTBE, IO-
TOYEUHO COXPaHSAIILKUX I'PACCMaHOB 00pa3 U CPEIHIOI KPUBHU3HY MOBEPXHOCTEH.

Jlisi IByMepHOH ONHOCBSI3HOH OpHUEHTHPYeMOU MoBepxHOCTH F' ¢ Kpaem OF
B TPeXMePHOM eBKJHMIOBOM MPOCTpaHCcTBe F° Mbl BBOAMM MOHATHE HeNpepbiB-
Hoil HG-pedopmaunu u HaxoouM nuddepeHIna bHble YPaBHEHHUS, ONpeNesIoLIe
Bech Kaacc HG-pepopmanuii nosepxnoctu F B E3. C ucrnonbsoBanueMm MeToja
N0CJ/e10BaTe/NbHbIX NMPUOIMKEHUH U NPUHLMIA CXKUMAIOLIUX 0TOOpaKeHUH Mbl J10-
Ka3blBaeM OCHOBHOH pe3ysbTaT JaHHOH CcTaTbu — TeopeMy 1.

KaroueBble cioBa: nedopmalnys oBepXHOCTH, CpellHss KPUBU3HA, IayCccoBa
KprBu3Ha, (G-nedopmMaiusi, HenpepbiBHAs nedopMalus.

§ 1. OcHoBHbIe omnpeneneHusi. PopmynupoBKa pesyiabraTa

Ilyctb E? — TpexmepHOe eBKJIMI0BO NPOCTPAHCTBO, 3aaaHHoe B koopaunatax (y', y2, y3).

[lycts ' — nByMepHasi OfHOCBSi3HAas OpMeHTHpyeMas MoBepxHocTb B K3 ¢ kpaem OF.
O603HaunM yepes D obnacts B £, uepes D — rpanuiy obaactu D.

[lyctb nosepxHocTh F' B E3 3anana norpyxenuem f : D — E3:

y’ = f7(zt,2%), (2427 €D, o=123.

31ech U najiee CUMTaeM, YTO HHIEKChl CYMMHPOBaHHUS «, (3,7, ... MpobOerawT 3HayeHHs oT 1
10 3, UHMEKCH 7, j, ... NpoOeranT 3HayeHus oT | 10 2, U AeHUCTBYyeT MPaBUJIO CyMMHPOBAHUS
DUHIITEHHA.
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Ha noBepxHocTu F' mopoknaetcss pyMaHOBa MeTpPHKa, 3ajiaBaeMasi (popMyIon

ds* = g;jdx'da?, rue
_5 Oy* Oy’
9ij = B o0t Ogd’

dap — cumBoa Kponekepa.

B nanbHediiiem cuyutaeM, uto opmysa BepHa AJs BCeX NOMYCTUMBIX 3HAYEHUH HHIEK-
COB, €CJIM He yKas3aHo, AJs KaKUX 3HaueHWH MHAEKCOB NaHHas (GopMmysna UMeeT MecTo.

I[TycTb b;; — KOMIOHEHTBl TeH30pa BTOPOH (DyHAaMeHTa/JbHOH (hOPMBI MOBEPXHOCTH I
g = det||gi;||, b = det||b;;||. OGo3nauum uepes

do(z) = \/g dx' A da?

3/1eMEeHT MJIOLIAa1 MOBepXHOCTH F.

[ycts (x',2?) — mekapToBbl mpsiMoyrosbHble KoopauHaThl B EZ. Bes orpanudenus
o6uHOCTH 6yaeM cuuTaTh, uto D = DUJD — Kpyr eguHuuHOro paauyca B £2 ¢ ueHtpom B
Hadasie KoopanHaT. OTOXKIECTBUM TOUKH MOTPY2KEHHS MOBEPXHOCTH [’ ¢ COOTBETCTBYIOLIMMH
KOODJAMHATHBIMH Habopamu B E°.

[ycts F € C™¥, 9F € C™ v e (0;1), m > 4.

Pacemorpum nedopmaunio {F;} moBepxHocTH F, onpefeneHHYI0 YPAaBHEHUSIMH:

gl =y’ +27(t), 27(0)=0, te0;t), to>0.

[lycTe moBepxHOCTb F' He MMeeT JAeHCTBUTENbHBIX aCUMITOTHYECKMX HarpaBjeHHH.
O603HauuM uepe3 ki U ko IyIaBHBIE KPUBH3HBI MoBepxHOCTH F'. BymeM cuurtats, uto ky > 0,
ko > 0 na F'. O603HauuM uepes H = %(/{:1 + ko) cpeaHIol KpUBM3HY noBepxHocTH F B E3.

Beenem o6osnauenue A(f) = f(t) — f(0).

Omnpenenenne 1. Jeopmanns {F}} HasbiBaeTcss HempepbIBHOH neopMariert, COXpaHsoLeH
cpenHwoo KpuBuzHy H (uiau, kopotko, H -npegopmaiuer), ecau BBIIOJHSIOTCS CJAeAYIOIIHe
yeaousi: A(H) = 0, u 27(t) HenpepbIBHEI 110 T.

Hedopmauus {F;} nopoxaaer caenyioiuii Habop KpuBbX B F°:

u(7) = (1 + (7)),

rae z*(0) =0, 7 € [0;¢], t € [0;t0], to > 0.

Omnpenenenne 2. Jleopmanns {F;} HasbiBaercs G-meopmaiineri, ecjn Kaxabld HOPMAJb-
HbIH BEKTOp MOBEPXHOCTH F' mepeHOCHTCsI mapaJijiesIbHO BAoJIb TpaekTopuu aegopmanun { Fy}
AJIS1 KaXK/I0H TOYKH MOBEPXHOCTH.

[Tycts Brosb OF 3amaHo BEKTOpHOE ToJie, KacartesbHoe K F:
o __ 71, «
v =1"yg, (1)

rjie CUMBOJIOM ; 0003Ha4eHa KOBapHaHTHAs POM3BOJHAA B METPHKe MOBEPXHOCTH [
PaccmoTpum KpaeBoe ycioBHe:

Gagz"v” = A(s,t), s €D, (2)

rae GyHKUMH v W 7 NpUHamexar kaaccy O™ 2V,
[Tonoxxum: ~
Ae = Gapy0”, k=1,2, (3)
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)\k:#, k:1,2, (4)
(A1)? + (A2)?
A(s) = Mi(s) +ida(s), se€aD. (5)

[Iycte N — uHJAEKC NAHHOrO KPaeBOT'O YCJOBHUS:

1
N = %A@D arg A\(s). (6)

Teopema 1. [Tycmv F € C™ v € (0;1),m >4, OF € C™Y . [lyemo v°,5 € C™2(OD)
u npu amom QyHKyua vy Henpepoleno duggeperyupyema no t. [lycmo 6 mouxe (x%o), x%o))
obaracmu D svinoansemcs ycaosue: 2°(t) = 0 V.

Toeda cnpasediussl caedyrowsue ymeaepucoeHus:

1. Ecau N > 0, mo cywecmsyrom ty > 0 u (tg) > 0 makue, umo 0as awbotl dony-
cmumotl pyuruuu 4, ydosremeoparoueii ycaosuro |||lm-s., < e(to), 0aa ecex t € [0,t)
cyujecmsyem HG-Oegpopmayus xaacca C™~*V(D), nenpepoisnas no t, HenpepvigHo 3a-
sucauas om (2N — 1) npoussosvuoix Oeiicmeumenrvholx HenpepvlHolx Gyukyuil c;(t),
i=1,...,(2N — 1), yoosaemsopsiowux ycroguam c¢;(0) =0, i=1,..., (2N —1).

2. Ecau N < 0, mo cywecmsyiom to > 0 u £(ty) > 0 makue, umo 0is awbol
donycmumoii pynxyuu 3, ydosremeopsrouseii ycrosuto |||lm-o., < e(to), 0as scex t €
€ [0,t0) cywecmsyem ne 6oree odnoti HG-Oepopmauuu xaacca C™= 3V (D), nenpepoigroti
no t.

§ 2. BoiBog ypasuennit H G -necopmanuii moBepxHocTeil B eBKJINA0OBOM MPOCTPAHCTBE

Bynem peliaTh MocTaBJeHHYIO 3aauy METOIaMH TeOpHH NedopMaliil moBepxHocTei [1-7].
BBenewm cienyionie o603HaueHUs:

bij(t) = bi(y” +27(t))  by(0) = by, b(t) = b(y” +27(t)),  b(0) =b,

9i;(1) = gi(y” +27(1),  945(0) = gi5,  9(t) =g(y” +27(t)) ¢(0) =y,
adt)y=da, ct)=c, 27(t) =2°.
[Tonoxxum: ‘

(1) = (B + cft)n®, 7)

re a’/(0) = 0,¢(0) = 0.

Takum obpasom, nedopmauusi {F;} mosepxHoctu F', 3amannasi ¢popmynoit (1), ompene-
asietcs QYHKUMAMHU a’ U c.

Yenosue G-nedopmanun {F;} nosepxsoctu F' umeer Bun (em.: [2, c. 8]):

dap(y5 + z?{(t))nﬁ = 0. (8)

Beenem Ha F' conmpsi’KeHHO M30TepMHUecKylo cucteMy KoopauHat (', z?). O6osnaunm by =
=V,i=1,2, npu atom b5 = by; = 0. Torma cucremy ypaBHeHHH (8) MOXHO 3amucaTb B
cyeyioleM BHUJE:

c,1+ Val = 0,

o+ Va2=0. (9)

[poauddepenunpyem nepsoe ypasHeHue cucTeMbl (9) no z2, BTopoe — 1o x! u BbYTEM
M3 MePBOTr0 ypaBHEHHS BTOpoe. Toraa Mbl MOJYUHM:

V82a1 — V81a2 + (92‘/@1 — (91Va2 =0. (10)
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[TonyuaeM cjenyiollee ypaBHeHHe, omuchiBawllee (-meopMalld MOBEPXHOCTH B CO-
NpsiKEHHO M30TepPMUUYECKO cucTeMe KoopauHat (zl, z?):

it — 1% + pra® =0,

rae p1 = Oo(InV'), py = —01(InV'). 3amertum, uTo p) He 3aBHUCAT OT t.
Boiuncnum A(H). 3ametum, 4to cpeansis kpuBusHa H mosepxHoctd F' B E® BbUMC/IS-
eTcs 1no gopmyie:
2H = gijbij = g" b1 +29"b1a + g% boo.

[Tonygaem:
2A(H) = 2(H(t) — H) = ¢ (t)bi;(t) — 9" by;. (14)
HwmetoT MecTo caenyioline hopMyJbl:
1y 922(0) 22y _ g1i(t) 120\ _ 217\ _ _912@)

[Toncrasus (15) B (14), nonyuum:

_ Go2(t)b11(t) 4 g11(t)baa(t) — 2g12(t)b12(t) — Qg(t)H.

AEH) 2g(t)

(16)

CHpaBeIIJII/IBbI cjaeayrouyre COOTHOIEHHA:

Gij(t) = gij + Agi5),  bij(t) = by + A(byj), g(t) = g+ A(g). (17)
YuursiBasi (17), us (16) Haxomum:
29(t)A(H) = gaob11(t) + g11b22(t) — 2g12012(t) + A(ga2)b11 () +
+ A(g11)b22(t) — 2A(g12)b12(t) — 2gH — 2A(g)H =
= g22b11 + g11b22 — 2912012 + 922 A(b11) + g11A(ba2) — 29122 (b12) +
+ A(g22)b11 + A(g11)b22 — 2A(g12)b12 + A(ga2) A(b11) +
+ A(g11)A(bz2) — 2A(g12)A(b12) — 29H — 2A(g)H. (18)

Ynpowas ypasHenue (18), mosydaem ypaBHeHHe:
29(t)A(H) = g22A(b11) + guiA(baz) — 2912A(b12) +

+ A(g22)b11 + A(g11)b22 — 2A(g12)b12 + A(ga2) A(b11) +
+ A(g11)A(baz) — 2A(g12)A(bi2) — 2A(g) H. (19)

Orcrona,
29()A(H) = g2oA(b11) + g11A(b22) — 2g12A(b12) +

+V A(g22) + VA(g11) — 2A(g12)b12 + A(g) A(b11) +
+ A(g11)A(b22) — 2A(g12) A(b12) — 2A(g)H. (20)
OGparumcest K opmyite, onpenessiomeit A(b;;) (em.: [2, c. 13, popmyna (39)])

R

(21)
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rie ij UMeIoT siBHBIE BU (cM.: [2, ¢. 12, dopmyasr (30), (32)]).
Hwmeer mecto caenytoliee cooTHoinenue (cm.: [2, ¢. 10, dopmyna (18)]):

A(gii) = 0¢(ai)9n- + MS, (22)

rie ij UMeroT siBHbIH BUA (cMm.: [2, c¢. 10, dopmyna (18)]).
Cunenoaresbho, u3 (20) umeem:

2g<t>A(H) = V92281 (CLl) -+ Vgnﬁg(a2) -+ Vg2282(a2> —+ Vgnﬁl (al) +

+ goo My + gui My, + VM3, + VMY — 2g12A(br2) +
+ A(Qm)A(bn) + A<911>A(b22) - 2A(912)A(b12) - 2A(9>H~ (23)

O60o3HaunM
v, = 922Mf1 + 911M§2 + VM252 + VM% - 2912A(bl2) +

+ A(g22) A(b11) + A(g11) A(bg2) — 2A(g12) A(b12). (24)

YuutbiBasi o603HaueHue (24), us (23) noayuum:

29()A(H) = V g0y (a') + V g1102(a*) + Vgaa0a(a®) + Vg1101(a') + Uy — 2A(g) H. (25)

Orcrona,
A(H) _ V(Qll + 922>(81(a1) + 82(a2)) + \114 - QA(Q)H (26)
29(t) '
B cuny dopmyanel (25), uz (26) nmeem:
A(H) = V(g1 + ga2)(O1a* + 09a?) + Wy — 4gH (010" + Daa® + qra® — U, (27)
29(t) ’
rie Wy umeet sBHBIE BU (cMm.: [2, c. 11, dopmyna (25)]).
Hcnonbsys popmyny
2Hg = V(g1 + g22),
u3 (27) mosyuum ciaenyioliee ypaBHEHHUE:
A(H) = —2gH (01a* + 0ya?) — 4AHgqra® + 4HgVy + U, (28)
29(t) '
CJieioBaTebHO,
Hg \114
A(H) = —= | —0i1a' — 9a® — 2qia” + 20 : 2
(H) o) ( oa' — Osa qra” + 2+2Hg) (29)
Huddepenunpys A(H) mo ¢, us (29) nmeem:
. Hg A . ) : v,
A(H) = =% | =010 — 0,4° — 2qpa* + 20 —
( ) g(t) < 81@ 82(1 qra + 2 + QHQ)
Hyg(t) 1 2 k Wy
— — — -2 20y + —— | .
(glnye O 2wt 2 o (30)
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Yuureiast, uto A(H) = 0 u ucnonbays (29), uz (30) nosyuaem cieayrolee npeacTaBieHue
A(H)=H (—alal — B9i® — g Mk + \pgﬂ) , (31)

rae \iléh) = qéh)c'—Po(h)(dl, a?,0;a%). Tlpu stom q[()h), q,gh) " Po(h) MMEIOT SIBHBIH BUA. 3aMETHM,
4To q,gh) e Cm3v, q(()h) € C™~3Y | He 3aBUCHAT OT .

s (31) nmonyuum caenyiouiee ypaBHeHue 1715 H-nedopmannu ¢ yeaosueM G-nedopMauu:
010" + Dyi® + g = WYY, (32)

Takum o6pasom, Bech kiacc HG-nedopmaunii moBepxHocTH F' B eBKJIMIOBOM MPOCTpPaH-
ctBe E® onuchiBaeTcs caefyioliell cucTeMoi Au(depeHIHanbHbIX ypaBHeHHI:

agdl — 81d2 + pkak = 0,

Ovat + 0pa® + ¢ Mk = Wi, (33)

Jlemma 1. /lycmo soinoansiromes caedyroujue yYcao8us:

1) Fty > 0 maxoe, umo a*(t),a*(t),a*(t), 0;a*(t) — mnenpepvisnol no t,Vt € [0, o],
a®(0) = 0,0;a*(0) = 0.

2) 3ty > 0 makoe, umo a'(t) € C"™ 2 9pa'(t) € C™ 37 Yt € [0, 1)

Toeda Ft, > 0 makoe, umo Oasn scex t € [0,t,) Po(h) € C™3" u goinoansemcs
caedyroujee Hepasercmaso:

R 1 R, 1
”P(S )(ah)ﬂ%)) - P )(a%2)7a%2)>”m—2,l/ <

< Ki(t)([lagy) = aggllm-r0 + 1a() = iy llm-10),
ede 0asn ar06ozo € > 0 cyujecmsyem to > 0 makoe, umo dasn ecex t € [0,ty) svLnornsemes

caedyroujee Hepasencmeo: Ki(t) < e.

h
JlokazarenbcTBO JleMMBl 1 c/eqyeT M3 MOCTPOEHUS (DYHKLHUH Pé ) u nemm 1-6, noka-
3aHHBIX B cTaTbe [2].

§ 3. doka3sareqabcTBO TeopeMmbl 1

CeezeM Hcc/eoBaHHe CHCTeMbl ypaBHeHHH (33) ¢ KpaeBbIM ycJioBHeM (2) MeTomaMH,
onuCaHHBIMHU B pabote [2] (cM.: [2, § 8]), K HUCCIeIOBaHHUIO CJIeAYIOlIeN KpaeBok 3aiaud s
0000LIeHHBIX AHAJTUTHUUYECKHUX (PYHKLHH.

Oz + A+ B+ E(w) =V, Re{\i}=¢ wna 0D, (34)

rie U, ¢, E UMeT SBHBIH BHL U ONPEIE/SIOTCS aHAJOrMYHO (DYHKLHSIM, BBEIEHHBIM B
padote [2]. A = \; +iXy, [N =1, A\, ¢ € C™2¥(OD).

HccenenoBanne pa3peliiMOCTH KpaeBOH 3ajaud (34) mpoBOAMTCS MeToiaMH, pas3pabo-
TaHHBIMU B cTaThe [2] (cm.: [2, § 8]). Mcroab3ys BbiBOABI, MoJiydeHHble B pabdoTte [2] (cm.:
[2, § 9]), npUXOAHUM K YTBEPXKAEHUSIM TeopeMbl 1.
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Abstract. The properties of continuous deformations of surfaces with
boundary in Euclidean 3-space preserving its Grassmannian image and mean
curvature are studied in this article.

We determine the continuous HG-deformation for simply connected oriented
surface F' with boundary OF in Euclidean 3-space. We derive the differential
equations of G-deformations of surface F'. We prove the lemma where we derive
auxiliary properties of functions characterizing HG-deformations of surface F'.

Then on the surface F' we introduce conjugate isothermal coordinate system
which simplifies the form of equations of G-deformations.

From the system of differential equations characterizing (G-deformations of
surface F' in conjugate isothermal coordinate system we go to the nonlinear
integral equation and resolve it by the method of successive approximations.

We derive the equations of HG-deformations of surface F. We get the
formulas of change A(g;;) and A(b;;) of coefficients g;; and b;; of the first and
the second fundamental forms of surface F', respectively, for deformation {F;}.
Then, using
formulas of A(g;;) and A(b;;), we find the conditions characterizing
HG-deformations of two-dimensional surface F in Euclidean space E3.

We show that finding of H(G-deformations of surface F' brings to the
following boundary-value problem (A):

Oz + A + B+ E(w) =¥,  Re{d\i}=¢ on OF,

where A, B, ), \P, ¢ are given functions of complex variable, w is unknown
function of complex variable, operator E(w) has implicit form.

Prior to resolving boundary-value problem (A) we find the solution of
the following boundary-value problem for generalized analytic functions:

Oz + Aw + B = W, Re{\i} =¢ on OF.

Then we use the theory of Fredholm operator of index zero and the theory
of Volterra operator equation. Using the method of successive approximations
and the principle of contractive mapping, we obtain solution of boundary-value
problem (A) and the proof of theorem 1, the main result of this article.

Key words: deformation of surface, mean curvature, Gaussian curvature,
(G-deformation, continuous deformation.
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