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AnnoTtanus. PaccmaTpuBaercs 3a7a4da 00 anmnpokcuMmanuu (GpyHKIMU, 3aJJaHHON B He-
KOTOpoit 06macTi 13 R*. CUMTArOTCS H3BECTHBIMU HOPMAJIH K ee rpapuKy B CHCTEME TOUEK,
nexamux B 3Toi obnactu. Mckomast QyHKIMS MIIETCs B BHJIE MHOTOYJICHA OT JIBYX Tepe-
MEHHBIX, KO3()(QUIIMEHTBI KOTOPOro MUHUMH3HUPYIOT HEBs3Ky. HeBsi3ka mpeacTaBisieT co-
00t cyMMy KBaJIpaTOB pa3HOCTEH HOpMaJiei K 3aJaHHON U BOCCTaHABJIMBAIOIICH TOBEPXHO-
CTSIM, HOPMUPOBAHHBIM TaKHUM 00pa3oM, YTOOBI MX amlIIMKAThl paBHsUMCH enunmie. [Ipu-
BOJISITCS YUCIICHHBIC MPUMEPHI JUTS anreOpanuecKod M TpaHCIEHIEHTHOW (DYHKIIMU, KOTO-
pBIe HILTIOCTPUPYIOT d3PPEKTUBHOCTH MPEIIOKEHHOTO aITOpUTMA.

KualoueBsble ciioBa: peryispHas MOBEPXHOCTb, HOPMaJU K MOBEPXHOCTH, AIPOKCH-
Manws, MeTo]] HanMeHbux kBaapatoB (MHK), GyHkms HeBs3KH.

BBenenue

B npunoxeHusx A0CTaTOYHO YaCcTO BCTPEUAIOTCS 3a/1a4l BOCCTAHOBJICHUS IMOBEPXHOCTEH 1O He-
CKOJIbKMM HM3BECTHBIM ee ToukaM [1]. OObraHO QyHKIMS, KOTOpas 3aJlaeT MOBEPXHOCTh, UIIETCS B BU-
Jle MHOTOWICHA OT JIBYX NEPEMEHHBIX, KO3(D(UIIMEHTBI KOTOPOM HAXOIATCS METOJOM HaWMEHBIIHX
KBaapaToB [5]. JIpyruMm MoaxoaoM K 3TOMY ABIISE€TCS ammapar AUCKPETHOTO reOMeTPUUYECKOro Moje-
JUPOBaHUS, B KOTOPOM PE3YJIbTATOM PabOTHl COOTBETCTBYIOMIMX AJITOPHTMOB BBICTYIACT JOTOTHH-
TenpHas MH(opMAaIHs PO TOBEPXHOCTH Ha Oojiee MIMPOKOM MHOXECTBE TOYEK IPH HEKOTOPBIX arpH-
OPHBIX TPEANOIOKECHUIX 00 UX MOBEJCHUH [6].

B apyrux 3amavax, Takux Kak BOCCTAHOBJICHHE TPEXMEPHBIX OOBEKTOB MO UX JABYMEPHBIM H30-
OpaskeHHsIM TPH MCIOIb30BaHUK Mojenu JlambepTa, mMeercss HHGOPMAIIUs 0 HOPMAIISIX K TTOBEPXHO-
CTH B cucTeMe To4ek [2]. B Takux ciydasix UCIONIB3yIOTCS CIUIaiHbl [4; 8; 9].

B nanHOll cTaTthe mpeanaraercs cnocod aHaJUTUYECKOI'O0 BOCCTAHOBJIEHMS IIOBEPXHOCTU B
3ajiaHHoN oOmacT. yis KpUBBIX Mon00HAas 3amada Obuta pemeHa aBTopoM B [3]. TlonyueHnHble
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pe3ynbTaThl MOTYT OBITH MOJIE3HBI, B YACTHOCTH, IIPH MOATOTOBKE HMUGPOBOH Mojenu penbeda
MeCTHOCTH [7].

1. [TocTanoBKa 3a1a4u

PaccmoTpuMm cnenyromyro 3agady. B TpexMepHOM NPOCTPAHCTBE 3aJlaHa HEKOTOpas pery-
ngpHas moBepxHOCTh @O, KOTOpas OJHO3HAYHO MPOEKTHpYyeTca Ha obmacte D KOOPAMHATHOM
mwiockoct OXY. B obGnactu D 3amaHbl n Touek A{x;, y;), i = 1 ... n. B 3TUX TOYkaxX M3BECTHBI

HOpMaii V; K moBepxuHoctn ®. CTaBuTCs 3aa4a 0 HAXOXKIeHNHU moBepxHocTn ¥, KoTopas onu-
CBIBAE€TCSl ypaBHEHHEM z = f(x, y), HOpMAJIU K KOTOpPOH B Toukax A; Hauboiee OJM3KH MO Ha-
IIPABJIECHUIO K BEKTOPAM \_/l 3nech f(x, y) — monuHOM (PUKCUPOBAHHOHM CTENMEHU M OT JIBYX Tie-
pPEMEHHBIX.

Byaem cunrtath, 4TO BCe HOpMAJU ‘71 BBIOpaHBI TAKUM 00pa30oM, YTO 00pPa3yrOT OCTPBIM yroi ¢

TIOJIOKUTENBHBIM HamnpaBiieHHeM ocu OZ. Tak Kak HaC HHTEPECYIOT TOIBKO HAIPaBICHUS BEKTOPOB, a

HC UX JJIMHA, TO CTOUT OTMCTHUTH, UYTO OHH HOpMI/IpOBaHBI TaKUM 06pa30M, YyTO UX TpeTbH KOOp)j[I/IHaTa
PaBHAIACH €AMHHUIE, TO €CTh HOPMAJIM MMEIOT CIEAYIOMIUI BUI V, =V, (v, V. 1). Takoe HOpMHUpOBa-

12729

HHUE BCCT1a BO3MOKHO, MHA4YC HE 6yz[er BBIITOJIHATHECA OAHO3HAYHOCTE MMPOCKTUPOBAHUA.

2. MeToj pellieHUs

OyHkmo fx, y) 3aMUIIeM B BUIC:
f(x,y):Zajkxjyk. (1)
ok

TyT cymMmupoBaHHE NPOBOAWTCA IO BCeM TakuM Habopam (j, k), mms koropeix j, k>0,
j+k<m.

Ilepenumem ypaBHeHue nosepxHoctu ¥ B Buze g(x,y, Z) =z- f(x, y) = (. Hopmaisp k 3T0i
MTOBEPXHOCTH B TOUKe A(X;, ;) MapajuienbHa BEKTOPY:

5|80 %) _| o I | @)

Pl oy oz . x|, 63’4.’

TakuM 0Opa3oM, €ciii HaM yJIajioCh TOYHO PEIIUTh MOCTABICHHYIO 3a/ady, TO JOKHBI UMETh
MECTO CJIEIYIOIIIE PaBEHCTBA:

o, =v,i=1..n

9

KOTOPBIC MOXKHO 3aIllMCaThb B BUJIC!

[Mockonbky creneHb MHOTOWIEHA f{x, ) (GUKCUPOBaHHAS, TO PEYb UJET O MPUOIIKEHHOM pellie-
HUU. B 3TOM ciydae mpuBeneHHOE BBIpaKeHHE HE OyAeT paBHATHCS HYyINO. BIM3ocTh HampapleHWH
3aJJaHHBIX M IOCTPOCHHBIX HOpMaJel Oy/ieM XapaKTepru30BaTh HEBSA3KOM:

24 E.B. Beauuxo. BoccTaHOBIIEHHE TIOBEPXHOCTH T10 €€ HOPMAJISIM B CUCTEME TOUYEK



MNPUKJIAJHAS MATEMATHUKA

F=13(@-7)
21':1

KOTOPYIO0 HE0OXOJMMO MUHHUMH3UPOBATh.

; 3)

IIpy yka3aHHOH BbILIE HOPMUPOBKE BCE BEKTOPHI V, UMEIOT B OOIIEM Clydyae pasHble JIH-

HBI: |171| = , TIe Wl — eIMHUYHBII BEKTOp, COHANPABICHHBIH BEKTOPY HOPMAIH V,, €, —

(7.2)
optT ocu Oz. Takum oOpa3oM, MpU BHIOOPE TAKOW HEBS3KH BEKTOPHI HOPMAH, UMEIONINEe 00Ib-
MM YyroJl ¢ BEPTUKAJIBHOW OChI0, OYAYT MMETh OONBIIYIO IIUHY, U KaK CIeJCTBUE, OyIyT Jyd-
11e TIPUOITHKEHBI.

C yuerom (1) u (2), B pa3BepHYTOM BH/JIC HEBSI3Ka 3aITUIICTCS CICAYIOLIMM 00pa3oM:

2

2
n n
— : J-1k J o k-1 .
2F—Z V1i+ZJ'¢kai v +Z v2i+Zk~ajkx/yl. — min. 4)
=1 jiok =1 Jok

m(m+1)

KonnyecTBO MCKOMBIX IIapaMeTPOB ajx PABHO —1, Tak KaK HamTMYME CIAraeMoro dgg

HE BIMSET Ha HamlpaBiieHHe HopMmasiel. [ onpenenenns 3TUX MapaMeTpoB, COTJacHO METOAY Hau-
MEHBIINX KBaJApaTOB, HAWIEM YacTHbIE MPON3BOAHBIE OT F, IO HUM M IpPUPaBHIEM IOJTyIEHHBIE BbI-
pakeHus K HyJI0. B uTore umeeM cucremy:

oF &(( T R N
@:;wﬁ;]'aﬂ‘xﬁ i ) S¥; ]yfp+LV21-+§k-a,.kx{y,-""pr,:‘yf—‘ = 0.

Tyt s,p >0, s+ p <m . Ilocne npeodpa3zoBaHmii IOTy4aeM CUCTEMY:
2.4, (jSR_/+s—2,k+p ROR, ) +sL, ., +PLy, =0, ®)
Jok
rie
n n
— a. B _ a B
Ra,ﬂ _in Vi Ly,a,ﬂ _Zviyxi Vi - (6)
i=l1 i=l1
Pemmus (5), momy4yum ypaBHEHUE, OMHMCHIBatOIIee TOBEPXHOCTH ‘P

3. YacTHblii cayyaid m =2

Paccmotpum cirydaif, korma moBepxHocTh WV onuckBaeTCs MHOTOYWICHOM BTOPOU CTEIEHHU:
— 2 2 7
f(x,y)—aoo+a10x+a01y+a20x +a,xy+a,y”. N

Cucrema (5) A 3TOro ciaydasi IMEeT TaKoW BU:
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n n n
o +2a202xi + a]]zyi +2Vﬂ =0,
i=1 i=1 i=1
n n n
a01n+2a022y1. +a”2xl. +Z:vl.2 =0,
i=1 i=1 i=1
n n n n
2 —
alozxi + 2a202xi + anz XY+ z vy, =0,
i=1 i=1 i=1 i=1

n n

n n
2
aO]zyi +2a022yi +a112xiyi +2Vi2yi =0,

i=l i=1 i1 i—1

n n n n
2 2
0Dy, 4y % +2(ay +ay) D Xy, +a, D (x7+37)+
i=1 i=1 i=1 i=1
n n
+Zvilyi +2Vi2xi =0,
i-1 i-1

M MOJKET OBITh PEIICHA JTFOOBIM U3BECTHBIM METOJIOM.

(®)

4. Ilpumepsl pacueToB

Hpumep 1. BozsMeM nosepxHocTb O, 3aJaHHYIO YPaBHEHHEM z = X° + xy + 2)° + x — 3y, 1 5 To-
yek A4 (0, 0) , A4, (1, 0) , A, (1,1) , A, (1,2) , A (2,1) BbIYHCIMM COOTBETCTBYIOIIME HOPMAJIH:

v (-L3.1), %(-4,2,1), %, (-5-2,1), ¥,(-6,-6,1), v;(—14,-3,1). 3amucap u pemms cucremy

(8), momyunm Takyro QpyHKIHIO:
z=3,114x" +2,082y" +0,543xy — 0663x — 2,674y,

JUIS KOTOPOW COOTBETCTBYIOIIME HOpMaJlu PaBHBI:
@,(0.663,2.674,1), @, (-5.565,2.13,1), @,(-6.109,-2.033,1),
@, (~6.652,-6.196,1), @,(-12.337,-2.576,1).
Ha pucynke 1 n3o6paxkens! ucxonanas ® u annpokcumupytomias ee nopepxuocts W. Koaddunn-

€HT dgo BEIOMpAJICS TAKUM 00pa3oM, YTOOBI 3TH MOBEPXHOCTH UMENH OOIIYIO TOUKY — Ha4ajio KOOPIH-
HaT. Ha prucyHke 2 nzobpaxeH rpaduk QyHKIINU, KOTOpast SBISIETCS Pa3HOCTBIO 3TUX JBYX (DYHKIIHH.
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OSRN
R
<SS
SN
S

N\

L0725
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Puc. 1. IToBepxHoctu @ u ¥ Puc. 2. I'paduk pa3HocTy 3HaUEHHUH PYyHKIUIHA
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Ipumep 2. Paccmorpum noBepxHOCTH D, 3a]aHHYIO0 ypaBHEHHEM Z = Sin ((x -0, 5) ( y -0, 5)) ,
u 5 Touek 4 (0, 0) , 4, (0,1), A, (1, 0) , A4, (1,1), A (0.5,0.5) Y BBIYHMCIIUM COOTBETCTBYIOIINE HOP-
Manu: v, (t,t,l), 172(—t,t,1), v, (t,—t,l), v, (—t, —t,l) , Vs (0, 0,1). Tyr ¢t ~ 0,484 3ammucas u pe-
B cuctemy (8), moayuuM Takyro QyHKIUI: z = 2(Xy — (X —1y, ISl KOTOPOi COOTBETCTBYIOIINE
HOPMaJIi PaBHBI:

@, (t,1,1), @,(-1,1,1), @, (t,-1,1), @,(~t,-1,1), @5(0,0,1).

Ha pucynke 3 u300pakeHbl NCXOIHAS M PacYETHBIC MOBEPXHOCTH (OHM MPAKTHUIECKH COBIIAjA-
10T). Koapunment agy Opascs Takum o0pa3om, 4TOOBI STH TIOBEPXHOCTH UMENN OOIIYIO TOUKY, KOTO-

past IPOEKTUPYETCs B TOUKY A, (0.5, 0.5) . Ha pucynke 4 npusenen rpaguk QyHKIUH, KOTOpas sSBIs-

€Tcsl pPa3HOCTBIO 3TUX JBYX (DYHKIHUH.

Puc. 3. IToBepxHoctu @ u W Puc. 4. I'paduk pa3HocTH 3HAUEeHHUH PyHKIUIHA

Kak BuaumM, B 000MX pacCMOTPEHHBIX CIy4asix pacueTHble (JOpMYJbl NAIOT KaueCTBEHHOE MpH-
OnmbKeHue JUTs 3aJJaHHOW (QYHKIUH. 3aMETUM, YTO eclii (QYHKIHS 3a]jaHa MHOTOWJICHOM BTOpPOH cTe-
TIeHH, TO TOJTyYeHHAsl pacueTHast GyHKIUs OyJIeT C Hell COBIaiaTh.

BriBoabI

B cratse chopmynupoBaHa 3ajada mpo armpoKCHMAIMI0 MHOTOWIEHOM (YHKIUH JIBYX Tepe-
MEHHBIX TI0 U3BECTHBIM HOpPMAJISIM K TpaduKy ee MOBEPXHOCTH B y3llaX HEKOTOpoi cerku. OcobeH-
HOCTH INPEUIOKEHHOTO METOJIa COCTOMT B HOPMHPOBKE HOpMAaJiel 1O amIjinKaTe, pu KOTOpOW Hawu-
Jydqiasi TOYHOCTh aNlMpOKCUMAIIMU JOCTUTACTCA Ha «KPYTHIX» y4acTKax MoBepxHocTH. [lomydeHa B
o01IeM BUjie cUCTeMa JIMHEWHBIX alreOpandecKiuX ypaBHEHHH OTHOCHTEIBHO KO3((HUIIMEHTOB MHO-
roujeHa. UnclieHHbIe MPUMEPBI IPUBE/CHBI UTI MHOT'OWICHOB BTOPOH CTENEHH M MILUTIOCTPUPYIOT XO-
POIIIYIO CTEleHb BOCCTaHOBIICHHS.
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RECOVERY OF SURFACE FROM ITS NORMALS IN THE SYSTEM OF POINTS
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Prosp. B. Khmelnitskogo, 18, 72310 Melitopol, Ukraine

Abstract. The author studies the problem of approximation of functions defined in a
domain of R’. In the system of points which lies in this domain, the normals to the surface
are known. The normals are selected by such a way, so that they form an acute angle with
the positive direction of Z-axis. The searched function is looked for in the form of a poly-
nomial in two variables, the coefficients that minimize the discrepancy. The discrepancy is
the sum of squares of the differences of the normals to the set and restoring surfaces.

The normals are normalized so that their applicate is equal to 1. In this case normals,
which have a greater angle with the vertical axis, will have a greater length, hence be better
approximated. There is the system of linear algebraic equations for the unknown parameters,
determined that, completely restores the searched surface. For the uniqueness of recovery is
set in one of the points of the domain.

The article is also considering a polynomial in the second degree. In this case, the sys-
tem is aimed for finding the unknown parameters is greatly simplified.

There are numerical examples for algebraic and transcendental functions. According to
the obtained normals, the surface is restored, that approximates the original.

In the second case the surface is taken, which comprises a sine equation. Just consider
the case of the five normals. Element that does not contain the degrees have been chosen
from the test match conditions and restored function at the origin. Drawings, which show
the test surface and the surface, their approximate. Within the accuracy of the drawings,
they are practically the same. In both of the above examples of numerical calculation formu-
las give a qualitative approach for a given function. Note that if the function is given by a
polynomial of the second degree, and the amount is no less than five normals, the resulting
estimated function will coincide with it.

Key words: regular surface, normals to the surface, approximation, Least Square Me-
thod (LSM), misalignment function.
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