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AHHotaumsa. B HacTosiiell paGoTe BbIUMCJSETCS MOTPELIHOCTh, ¢ KOTOPOH
MOXKeT ObITb MOACUYMTAH 3aJaHHBIM MUHTerpa/bHbId (DYyHKLIMOHAJ, €C/IH B KauecTBe
NpUOMHKAIOWKNX (PYHKLUHH B3Tb KyCOUHO-JUHEHHYIO (DYHKIUIO HaZ TPUAHTY/ISALHU-
el, MOCTPOeHHOH B 00JIaCTH.

KaroueBble cjioBa: KycoyHO-MHeHHasl (DYHKLUS, alllIPOKCUMaLUs (PYyHKIIHO-
HaJ/la, TPUAHTYJNALUS, CTeleHb ITOTPeIHOCTH, MeJKOCTb Pa3OHeHHus.

BBenenue

Paccmotpum yHKUMOHAJ, 3aaBaeMblil HHTErpaaoM

I(u) = | G(z,u, Vu)dz, (1)
/

KoTOpbIi onpeneser nas Gpynkuuit u € C*(€)). Otmerum, uto ypasrenue ditnepa — Jlarpan-
»Ka BapHalMOHHOM 3afauyu 1Jisi 3TOro (GyHKIHOHAJja UMeeT BHUJL

n

Qlu] = Z (G, (x,u, Vu)); -Gl (x,u,Vu) =0. (2)

7
=1
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B ciyuae, korma nopsiHTerpaibHoe Beipaxkenue G(x,u, Vu) = /1 + |Vu|?, ypaBuenuem (2)
SIBJISIeTCS ypaBHEHHe MHUHHUMaJbHOH MOBEPXHOCTH

"0 Uy,
" =

Hpyrum npumepom siBjsietcs ypaBHenue Ilyaccona Awu = f(x), KoTOpoe COOTBETCTBYyET
dbyukunn G(x,u, Vu) = |Vul* + 2f (z)u(z).

B nanHoii paboTe Mbl HCCJiefyeM BOTPOC O CTENEeHH annpoKCHUMauuu (yHKIuoHana (1)
KyCOYHO-NHHeHHBIMU QyHKUHUAMH. K M0ogo6HBIM 3a1ayaM MPHUBOAST BOMPOCHl CXOAUMOCTH Ba-
pHAIMOHHBIX METONOB psina KpaeBuiX 3amau [2;3;5]. Ilpobiema 3ak/awo4aeTcs B TOM, 4TO
unterpas (1) moskeH GbITh BBIYHCIEH ¢ To4HOCThIO He xyxe yem O(h?) mpu h — 0, roe h —
MeJIKOCTb pa3breHusi 06/1aCTH Ha TPeyrosbHUKU. FIMeHHO B 3TOM c/ydae ynaeTrcsl MokasaTb
pPaBHOMEPHYIO CXOAMMOCTb KYCOUYHO-JHMHEHHBIX perieHuH. ONHAKO MPOH3BOAHBIE HENPEPLIBHO
nuddepeHLrpyeMod YHKLUHUH NPUOIUKAIOTCS MPOU3BOAHBIMU KYCOUHO-JIMHEHHOH (QYHKLHH
C TMOTPEIIHOCTbIO TePBOro MOpsifKa OTHOCUTENBbHO AMAMETPOB TPEYTONbHUKOB TPUAHTYJSLUU
(cm., Hanpumep, [4]). [Ipuuem ¢ moBbIIEHHEM TVIAAKOCTH (DYHKIUU OLIEHKA HE YJIyullaeTcs.
M Bce-taky, Kak Mbl YBHAHUM HHXKe, HaM yJaeTcs [0Ka3aTh, UTO 3HaueHHs uHTerpana (1)
nas pynxuuit 13 C? npubaukarTces ¢ 60/blIeH CTeNeHb TOYHOCTH, YeM Npou3BoaHbie. OT-
MeTHM TaKxKe, 4TO B paborax [1;6] mosyueHbl OLEHKH MOTPELIHOCTH BBIUHCJEHHUS MJIOLIAAHU
MIOBEPXHOCTEH IJ/151 TPUAHTYJ/ISILHH, TOCTPOEHHON MO MPSIMOYTOJbHON CeTKe.

1. OcHOBHbBIE pe3yJbTaThbl

Hanum HeobxomuMmble omnpeneseHus. [lycTb 3amaHa MHoOrorpaHHasi orpaHHdeHHasi 00-
nactb ) C R". PaccmoTpuM mpon3BosibHOe pa3bHeHHe TOr0 MHOTOMPaHHMKA Ha HEBBIPOXK-
nennble Tetpasapel 11, Th, ..., IT'y u nyctb My, Mo, ..., M,, — BCe BepLUIMHbBI 3TUX TETPAIAPOB.
Bynem npennosiaraTb, 4TO HU OfHA U3 To4yek M; He sIBJisieTCs BHYTPEHHeH TOYKOH HH ONHOH
rpanu TaTpasnpoB. Yepes I'; Gynem o6o3HayaTh rpaHu Bcex TeTpasapos, [ = 1,2,....L, a

MaKCHMaJIbHbIH JHaMeTp BCeX TeTpasApoB 0003HAYUM uepe3 h, TO ecTb h = max diam7y,.
1<k<

Jlnsi mpousBosibHOrO Habopa 3HAUEHHH Uq, Ug, ..., Uy, OIPENENHUM KYCOUHO-JTHHEHHYIO
dynkuuo u : Q — R tak, uro u(M;) = u;,i = 1,...,m u pyskuus u(z) = plry + ... +
+ pkx, + b* na kaxnom terpasape Ty, k = 1,..., N. Jlannas GpyHKuus OyjeT HeNpepbiBHOH B
Q) u B kaxka0M TeTpasape T} onpefeseH ee rpafgdent Vu = p* = const. 3HaueHHe HHTerpasa

(1) nns KyCOYHO-JIMHEHHOH (PYHKLHHM MOXKHO BBIYHUCJHTH CJAEAYIOLUM 00pa3oM

Ians cayqas, korna G(z,u, Vu) = G(Vu), MOXHO 060HTHCh Ge3 BbIYHC/IEHHs HHTerpaJa

I(u) =I(p",....p") = ZG(pk)v(Tk),

k=1

rae v(7T)) — n-MepHbId 06beM TeTpasapa Tj.
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Tak Kak BekTophl p',...,p" ONHO3HAUHO ONpENEeNSIOTCH 3HAYEHHAMH Ui, ..., U, TO MO-
KeM 3anucaTb BequduHy [(pi,...,py) depes nepemeHHble u = (Uq, ..., Uy,). JedcTBUTEBHO,
3HaueHMs nepeMeHHBIX p', ..., p"" BHIPaXKAIOTCA JHHEHHO Yepes MepeMeHHbIE Ui, ..., Up:

= Zaﬁ-ui, E=1,..,N, Il=1,...n
i=1

Uncna af, onnosHauHo onpefensiotes pasbuenueM obaactu ) Ha terpasapel 17, ..., TV Tlo-

9TOMY
N m
I ul,..., :Z (Zallu““ Zanzul> )

k=1

[ycts f € C’z(ﬁ). O6o3nauum yepes [V KycouHo-nHHeHHYI0 (QYHKIMIO TaKyl, 4TO
(M) = f(My),i = 1,2,...,m. Iyerb ¢ = fN +t(f — f). Crenywomee yTBepxnenue
faeT GopMyJy ONpe/iesieHHst MOTrPeLIHOCTH NPUOIMKEHHOTO BhiuHcaeHust GyHKiuonana I(f).

Teopema 1. [Tpednososcum, umo ynxyus f € C*(Q) u fN — coomeemcmeyrowasn Kycou-
Ho-auneltnasa ¢ynkuus. Toeda

1 n

I(f) = I(fY) = Z/f ™) /Q[ ]dtd:c+/f ™) Zui/l(;;(x,gt,vgwdtdm
o0 =1 0

k= lTk

[e=]

3

1
+ > /f M) ZVZ/G’ (2,94, V) — G (x, 9", Vgh))dtdS, — (3)
=1 0

BHYMP. T

de ¢ — t 0 0 bwet I
ede g+,gf pynkyua g*, paccmampusaemasn 6 08yx mempasdpax ¢ obuieil eparvro 17,
npuiem gi coomsemcmayem momy mempasopy, 041 KOMOPO20 HOPMANLL UV S8ASEMC S BHelll-
Hel.

Hoka3zamenscmeo. Tlpumenss dhopmyny [aycca — OcTporpaackoro, uMmeeMm

I(f) — I(fY) = Z / (2, £,V f) = Gla, f¥, V) =

k= lTk

=1

N 1
(f =) | Gz, ¢', Vg )dt— (f = 1Y) [ (Ge(x,g', V")), dt | du| +
Sl-r i
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N n 1

Z/(f f)z /G'&(xg Vg')dt+

k:laQ =1 0

1
_ / Ty / (Gl (x.9", V', — Gl (x.g", V" )i,
=1 0

BHYTp. I'ijr

rie ¢4,9" — oyskuuu g', paccmatpuBaeMble B TeTpasiapax ¢ ofmwiefl rpaxpio I, mpruem
g'. COOTBETCTBYeT TOMYy TeTpPasfpy, AJs KOTOPOTO HOpMajb U siBiseTCs BHelIHed. Takum
06pa3oM, OKOHYATEIbHO MPHXOAMM K DaBEHCTBY

n

—I(f") = Z/f ™) /lQ |dt+ Z /f ™) ;Vio/lGéz(x,gt,Vgt)dt—i-

k=17 0 rpaHud. Tip

n

1
52 JU=3n [ (Gt Tt~ G Ve
=1 0

BHYTp. T p,

HpI/IMeHI/IM JOKa3aHHO€ pPAaBEHCTBO [OJi OLEHKHU IMOrpPpelIHOCTH BBIYHUCJIECHUS IMJOLLladHu

rparka QpyHKUHH
= [[ 1+ g das
Q

B caydae miockoit obiactu 2 C R2 Urak, nyets f € C%(Q). Tonoxum

My = max |f(z)|, M; = max max|f,,(z)|, My = max max|f$lzj( x)|.
Q

1<i<2 g 1<i,j<2 g

Toraa, Tak Kak B Kax1oM TpeyroJbHuKe Tj rpaauent V fV nocTosineH, He C/I0XKHO MOJYYHTh
OLIEHKY

i (1 + |v9t|2) Y gmz

ng 9
(L Vg dmem| S 2AMEML

ij—1
IIpu 3TOM MBI yuuThiBaem, 4to |V fN| < M;. Ianee scHo, uTo

9 1
gajl
Vi
; O/\/lJrIVgtl2

3adukcupyem BHyTpeHHee pebpo I[';. O6o3nauum uepes 7'y u T TpeyrosbHUKH, COMPUKAca-
joluecs mo stomy pedpy. Torma Ha Iy Bumoaneno Vgi — Vgt = (V) |, — (V)| .
[Toatomy

Vgt Vgt

N N
VITIVEE VItV <2|Vgh — V' | <2V, — (V)1
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Bocnosbsyemcsi peayabTaTaMu pa6oTel [4]. Tam nokasaHo, 4To rpafgueHThl GyHKUuH [V
¥ f yIOBIETBOPSIIOT HEPaBEHCTBY

1/2
1 1 + tan2
VI = VIV < W2+ )M, u=—<1+@) |

4
2 tan ¢q @

rae o > 0 — MUHHUMAJIbHBIA OCTPBIEL YTOJI B TPEYTONbHUKAX TPUAHTYJISLUU (eCau g = /2,
to cyutaeM p = 1). Torma

<gi)zz (gi>xz

VIV /1+]Vg]?

[Monoxkum Cy = 4(2 + p) M. TlpiMeHsist IpHUBefeHHblE HEPABEHCTBA K paBeHCTBY (3), mosy-
JaeMm

(™) = 1] < max | Y = fIR4QIMEM, + (0] +nCih ) D],

BHYTp. I

rae || — miowans durypsl 2, a |[02] — ee mepumerp. Mbl MOXKEM MPEANONOKHTH, YTO
TPUAHTYJISALHS 00/anaeT TaKUM CBOHCTBOM, 4TO Haijgercs moctosiHHas Co, He3aBHCALIAs OT

h, nast kotopoit >, || h < Cy. Takum o6pa3om, Mbl IPUXOAKM K HEPaBEHCTBY
BHYTP. T,

1(7) ~ ()| < Cymax| £ — )

roe

Jlanee He cJI0XKHO JI0Ka3aTh ¢ MoMolbio opMyssl Teitsnopa, uto |f& — f| < 2Myh?. Takum
06pa3oM OKOHYaTebHO MPUXOAUM K OIEeHKe

1Y) = 1] < 2MaC5h°, (5)
3ameuanue. [lycts Q = [a,b] X [c,d| na =20 < 21 < - < Tp, =b, c =yo < y1 <
<o < Yp=d, rae x = a+i(b—a)/m, y; = c+ j(d — c)/m. Torna Q pas6usaercs
Ha MPSMOYTOJBHUKU §Y; = [24, Tiv1] X [y;,yj+1), 0 < i <m—1,0 < j < m — 1. Jdanee

pasfequM KaXKAblH Tako# MpPsSMOYTOJbHUK MPABOH WM JeBOH auaroHasblo. Toraa

po = 7)2, Cy— mT_lD((b — )+ (d—c)+ D> < D(D + P/2),

rue D = /(b —a)?+ (d — ¢)> — pnuHa guaroHanu mpsmoyrosibuuka, a P =2(b—a+d —
— ¢) — €ro mepumerp.
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ERROR ESTIMATE CALCULATION OF INTEGRAL FUNCTIONALS
USING PIECEWISE LINEAR FUNCTIONS
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Abstract. Consider the functional given by the integral

I(u) = /G(x,u, Vu)dz, (1)
Q

defined for functions u € C*(Q)NC(Q). Note that the Euler — Lagrange equation
of the variational problem for this functional has the form

n

Qlu] = Z (G, (x,u, Vu)); -Gl (x,u,Vu) =0. (2)

=1

Where G(z,u,Vu) = /14 |Vu|?. Equation (2) is the equation of a minimal
surface. Another example is the Poisson equation Au = f(x), which corresponds
to the function G(z,u, Vu) = |Vul? + 2f(z)u(z).

Next, we examine the question of the degree of approximation of the
functional (1) by piecewise linear functions. For such problems lead the convergence
of variational methods for some boundary value problems. Note that the derivatives
of a continuously differentiable function approach derived piecewise linear function
with an error of the first order with respect to the diameter of the triangles of the
triangulation. We obtain that the value of the integral (1) for functions in C? is
possible to bring a greater degree of accuracy. Note also that in [1;6] estimates
the error calculation of the surface triangulation, built on a rectangular grid.

Key words: piecewise linear functions, approximation of functional, trian-
gulation, degree of error, fineness of partition.
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