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AnHoTtaumsa. B pa6oTe n3yyaroTcs BOMpoCh pa3pelIMMOCTH HEKOTOPBIX Kpa-
€BbIX M BHELIHUX KpaeBbIX 3ajau 1/5 MOJYJIUHEHHBIX YPAaBHEHUH 3JJIHUNTHUYECKOrO
THUNA Ha MPOU3BOJIBHBIX HEKOMMAKTHBIX PUMAHOBBIX MHOroo6pasusax. Meronuka
UCC/IeIOBAaHUSl CYLIeCTBEHHBIM 00pa3oM ONMHpaeTcsi Ha MOAXOMA, OCHOBAHHBIH Ha
BBeJIEHUU KJ/acCOB 9KBMBAJEHTHBIX HAa PUMaHOBOM MHoroo6pasuu ¢yskuui. Ilo-
JIy4eHbl YCJIOBHSI OJHO3HAUHOH pa3pelIMMOCTH KpaeBbIX M BHELIHWX KpaeBbIX 3a1ay
1715l pacCMaTpHBaeMbIX ypaBHEHHH B KJ/acce MPOW3BOJbHBIX HelpepbiBHbIX aCHUMII-
TOTHUECKU HEOTPULATE/bHBIX (PYHKIUH, B TOM UHCJIE U HEOrpaHHUUEHHBIX.

KuroueBble cioBa: mosynrHeldHble 3JIUNTUYECKUE YpaBHEHUs], KpaeBasi 3a-
Jaua, HeOTPHUIATeJbHbIE pellleHHs, HEKOMIAKTHble PUMAaHOBBI MHOT000pasusi, 3a-
naua upuxuse.

BBenenue

[Ipo6siema paspelIMMOCTH PA3JMYHBIX KpaeBbIX 3ajau (B TOM uyucje 3agadu Jlupux-
Je) IS JIUNTHUECKUX NU(depeHLHaNbHbIX ypaBHEHHH HAa PHUMaHOBBIX MHOT000OpAasHsix C
NpeanUCaHHbBIMH PAHHYHBIMHA JaHHBIMH Ha «O0€CKOHEUHOCTH» $IBJSETCS, C ONLHOH CTOPOHH,
JIOCTATOUHO MHTEPECHOH B aHa/lH3e M FeOMETPHH, a C JIPYyrOod CTOPOHBI, JOCTATOYHO HOBBIM
HanpaBJ/eHHeM B COBpeMeHHOH MareMmaTHke. McTOkM ykasaHHOH npobjeMaTHKH BOCXOAAT K
KJIaCCU(PHUKALUOHHON TEOpUM NBYMEPHBIX HEKOMMAKTHBIX PUMaHOBBIX [OBEPXHOCTeH, OCHO-
BaHHOH Ha M3y4YeHHH HEKOTOPHIX (PYHKIHOHANBHBIX KJACCOB Ha MOBEPXHOCTSAX M Pa3BUTOH
B paborax A. Anbdopca, A. Beiipaunra, JI. Capuo u npyrux marematrkoB. OOlee mpes-
cTaBjeHHe 00 HCTOPHUH Pa3BUTHS U COBPEMEHHBIX HCCJENOBAHHUSIX B JAHHOM BONPOCE MOXKHO
MOJNyUHTh, Hampumep, U3 pador [13;14;16].

[TepBoHauanbHO GoJblIOe BHUMaHKE YAEISANOCh U3YUEHHIO TapMOHMYECKUX (DYHKLHUH Ha
MHOT000pa3usix, TO eCTh PelLIeHUsIM YpaBHEHHS

Au = 0. (1)
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Cunrarouiascss HbHe KJacCHUecKod (opMmynHpoBKa TeopeMbl JIMYyBHJIS yTBepXKAaeT, 4ToO
BCSIKasl OrpaHHyeHHass rapMoHuueckas B R" (yHKUHA fBJseTCH TOXKAECTBEHHOH MOCTOSH-
Ho#i. C Npyro# CTOPOHBI, KJacC MHOT0OOpasvi, HAa KOTOPBIX CYIIECTBYIOT HeTPUBHUAJbHBIE
OrpaHUYeHHble FapMOHMUYeCKHe (DYHKLHH, NOCTaToyHO oOurpeH. bBosee Toro, o6HapyKeHbl
MHOXKECTBa HEKOMIAKTHBIX PHMaHOBBIX MHOr000pasuil, Ha KOTOPBIX paspelirma 3anada [lu-
pUXJile 0 BOCCTAHOBJEHWH rapMOHMYECKOH (YHKLHMH 0 HeNpepbiBHBIM TPaHUYHBIM JaHHBIM
IJ51 caydasi uaeanbHOH rpaHulbl. BooOule, npobjema pa3pelinMOCTH 3ana4u JlupuxJe o Boc-
CTaHOBJIEHUU pelleHUs] ypaBHEHUs 10 IPAaHUYHBIM AaHHBIM Ha «0€CKOHEYHOCTH» SIBJSETCS B
HEKOTOPOM CMBbIC/Ie IBOHCTBEHHOH MO OTHOLIEHHIO K CIpPaBeAJHBOCTH TeopeM Tumna JIuysua-
asi. C 3TOH TOUKH 3peHUs] HAUOOJBLINH HWHTEpeC MpPeACTaBJsiOT HEKOMMAKTHbIE PHUMAaHOBHI
MHoroo6pasusi. 3aMeTHM, UTO caMa MOCTaHOBKA 3ajaud Jlupuxje Ha TakKMX MHOr0006pasusx
MOXKEeT OKasaTbeCsl NMpobJeMaTHUHOH. B HEKOTOpBIX ciyuyasx reomMeTpuyeckas KOMINAKTH(HKa-
LMsT MHOrooOpasusl MO3BOJISET CAeJaTb 3TO aHAJOTMYHO MOCTAHOBKE KJ/aCCHUECKOH 3anayu
Mupuxse B orpaHu4eHHbIX oOsactsix R™ (cm., Hampumep, [6;7;12]). C npyroél cTopoHbl, B
pa6ote [8] mpemsokeH HOCTATOUHO HOBBIF TOAXOA K NOCTAHOBKE KPaeBBIX 3ajgad [IJjs 3J-
JUNTHUECKUX AH(depeHLHalbHbIX YpaBHEHHH Ha MPOU3BOJbHBIX HEKOMMAKTHBIX PUMAaHOBBIX

MHOroo6pasusx.
PsinoMm aBTOpOB pelllajuCh aHAJOTMUYHBIE 3afayd AJs ypaBHeHHH OoJsiee OOIMIMX, 4eM
ypaBHeHue Jlanmaca — Besabrpamu. Hanpumep, paccmaTpuBaiuch pasjHuHble MHOXKECTBA

peleHH# craunoHapHoro ypasHeHusi Lpenunrepa
Lu = Au — ¢(x)u =0, (2)
rae ¢(x) — ragkasi HeoTpulaTeJbHas (GYHKIHUS, U, B YaCTHOCTH,
Au—u=0. (3)

3BecTHO, YTO CyILIECTBOBaHHWE HEHYJEBOrO OTPAaHHUEHHOrO pelleHHsl ypaBHeHUs (3) IKBH-
BAJIEHTHO CTOXaCTHUYECKOH HEMOJHOTE paccMaTpHBaeMoro MHoroo6pasusi. Muoroo6pasue Ha-
3bIBAIOT CTOXACTHYECKH TOJHBIM, €CJIM MHUHHMaJbHbIH BHHEDOBCKUH MPOLECC HA HEM HMeeT
OeCKOHEYHOe BpeMsl »KU3HH (6oJiee MOAPOOHO O TaKMX MHOrooOpasusx cm.: [14]).
B nocJsenHue roabl 10CTaTOUYHO aKTHBHO M3Y4alOTCsl PEIIeHUS] KBAa3HJIHHEHHBIX ypaBHe-
HUH BUIA
Lu:g(l‘au)7 (4)

rie L — NUHeHHBIH 3MJIUNTHUECKHH OrMepaTop BTOPOro MOPsiAKa, ¢ Pa3JUYHBIMH CTPYKTYp-
HBIMH TPeOOBaHUSIMH Ha mpaByio yactb ¢(x, &) (cm., Hanpumep, [2;3;9;10]).
OnmHUM M3 YacTHBIX CJyuaeB ypaBHeHHUs (4) siBJsieTCs MOJyJTHHEHHOEe YpaBHEHHe BHIA

Au = ¢(|ul)u, (3)

rae ¢(§) — HeoTpHLaTe/bHAs, MOHOTOHHO HeyObIBaiollas HempepeiBHO AuddepeHuHpyemast
Gyukuus npu £ > 0. [loBeneHre orpaHHYeHHBIX pellIeHUH 3TOrO ypaBHEHHs, BONPOCH paspe-
IIMMOCTH KpPaeBbIX M BHEILHUX KpaeBbIX 3a1ay, BbIIIOJHEHUS JHyBUJ/JIEBA CBOHCTBA, a TaKxke
UX YCTOHYMBOCTb IPH BapHalMAX NPaBOH YaCTH JOCTAaTOUHO MOAPOOHO M3yuyeHbl B paboTax
[9] u [10].

B nanHo# pa6ote nccraenyeTcss aCUMITOTHYECKOE MOBeleHHe HeOrpaHUYeHHBIX pelleHnH
ypaBHeHus (D). AHasornyHble 3aa4y JJ/1si HEOTPAaHUYEHHbIX PelleHWH JIMHEHHBIX ypaBHEHHH
Jlannaca — benbrpamu u ypaBHeHusi llpenuHrepa noctatoyHo nogpo6HO U3yueHbl B paboTax
[15] u [4].
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Berony nanee 6ynem nosaratb M — MpOM3BOJIbHOE TOJHOE TJ1adKOEe CBSI3BHOE HEKOMITAKT-
HOe PUMaHOBO MHOroo6pasue, B C M — NpoH3BOJIbHOE CBSI3HOE KOMMAKTHOE MOAMHOXKECTBO
¢ rmangkoi rpanuued, { By }72, — ucuepnanne MHOoroo6pasusi M ¢ riagkumu rpanuiamu 0By,
TO €CTb MOCJIEN0BATENbHOCTh MPEAKOMITAKTHBIX OTKPBITHIX MOAMHOMXKECTB PHMaHOBa MHOT000-
pasus M Takux, uto By C Byyi, M = U2, B

JloKa3aTeJbCTBO OCHOBHBIX PEe3yJIbTAaTOB ONMHPAETCsl Ha MPHHIMI MAaKCHMyMa, TEOPEMB
CPaBHEHHS] U e[MHCTBEHHOCTH /sl PeIeHHE JIMHEHHBIX SJIIMIITHIECKHX HU((epeHIHaibHbIX
ypaBHEHHWH Ha MPeIKOMIAaKTHBIX MOAMHOXKECTBaX MHOroo6pasusi M. Mx crnpaBemyiMBOCTb 10-
Ka3bIBAeTCsl TaK¥Ke KakK U JJis OrpaHUueHHbIX oOsacteit B R™ (cm., Hampumep, [1, ¢. 39-40]).
Kpome Toro, B paGoTe MPUMEHSIIOTCSI aHAJOTMYHbIE YTBEPXKIEHHUS [JsI PEIIeHUH MOMyJTHHEH-
HBIX SJJIMIITHUECKUX AH(D(DepeHIHaIbHbIX ypaBHeHHE. VX mogpo6Hble 10Ka3aTelbCTBA MOXKHO
Ha#t B [11].

1. KpaeBble MW BHEUIHHE KpaeBble 3aJa4uun OJIsd HOJIYJIHHeI;'IHOFO YpaBHEHHUdA

[lyets fi(x) u fo(x) — nponsBosbHBIe HempepbiBHblE Ha M (QYHKLHH.
Bynem rosoputh, uto ¢yukuuu fi(z) u fo(r) sxsusarenmruor na M u 0603HauUaTh
fi(z) ~ fo(x), ecan nast HekoTOporo ucyepnauus { By}, MHOroo6pasusi M BBIMOMHEHO

lim || 1(2) = (@) loogan ) = 0,

rze |[f(@)l[co@) = supg | f(2)].

O6o3HaynM KJjacc SKBHBa/leHTHBIX f (yHkuui depes [f]. SIcHo, uTO BBemeHHOE OTHO-
[IeHHe He 3aBHUCUT OT BhIOOpa McyepnaHusi MHoroobpasus M W XapaKTepu3yeT IMOBeIeHHe
(YHKUHH BHE TPOMU3BOJBHOI'O KOMIAKTHOrO MoAMHOXecTBa B C M.

O6o3HaunM uepes v, — pelueHue ypaBHeHusi (2) B By \ B, yIoB/eTBOpsiiOlee YCJIOBHIM

Uklop =1, Uklgp, = 0.

Mcnonb3ys npuHUMI MakKCUMyMa, JIErKO POBEPUTD, UTO TOCAEA0BATENbHOCTb VU PABHOMEPHO
orpanudena Ha M \ B, u, cjeoBaTe/IbHO, KOMIAKTHA B KJaCCe ABaXK[bl HEMPEPBIBHO AU de-
peHLHpyeMbIX (QYHKLHMH Ha JM060M KoMmakTHoM noamuoxkectse G C (M \ B). Bouee Toro,
npu k — 00 OHa MOHOTOHHO Bo3pacraeT u cxomutest Ha M \ B k peuienunio ypaBHeHust (2)

v=limuv, O0<v<1, vlp=1
k—o0

3amMeTHM TakKe, 4TO (PYHKLHs v He 3aBHCHT OT BbiOopa ncuepnanusi { By} ;. OyHKUH©O v
HasblBalOT L-nomewnyuarom xomnakma B omrnocumesvno muocoobpasus M (cm., Hampu-
mep, [4;8]). ns ypaBHenus Jlannaca — DBesbTpamu (yHKIHS v e€CTh He UTO HMHOE, Kak
eMKOCTHBIH MOTeHIIMaJ KoMNakTa B oTHocuTesbHO MHoroo6pasus M (cwm.: [14]).

Mtuoroo6pasue M GyneMm HasbiBaTb L-cmpocum MHOrOOOpasueM, ecsid fJisi HEKOTOPOTro
komnakta G C M cyuwectByer L-noteHudans v Tako#, yto v € [0] (ecaim L = A, T0
MHOroo0pasue OyneM HasbiBaTb A-cmpoeum).

3ameTuM, uto U3 A-cTporocTd MHoroo6pasust M cienyet ero L-cTporocTb (oGpaTHOe
He BepHO). Kpome Toro, moHsiThe L-CTPOrOCTH He 3aBUCHT OT BbIOOpa KOMIAKTa.

Bynem HasbiBaThb (PYHKLUHIO f acumnmomuuecku HeompuyamenvHol, ecau Ha M cy-
IIeCTBYeT HempepbiBHast pyHKuus w > 0 Takasi, uto w ~ f.
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Bynem rosoputb, uto Ha M paspewuma kpaesas 3adaua Oia ypasHenus (5) c epa-
HuuHbIMU ycrosusmu us kaacca [f], ecin Ha M cyuwectByer petienue u(x) ypasHeHust (5)
Takoe, 4to u € [f].

[Tycte ®(x) — mpousBosibHAs HempepbiBHAs HA OB QyHKIMS.

Bynem rosoputh, uto s HenpepbiBHOH Ha OB dyukunu ®(x) va M \ B paspewuma
sHewHas Kpaesas sadaua 0isn ypasHenus (5) ¢ epanuunoimu ycrosusmu us kiacca |f],
ecau Ha M \ B cyuiectByet perenne u(x) ypaBHenus (5) takoe, 4to u € [f] u u|y5 = P|;p-

AHanoruuHBIM 00pa3oM MOXKHO OCYILECTBHTh TOCTAHOBKY KpaeBbIX 3aiady Ha MPOU3-
BOJIbHBIX HEKOMITAaKTHBIX PUMaHOBBIX MHOr000pasusix njs ypaBHeHu# (1), (2) v psinga npyrux
3JUTMNTHUECKUX AN (depeHInalbHBIX ypaBHeHHH BToporo nopsinka (cm.: [8-11;15]). Bosee
toro, B [15] mokasaHo, uto Ha L-cTporoM pUMaHOBOM MHOroo0pasud M W3 paspelinMOCTH
BHeIIHeH KpaeBO# 3ajauu AJisl ypaBHeHHs (2) ¢ rpaHMYHBIMU YCJOBHSMH M3 Kjacca [f] cie-
LlyeT pa3peliuMOCTb KpaeBOH 3aauyu AJsl ypaBHeHUs (2) ¢ rpaHHUUYHBIMH YCJOBHUSIMHU H3 TOTO
XKe KJjacca, U Hao060poT. AHa/MOrHUHOe yTBEPKAEHHE UMeeT MeCTO U /ISl PellleHHH ypaBHEeHHS
Jlannaca — Besnbrpamu Ha A-cTporom mMHoroo6pasuu M (cm.: [15]).

3ameuanue. Ecau mMHoroo6pasue N uMeeT KOMMNAKTHbIM Kpal MM CYLIECTBYeT eCTeCTBeH-
Hasi reoMeTpuyecKass KOMNAaKTH(UKalLusg MHoroo6pasuss M (Hampumep, Ha MHOT00Opasusix
OTpHLATEJbHON CEKLMOHHOH KPUBHU3HBI, Ha CQepUuecKH-CUMMETPUUHBIX, KBa3UMOIENbHBIX
MHOro0o6pasusix), 100aBJsioas rpaHully Ha 6eCKOHEYHOCTH, NAaHHbIH TOAXOM €CTeCTBEHHBIM
06pa3oM MPUBOIHUT K KJIACCHUECKOH MOCTaHOBKe 3anaud Jupuxne (cM., Hampumep, [6;7;12]).

[lycts dyukuus ¢(&) — orpanuuena mpu £ > 0, TOo eCTb CyILIECTBYeT Takasi KOHCTAHTA
A>0,ur0 0 < ¢(€) < A mpu & > 0. INonoxkum B ypaBHeHuH (2) c¢(xz) = A. B kauecTse
KPaeBBbIX YCJOBHH OylIeM paccMaTpuUBaTh KJjacce [f] — acHMIITOTHUECKH HEOTPHLATEJNbHBIX HA
M ¢yuxuuii. Torna cnpaBenauBo cienyiollee YTBePKICHHE.

Teopema 1. [Tycmo mroeoobpasue M seisemcs A-cmpoeum mrocoobpasuem u Ha M\
\ B 045 at00bLx NOCMOSHHbLX Heompuyamenvholx Ha OB @yukyull paspewiumsl 8Heurue
kpaesovie 3adauu ors ypasuenutl (1) u (2) ¢ epanuunoimu ycrosusmu us kracca [f]. Toeda

1) na M \ B 0as awboil nenpepoigroll na OB ¢ynkuuu ®(x) > 0 dasn ypasrenus (5)
paspeuuma 8HeuHIs Kpaesas 3a0a4a ¢ epanuiHbIMU ycaosusmu us kiacca [f);

2) Ha M oas ypasnenus (d) paspewuma Kpaesas 3a0aua ¢ epaHUUHbIMU YCAOBUAMU
us Kaacca [f].

Hoxazamenscmso. Ilycte ®(x) — mpousBo/ibHAS HeEMpepbiBHAS HeOTpUlaTeJbHas Ha OB
¢yukuusi. O6oznaunm C7 = sup ®(z) > 0. Ilo ycsoBuio cyuiecTByeT HYHKUHUS Uy — OTPaAHH-
oB

yeHHOE pellleHre BHelIHel KpaeBod 3amauu nJs ypasHenusi (1) ua M\ B takas, uto ug € [f]
U |y = Chlyp. Tpruem 0 < ug Ha M\ B.
PaccmoTtpum nocnenoBaTesbHOCTb (DYHKLUMH { U | oo ¢, SBJSIOLMXCS PelleHHeM 3a1aduu
kS k=1

Aup = upg(lugl) B Br\ B, wklpp, = uolyp,  uklop = Plop-
YuuTbiBast MpUHUMN cpaBHeHHUs (cM. [IpunoxeHue), nns Bcex k nMeeM
0<u,<uy B B\B.
BoJiee Toro, moc/ie10BatebHOCTb GYHKLME {ug 72 SIBJISETCS MOHOTOHHO YyObIBaOLIEH.
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JlefiCTBUTENBHO, PACCMOTPUM (YHKLUHH Up U Ugii, KOTOpPble Ha MHOXKecTBe By \ B
SIBJISIIOTCS PelleHUsIMHA YpaBHeHHUs (D) U yIOBJETBOPSIIOT CJAEAYIOLIUM HEPaBEHCTBAM:

0 < up41 < uo, U ‘33 = Uk+1 |8B ®‘837 U |BBk = Uo‘aBk > Ug41 ‘331@ .

Wcnonbaysi npuHUmn cpaBHerusi B By \ B mist Bcex k, mojydaem g > Ug > Ugyq-

[TokakeM Terepb paBHOMEPHYIO OrPAHUUEHHOCTD TTOCJIE0BATENBHOCTH DYHKIME {uy } 52,
Ha JIIOOOM KOMMAakTHOM mopmHoxkectBe 2 C M \ B.

Tak Kak {By}3>, — HcuepnaHue MHoroo6pasusi M, To cyuiecTByeT HoMep Ky Tako,
uTo /s Beex k > ko BeimosiHeHo 2 CC By \ B. Torna, yuuTeiBas MOHOTOHHOe yOblBaHHE I0-
CJIeI0BAaTEIbHOCTH (DYHKUMH {ug 32, U NPUHLMI MaKCHMyMa [Jisl FapMOHUYECKHX (DYHKLHH,
nast Bcex k > kg Bo MHOXKecTBe §) mosiydaem

0 <uy <supug < sup uy = max{sup ug,supug} = K,
Q By, \B 0By,

TO €CTb BBIMOJHEHO YCJOBHE PAaBHOMEPHOH OrpaHMYEHHOCTH MOC/IEN0BATeNbHOCTH (DYHKLHH
{ug}?2, Ha MPOM3BONILHOM KOMMAKTHOM MoaMmHoxecTBe () C M \ B.

Jlanee, WUCIO/b3yss BHYTPEHHHE OLEHKH IPaJHeHTOB B KOMOHHALHHM C BHYTPEHHHMH
oLeHKaMu B mpoctpaHcTBe ['éabrepa C7(€)) NpOM3BOAHBIX AJIs IPOM3BONBHOIO KOMIAKTHOTO
nogmHoxectBa 2 C M \ B (cm., Hampumep, [l, c. 294, 346]), mosyyaem, 4TO CeMeHCTBO
yHxuni gi(x) = ugd(|ug(x)|) umeer paBHOMepHO orpaHuueHHble HopMbl B C7(€2). Torna
¢ yyetom BHYyTpeHHUX oueHok laynmepa ([1, ctp. 91, 94-95]) nosyuaeM KOMIAKTHOCTb Ce-
meiicTBa {uy} B knacce C*7()) Ha MPOM3BOIBHOM KOMNAKTHOM mopMHoxkecTBe (2 C M \ B.
[Tocnennee BiedeT 3a coGoil CylleCcTBOBaHHe MpPeleNbHON (QYHKLUHMH U = kh—>120 Uy, KOTOpas

siBJIsleTCsl pellieHHeM ypaBHeHust (D) Ha ) Takum, 4to 0 < u < uy.
Iasee GyneM B KauecTBe MHOXKecTBa ) GpaTh MOC/EI0BATENbHO MHOXKeCTBA By \ B mist
k=1,2,... Torna Ha MHOXecTBe B \ B cylecTByeT npenesbHas QyHKUHUS

ul = lim uyp —
k—oo
pelieHde ypaBHeHus (5) Takoe, uto u' lop = P|yp- Ha mHOoxecTBe B, \ B cymectsyer

npenebHast GyHKIUA
u? = lim Ugf —
k—o0

peteHne ypasHenus (5) takoe, uto u® |55 = P|,p 1 1. 4. Ha muoxectBe B, \ B cywectsyer
npenenbHas QyHKIUSA

u" = lim u,, —
k—oo

pelieHHe ypaBHeHHus (D) Takoe, yto u” |,5 = ®|;5. Kpome Toro, mis Bcex m BBHINOJHEHO
0 < u"™ < ug. Takxke Jerko Mokasarth, uTo (GyHKLUMs u? ABASETCA MPOAOIKEHHEM (DYHKIHM

u', 1o ectb u? |p\p = u', dyHKUMA u’ ABAAETCA NpOOMKeHHeM GYHKUMH u®, TO ecTb

3 2
u |BQ\B =u” U T. 1. PaccmoTpuM (pyHKLHIO

u' ma B;\B,
u? wa By\B,

va B,\B,
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OHa GyneT IBASATbCS pelleHreM ypaBHeHHs (D) Ha MPOU3BOJbHOM KOMIAKTHOM TOJIMHOXeCTBE
QC M\ B.Tlpuuem 0 < u < wp v u |5 = Plyp.

[Tokaxem, uto u ~ f.

CorsiacHo ycsoButo Ha M \ B cyiiecTByer peluenue vy ypaBHenus (2) ¢ ¢(x) = A takoe,
uTo Vglyg = 0 1 vy € [f]. Mcnonbayst npunuun cpasuenust 2 (em. Ilpunoxenue) Ha M \ B,
nojaydaem uy > vg > 0.

BoJsiee Toro, masi Kakaoro k UMeT MeCTO CJeAyIollde HepaBeHCTBa:

UO’@B < g lyp, U0|6Bk < Up |6Bk'

Torna no npunuuny cpasuenusi 1 B By \ B uMeeM uy > vy, U, CJIEIOBATENBHO, Uy > Uy >
> vy > 0. AHasoruuHoe HepaBeHCTBO UMEET MECTO U /ISl 3JIEMEHTOB MOATOC/eI0BATENbHOCTH
Uy 2 Unj = Vg 2 0.

[Tepexonsi Kk mpemeay npu k — 0o AJst Kaxngoro n Ha B, \ B, nonydaem ug > u” > vy.
YuuTbiBasi BUA (PYHKLUHH U U YCJIOBHE ug ~ Uy ~ [, OKOHYaTesbHO uMeeM u ~ f. [lepBoe
yTBepKAEHHe TeOpeMbl 10KAa3aHO.

Il7si noKa3aTesqbCTBA BTOPOTO YTBEPXKIEHHS 3aMeTHM CHadasa, 4To U3 A-CTpPOrocTH
MHoroo6pasusi M cienyet ero L-ctporoctb. anee B pabote [15] mokaszaHo, 4To Ha TaKMX
MHOroo0pasusix st ypaBHenu# (1) u (2) us paspemnmoctd Ha M \ B BHEWIHHX KpaeBHIX
3aad ¢ TPAaHHYHBIMH YCJOBHSIMH M3 Kjacca [f] ciemyeT pas3pelinMoCcTh KpaeBbX 3agad Ha
BceM MHOroo6pasuu M ¢ TpaHHUYHBIMH YCJIOBHsIMH K3 Toro ke kjacca [f]|. Ilyctb Temeps
up — peuerne ypaBHenus (1) takoe, uto ug € [f]. fcHo, uto 0 < up Ha M.

PaccmoTpuM moc/ien0BaTeibHOCTb GYHKUHHA {ug 52, IBASIOLMXCS PelIeHHeM 3a1adyu

Auy, = up¢(|ug|) B B, Uk |8Bk - u0|8Bk '

Kax u BbIlIe n0KasbiBaeTcsl, YTO AAaHHAs (PyHKIMOHAJbHAS MOCJENI0BATENbHOCTh MOHO-
TOHHO He yOBIBaeT, paBHOMEPHO OI'pDaHHUYeHa Ha JHOOM KOMMAaKTHOM MoaMHoxecTBe €2 C M,

komnakTHa B kaacce C?7(§2) u, ceoBaTeNbHO, UMEET TPEAENbHYI0 QYHKIHUIO U = klirn Uk,
— 00

KoTopasi siBjsieTcsi pelleHdeM ypaBHeHHsi (D) Ha () takum, yto 0 < u < wug. IHasee, kak
M TPU J0KasaTeqbCTBE MMEePBOr0 YTBEPXKAEHHS, CTPOUTCS pellleHHe ypaBHeHus (D) Ha Bcem
MHOroo6pasuu M W HccaelyeTcsi ero aCHMITOTHUECKOe MOBefleHHe Ha «OeCKOHEYHOCTHY.

2. Ilpnnoxenne

[lycts dyukuust g(x, &) B ypaBHeHuH (4) YIOBJIETBOPSIET CTPYKTYPHBIM TPeGOBAHUSM

1) g(z,€) € C7(Q2 x R) pas mo6oro mogmHokectBa 2 CC M, 0 <y < 1;
2) g(x,0) = 0;

3) g(z,61) > gz, &) Ans Beex & > &,

Tornma cnpaBeniUBEl CJeAYOIINE YTBEPXKAEHHUS.

IIpennoxenne 1. (Ilpunuunn cpasuenns 1). [lycmo 2 C M — npedkomnaxmmuoe nodmro-
aecmeo u u, v € C*(Q) N CYQ) ydosaremsopsrom & ) nepasencmseam

Lu > g(z,u),  Lv<g(z,v)

U ulyg < V|gg. Tocda u < v e
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IIpennoxenne 2. ([lpunuun makcumyma). [Tycme 2 C M — npedkomnaxmroe noomwo-
amecmeo u u € C*() N C°(Q) ydosaemsopsem 6 ) nepasencmey Lu > g(x,u) (Lu <
< g(z,u)). Toeoa
< T (infu > infu”).
s%pu_sglﬂpu (1% u > infu )
Ecau e Lu = g(z,u) 6 Q, mo
sup |u| = sup |ul.
Q o)

Mpenaoxenune 3. (Ipunuun cpasuenust 2). [Tycmo Lv < g(z,v), Lu > g(x,u) na M \ B,
V]yg > ulgp, v~ u. Tocda v>una M\ B.

ycmo Lv < g(x,v), Lu > g(z,u) na M u v ~ u. Toeda v > u na M.

W3 npuHUKNa cpaBHEHHs] HEMOCPEACTBEHHO CJEAYeT TeopeMa eMHCTBEHHOCTH pelleHHH
KpaeBblX W BHEIIHMX KpaeBbiX 3anay jJisi ypasHeHus (5).

Ipenaoxenune 4. (Teopema enuucrBenHoctn). [Tycmo Lv = g(z,v) u Lu = g(z,u) Ha
M\ B u v|yg = ulyg v~ u Toeda w=una M\ B.

Iycmo Lv = g(z,v), Lu = g(z,u) na M u v ~u. Toeda v =u na M.

[TonpoGHble 10Ka3aTeqbCTBA ITUX YTBEPXKIEHHH MOXHO Hailt B [11].
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Abstract. In this paper we study the solvability of certain boundary and
external boundary value problems for semilinear elliptic equations (5)

Au = ¢(|ul)u,

where ¢(£) — nonnegative, nondecreasing continuously differentiable function for
¢ > 0 on arbitrary non-compact Riemannian manifolds.

In this article we compare the behavior of nonbounded functions "at infinity".
In our research we use a new approach wich is based on the consideration of
equivalence classes of functions on M (this approach for bounded solutions has
been realized in [8]).

Let M be an arbitrary smooth connected noncompact Riemannian manifold
without boundary and let {By};2, be an exhaustion of M, i.e., a sequence
of precompact open subsets of M such that B, C By and M = |2, B.
Throughout the sequel, we assume that boundaries 9By, are C*-smooth subma-
nifolds.
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Let f; and fo be arbitrary continuous functions on M. Say that f; and f,
are equivalent on M and write fi ~ fy if for some exhaustion { By}, of M we
have

lim sup |f; — fol = 0.

k—o0 M\Bk

2

[t is easy to verify that the relation ” ~ 7 is an equivalence which does not
depend on the choice of the exhaustion of the manifold and so partitions the set
of all continuous functions on M into equivalence classes. Denote the equivalence
class of a function f by [f].

Let B C M be an arbitrary connected compact subset and the boundary of
B is a C'-smooth submanifold. Assume that the interior of B is non-empty and
B C By, for all k.

Observe that if the manifold M has compact boundary or there is a natural
geometric compactification of M (for example, on manifolds of negative sectional
curvature or spherically symmetric manifolds) which adds the boundary at infinity,
then this approach leads naturally to the classical statement of the Dirichlet
problem.

Denote by vy the solution of equation (5) in By \ B which satisfies to
conditions

Vklop =1, Vklyp, = 0-

Using the maximum principle, we can easily verify that the sequence vy is
uniformly bounded on M \ B and so is compact in the class of twice continuously
differentiable functions over every compact subset G C M \ B. Moreover, as
k — oo this sequence increases monotonically and converges on M \ B to a
solution of equation (5)

vzkli_g)lovk, 0<wv<1, V|gp = 1.

Also, note that the function v is independent of the choice of exhaustion
{Bk}i‘;l.

We call v the L-potential of the compact set B relative to M. For the
Laplace-Beltrami equation, the function v is nothing but the capacity potential of
the compact set B relative to the manifold M (see [14]).

Call the manifold M L-strict if for some compact set B C M there is an
L-potential v of B such that v € [0] (see [8]).

A function f is called asymptotically nonnegative whenever there exists a
continuous function w > 0 on M with w ~ f.

Say that a boundary value problem for (5) is solvable on M with boundary
conditions of class [f] whenever there exists a solution u(z) to (5) on M with
u € [f].

Say that for a continuous function ®(z) on OB the exterior boundary value
problem for (5) is solvable on M \ B with boundary conditions of class [f]
whenever on M \ B there exists a solution u(x) to (5) with u € [f] and u|op =
= (I)|83~

Similarly we can state boundary value problems on arbitrary noncompact
Riemannian manifolds for (1), (2), as well as a series of other second order
elliptic differential equations (see [8;15]).
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Let the function ¢(§) is bounded for £ > 0, i.e. there is a constant A > 0
such that 0 < ¢(&) < A with £ > 0. We put in the equation (2) ¢(x) = A. Also
let f is an asymptotically nonnegative function on M.

We now formulate the main result.

Theorem 1. Let M be an A-strict manifold. Suppose that for every positive
constant the exterior boundary value problems for the equations (1) and (2) are
solvable on M \ B with boundary conditions of class [f]. Then:

1. for every continuous function ®(x) > 0 on OB the exterior boundary value
problem for (5) is solvable on M \ B with boundary conditions of class

[f];

2. the boundary value problem for (5) is solvable on M with boundary con-
ditions of class [f].

Key words: semilinear elliptic equation, boundary value problem, nonnegative
solution, noncompact Riemannian manifolds, the Dirichlet problem.
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