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AnHoTanums. [[anHas pa6ota nocesilieHa Pa3BUTHIO AMMPOKCUMATUBHOTO MOJ-
X0[la K TOCTPOEHHIO pellleHHs] KpaeBblX 3ahay AJs M0JyJUHeHHBIX YpaBHEHUH 3J1-
JIUTITUUECKOTO TUIA HA MPOU3BOJbHBIX HEKOMIAKTHBIX PUMAHOBBIX MHOTOOOPA3HUSIX.
Mertonrka nccnefoBaHHUs, C OLHOH CTOPOHBI, CYIIECTBEHHBIM 00pa3oM OMHUpaeTcs
Ha TIONXOJ, OCHOBAHHBIH Ha BBEJEHHWH KJaCCOB 3KBUBAJEHTHBIX Ha PUMaHOBOM
MHOroo6pasuu (pyHKIHH U MpeACTaBJeHHBIN, HApUMep, B paHHUX padoTax [5] u
[6]. C mpyro# ctopoHbl, oHa 0600I1aeT METOAUKY MOCTPOEHHsT 06O0OILIEHHOrO pe-
lmeHus1 3afgadd Jupuxje nJis JUHEHHBIX 3JJIUNTHYECKUX ypaBHeHWH Jlamnaca —
Benbrpamu u IllpennHrepa B orpaHudeHHbBIX 06sacTsix [ ¥ Ha NPOU3BOJBHBIX
HEKOMIAKTHBIX PUMAHOBBIX MHOT00Opasusx (cMm.: [2;3, ¢. 237-240]).

KuroueBble cioBa: nosynuHelHHble 3/1MANTHYECKHE YpaBHEHHs, KpaeBas 3a-
Jlada, anmnpoKCUMaTUBHBIA MOAXOA, 0000lleHHble pelleHHsl, HEKOMIAKTHble pHMa-
HOBBl MHOroo0pasusi, 3agaua upuxse.

BBenenue

K HacTosilleMy BpeMeHM CylLIeCTBYeT HeCKOJIbKO MOAXONOB K BBENEHHIO MOHATHS 0600-
ILIEHHOTO pelleHusl KpaeBblX 3aaad. OfWH U3 HUX OCHOBAH Ha MeToJe T'MibOepToBa MPOCTPaH-
CTBa U I03BOJISIET ONPEeNEJUTb AeHCTBUE 3JJIUNTHYECKOTO ONepaTopa Ha 3HAYUTeJ]bHO OoJee
LIMPOKOM KJacce (GpyHKUHMH, Hexeau kaace C? (cum., Hanpumep, [10]).

Jpyro#l monxon K MOCTPOEHHIO 00OOLIEHHOrO pPelIeHUsl 3JNUINTHYeCKUX YPaBHEHUH Oe-
pet cBoe Hayaso B padorax A. [lyankape koHua XIX Beka. Co3naHHBIH UM MeTOL pasMe-
TaHUsS MO3BOJIMJ paccMaTpUBaTh pelleHHs 3agaud [upuxse 6e3 Kakux-Au60 orpaHUYeHHH
Ha 06J1aCTH, B KOTOPBIX OHA pellaeTcs, HO OCTABasiCh B KJACCHYECKHX TMPEMNOJIOKEHUSIX OT-
HOCHTEJIbHO HeNpepblBHOCTH I'PAaHUYHBIX NAHHBIX. DTOT MeTOZ OKa3a/ CHJbHOE BJUSHHE Ha
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MATEMATHK A 1

fajibHellIee pa3BUTHE TEOPUU PEIleHUH KPaeBbIX 3a[ad JJIst SJJIHITHIECKUX YPaBHEHHUH, ero
UJIed HallId cBoe BorJolleHHe B pabortax O. [leppona, II.2K. Banne Ilyccena, M.B. Kes-
nbia, A.A. I'puropesiHa u zp.

BBenem caenyiomne o6o3Hauenusi. [lyctb M — nmpousBoJIbHOE TOJHOE TJIALKOE CBSI3HOE
HEKOMIIaKTHOE PMMaHOBO MHOrooGpasue, B C M — npousBoJibHOE CBSI3HOE KOMIAKTHOE
MOIMHOXKECTBO ¢ TagKkod rpanuielt, { By}, — ucuepnanne MHOroo6pasusi M ¢ riagkuMu
rpaHiiamMi 0By, TO ecTb M0C/eI0BaTeNbHOCTh MPEIKOMIAKTHBIX OTKPBITBIX MOIMHOMXKECTB
pHUMaHOBa MHOroo6pasus M Takux, uto Bj C By, M = Ure B

[lycts fi(x) u fo(x) — nponsBosibHBIE HempepbiBHbIE OrpaHHueHHble HA M QyHKUHHU.

Bynem roBoputh, uto ¢yHkuuu fi(x) u fo(x) sksusasrenmuor na M u 0603HauYaTh
fi(z) ~ fo(x), ecin nast HekoTOporo ucyepnauus { By }7°, MHOroo6pasusi M BBIMOMHEHO

lim || £1(2) = () looan ) = 0,

rze |[f(@)l[co@) = supg | f(2)].

OGo3HauMM KJiacC SKBHBaleHTHbIX [ (yHKuuii uepes [f]. BBemenHoe oTHolueHue He
3aBUCHUT OT BbIOOpa HcueprnaHus MHorooo6pasus M u xapakTepusyeT noBefeHHe GYHKLUHUH BHe
TPOU3BOJILHOTO KOMIAKTHOrO noaMHoxkectBa B C M (cMm., Hanpumep, [9;6;9]).

JlokazaTe/bCTBO OCHOBHBIX Pe3yJbTaTOB OMHUPAETCS HA MPUHLHI MaKCUMyMa, TeopeMbl
CpPaBHEHHUSI U €UHCTBEHHOCTH [J/5 PelleHUH JIMHEHHBIX 3JJUMNTHUYeCKUX AU depeHLna bHbIX
ypaBHEHHH Ha MpeIKOMMNAaKTHBIX MOAMHOXKecTBax MHoroobpasus M. Mx cnpaBenauBocTb 10-
Ka3bIBAETCSl TaKXKe KakK U JJisl OrpaHHueHHbIX obsactedt B R™ (cm., Hampumep, [1, c¢. 39-40]).
Kpowme Toro, B paboTe NprMeHSIOTCS aHAJOTUYHbIE YTBEPKAEHHUS A/ PelleHUH KBa3HUJHHEeH-
HBIX JJIUNTHUECKUX NU(depeHINaIbHbIX YPaBHEHUH BHMA

Lu = g(x,u), (1)

rae L — JUHEAHBIA JUTHIITHYECKUH OllepaTop BTOPOro mopsiika, a ¢pyHkuus g(x, ) ymosse-
TBOPSIET CJIEAYIOIIUM CTPYKTYPHBIM TPeOOBaHHUAM:

1) g(x, &) € CY(2 X R) nast so6oro nogmuokectBa X CC M, 0 <y < 1,

2) g(z,0) = 0;

3) g(w, &) > g(x, &) nnsa Beex & > &s.

[TonpoGHble 1OKa3aTe bCTBA NMPUBEIEHHBIX HHXKE YTBEPXKIAEHUH MOXKHO HalTH B [8].

IIpennoxenne 1. (Ilpunuun cpasnenus 1). [lycmo 2 C M — npedkomnaxmmuoe nodmro-
amecmeo u u, v € C*(Q) NCY(Q) yoosaremsoparom & ) nepasencmean

Au > g(z,u), Av < g(x,v)

U ulyq < Vg Tocda u < v e

IIpennoxenne 2. ([lpunuun makcumyma). [Tycmo 2 C M — npedkomnaxmroe noomwo-
amecmeo u u € C?(Q) N CYQ) ydosaemsopsiem 6 Q) nepasencmey Au > g(z,u) (Au <
< g(z,u)). Toeda
supu < supu’ (infu > infu™).
Q e} o8
Ecau e Au = g(x,u) 8 2, mo
sup |u| = sup |ul.
Q B
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s MATEMA T K A I

Ipenaoxenune 3. (Ilpunuun cpasuenus 2). [Tycmo Av < g(z,v), Au > g(z,u) na M \ B,
Vg > ulgp, v ~u. Toeda v>una M\ B.

Iycmo Av < g(z,v), Au > g(x,u) Ha M u v ~ u. Toeda v > u na M.
Ipennokenune 4. (Teopema enmuctBennoctn). [Tycmo Av = g(z,v) u Au = g(x,u) Ha
M\ B u v|yg = ulyg v~ u Toeda w=wuna M\ B.

Iycmo Av = g(x,v), Au = g(x,u) na M u v ~ u. Toeda v =u Ha M.

OnHUM M3 YaCTHBIX caydaeB ypasHenus (1) siBsieTcs mosyJnHeHHOe ypaBHeHHe BUAA

Au = ¢(|ul)u, (2)

roe (&) — HeoTpHLaTe/bHAsI, MOHOTOHHO HeyOBIBAIOIIAsI HEMPEPHIBHO Au(depeHuHpyemast
¢yHxkuus npu & > 0.

[ToBeneHue orpaHUYEHHBIX peLIEHWH 3TOr0 ypaBHEHHSs, BOIPOCHI B3aWMOCBSI3H paspe-
IIUMOCTH KPaeBbIX M BHEIIHHX KPaeBbIX 3aJau, BBIIOJHEHHE JIMYBHUJJEBA CBOHCTBA, a TaKXkKe
UX YCTOHUMBOCTb TPH BapUalMsAX MPAaBOH YACTH AOCTATOUHO MOAPOOHO H3ydeHbl B paboTax
[4;6;7].

B nanHo#i paGore mpenmnoJsiaraeTcsi pa3BUTh anmnpOKCHMATHUBHBINA MOAXOM K TMOCTPOEHHIO
0000IIIeHHOTO pellleHHs] KpaeBbIX 3aad JJIsl MOJYJIUHEHHOr0 ypaBHeHUs (2) Ha HEKOMIAKTHBIX
pPHMaHOBBIX MHOroo0pasusiX, OCHOBaHHBIH Ha MeTole pa3MeTaHusi. Kpome Toro, B pabore mo-
CTaTOYHO aKTHBHO OyIeT MCI0Jb30BaThCs TOAXOM K NMOCTAHOBKE KPaeBbIX 3a1au, OCHOBAHHBIH
Ha MOHSITHH KJIACCOB 3KBUBAJIEHTHBIX (PYHKLHH.

1. O6o0umeHHOEe peleHHe KpaeBoOH 3agayu

BBenem oCHOBHBIE ONpefeseHUS.

Bynem rooputh, uto Ha M paspewuma xkpaesas 3adaua 0ia ypaswenus (2) c¢ epa-
HuuHbLMU ycrosusmu us kaacca [f], ecan Ha M cyuectByer petuenue u(x) ypaBHeHust (2)
Takoe, uto u € [f].

Knacce [f] B aTom cayuae Gynem HasbiBaTh donycmumvim Ajs ypaBHeHHs (2).

Bynem HasbiBaTb QyHKUHIO [ acumnmomuuecku HeompuyamenvHot, eciu Ha M cy-
IIeCTBYeT HeNpepblBHAs orpaHudeHHas GyHKUus w > (0 Takas, 4yto w ~ f.

Bciony B nmanbHeiineM OymeM cuMTaTh, 4TO {Bk}zozl — HcuyeprnaHue MHOroo0pasusi
C TJagKUMH TpaHuiamu 0By, a GyHKuus f SBJASETCS aCUMITOTHYECKH HEOTPHIIATeSbHOM
Ha M.

BBenem noHsiTve 0600111€HHOT0 pellleHUs] KpaeBOH 3aladd ¢ IPAaHUYHBIMH YCJOBUSIMH 3
kaacca [f] pas ypaBHenust (2) Ha mHoroo6pasuu M. It 5TOr0 pacCMOTPHUM MOCJeN0BaTE b-
HOCTb pellleHHH KpaeBbIX 3aad B D

{ Aup s = upsd(lugy|) B By,
ug,flos, = flos,-

(3)

[To npuHUMITY MaKCHMyMa JIEFKO IPOBEPUTD, UTO NOCJIEI0BATENbHOCTD Uy f PABHOMEPHO
orpaHnyeHa Ha M.

Hcrosib3yst BHYTpeHHME OLEHKU TPAaIUEHTOB B KOMOMHALMM C BHYTPEHHHUMH OLEHKAMH
B npoctpaHcTBe [énbaepa CY(§2) mponsBOAHBIX [JIsi MPOU3BOJNBHOTO KOMIAKTHOTO MOAMHO-
x)ectBa 2 C M (cm., Hanpumep, [1, c. 294, 346]), moaydyaeM, uTo ceMeHCTBO (DYHKLHMH
gr(z) = gr(x,uy s(x)) umeer paBHOMepHO orpanndeHHele Hopmbl B CV(2). Toraa c yue-
ToM BHyTpeHHuX ouieHoK Ilaymepa [1, c. 91, 94-95] nosyuyaem KOMMaKTHOCTb CeMeHCTBa
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MATEMATHK A 1

dynkunit {ug s} B knacce C*Y(€)) Ha MPOM3BOJIBHOM KOMIAKTHOM NOAMHOXKecTBe () C M.
[TocienHee BiedeT 3a coGO CyLeCTBOBAHHE MOANOC/IEI0BATENbHOCTH, CXOASIIEHCS B Kiacce
C%Y(Q2) K npenebHON GYHKLHMH U, KOTOPAs ABJSETCS pelleHneM ypaBHeHus (2) Ha () Takum,
uto |u| < sup|f].
M
Jlanee GyneM B KadecTBe MHOXecTBa ) OpaTh MOCJeIOBATEJbHO MHOXKeCTBA By st

k=1,2,... Torna Ha MHOXecTBe [3; CyllecTByeT NpefesbHas (YyHKIUSA

1 . 1
uy; = lim u; , —
f k—o0 k.f

perenye ypaHerust (2), rae {uj, ;} — CXORSIAsCS MOANOCEI0BATETbHOCTb MOC/IEN0BATE b=
HoctH {uy s }. Kpome Toro, [uf| < sup|f].
M

Ha caenyrouem mare paccMOTPUM MOAMNOC/EI0BATENbHOCTD {u,lcf} KaK MOoCJIe0BaTeNb-
HOCTb pellleHW# ypaBHeHHs (2) Ha MHoxecTBe B5. Torma Ha 3TOM MHOXKeCTBe CYLIECTBYET
npefesnbHas PyHKLUSA

u?c = lim uz F
k—o0

peleHue ypasHeHus (2) Takoe, uto |uj| < s]1\14p | fI. necwb {uj ;} — cxonsmasics moxnoceso-

BaTeJbHOCTb I0OCJ/e10BaTeNbHOCTH {u,lgf} [Tpuuem, B cusly eMUHCTBEHHOCTH CYII€CTBOBAHHS
npefiesia CXOMSIIENCS MOANOCAeN0BATENbHOCTH, (PYHKLHS ufc SBJISIETCS MPOOJIKEHHEM (DYHK-
1 2 _ 1
UMK Uy, TO €CTh U} ‘Bl = uj.
[Ipononxkas npouece ans Jwo6oro n, UMeeM ciaeayollee. Ha MHoxkecTBe 3;, cylecTByeT
npenenbHas QyHKIUSA

n : n
= lim u} , —
I k—o0 k.f

pemienne ypasHenus (2) Taxoe, uto |u}| < sup |f|, nae QyHKUHMA U} ABASETCA NPOJOIKEHHEM
M
n—1 n _ ,,n—1 n
dbyHKuMM U}, TO ecTb U} [p = u}" . Kpome Toro, ans Beex n BbinofHeHo [uf] < s&p | f]-

Paccmorpum ¢pyHKIMIO

uz Ha DB,
uf Ha BQ \ Bl7
Ur = e
uf Ha B, \ Bn_1,
BriGepeM Temnepb AHAroHaJbHYH [0CJEI0BATENbHOCTD “if? u%jf, e u’,:’f, ... dcwo,

uto |uf ;| < sup|f|, To ecTh IMaroHaibHAs MOC/IEIOBATENBHOCTh PABHOMEPHO OrpaHHMYeHa
M

Ha M n cxomutcd K YHKUMHM Uy B Kaxaod Touke x € M. Kak u Bhlle noKasbiBaeTcs
KOMIAaKTHOCTb CceMeHCcTBa (PYHKLHH {uﬁf} B knacce C*Y(€)) Ha MPOM3BOJBLHOM KOMNAKTHOM
nopgmHoxectBe {2 C M. IlocsenHee BieyeT 3a cO00# CylleCTBOBaHUE MPeebHON (DYHKIHU Y
3TOM IMOC/Ie0BaTEbHOCTH, KOTOpas siBJIseTCs pelleHHeM ypaBHeHHus (2) Ha (). B cuny enuH-
CTBEHHOCTH CYyLIeCTBOBAHHMSA INpele/IbHOM (PyHKLMH, OHa coBrnajgaeT ¢ (yHKUued uy. Takum
o6pa3oM, (YHKLUHS Uy fIBJdeTCs pellleHHeM ypaBHeHHs (2) Ha NPOM3BOJBLHOM KOMMAKTHOM
nogMHoxecTBe ) C M. Ipuuem |ug| < sup|f].
M

B cayuae, korna Ha MHoroo6pasuu M He cyllecTBYeT pellleHHH ypaBHeHHs (2) ¢ rpaHUU-
HBIMH YCJIOBHSIMH U3 Kaacca [f|, QYHKLHIO uy, MOJYYEHHYIO OMHMCAHHBIM BBILE MPOLECCOM,
HA30BeM 0006ujeHHbIM peuleruem ypasrenus (2) ¢ rPaHUYHBIMU YCIOBUSIMH K3 Kaacca [f].
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3ameuanue. [lonoOGHBIN anMPOKCUMATHBHBIH MOAXOM K ONpeesieHHI0 0000IEeHHOTO PelleHUs
KpaeBo# 3an1auyu (B yaCTHOCTH 3anauu JlupuxJe) [Ajsi TapMOHHUUECKHX QPYHKLIUH B o6sacTsix R™
BOCXOAMT K Tpyaam Bunepa u Kesupima (cm., Hanpumep, [3, ¢. 237-296]), a aHasjoruuHble
UCCJIeJOBAHUS Uil IMHEeHHBIX SJJIUNTHYECKUX YPaBHEHHH Ha MHOroo0Opasusix OblIM NpoBeje-
Hbl paHee B pabote [2].

CnpaBefsiuBo cjenymoollee yTBepXKIeHHe.

Teopema 1. [lycmo f — acumnmomuuecku HeompuuamesoHas HENPepovL8HAS 02PAHUUEH-
Haa Ha M ¢yukyus, moeda

1) nocaedosamenrvrHocme QYHKYUL Uy ¢, . .., Uk f, - . ., ABALIOULUXCA peULeHUAMU 300a-
uu (3), cxodumcs pasromepro Ha M K npedervroil QyHKUuL Uf;

2) ¢yunkyus ug He 3asucum om gvibopa ucuepnanus { By}, mmozcoobpasus M u
npedcmasumens [ u3 Kaacca 3K8UBANEHMHOCMU;

3) ecau kaacc [f] asasemes donycmumoim 0an ypasHenus (2), mo GyHKyus us a6-
Asiemcs, eOunHcmeennoim pewenuen ypasuenus (2) na M makum, umo us € [f], mo ecmo
Up = u.

2. Jloka3aTeJbCTBO T€OpPEMbI

1) Ilyctp cHagana f > 0. [ns nokasaresbCcTBa MEpPBOTO YTBEPKAEHHUS TeOpeMbl B
3TOM cJy4ae JOCTaTOYHO MOKa3aTb MOHOTOHHOCTb (DYHKLHOHAJbHOH MOC/eN0BATENbHOCTH
{ug ¢ }72, pewennii sanau (3).

PaccMoTpuM (QyHKLUHMH Ug f U Upy1,f, KOTOPbIE Ha MHOXeCTBe D} yIOBNETBOPSIOT CJle-
LYIOLUIUM HepaBeHCTBaM

0 < ugy1y < f, Ur.f lop, = flop, = Ukt lop, -

Hcnonb3yst npuHuMn cpaBHeHus B By nss Bcex k, moaydaem f > U, f = Ups1,r > 0.

Takum o6pasom, Ha NPOH3BOJBHOM KOMMAKTHOM mnoaMHoxkecTBe () C M mnocnenoa-
TeNbHOCTb pellleHHH {ug ¢}7°; 3agad (3) MOHOTOHHA M PaBHOMEPHO OrpaHHMYeHa, a 3HAUMT,
paBHOMepHO cxopuTcsl. Kpome Toro, Bbillle ObIJIO J0Ka3aHO, YTO AaHHAas M0CJAEN0BATE/]bHOCTD
UMeeT MOANOC/eN0BATeIbHOCTb, KOTOPAs PABHOMEPHO CXOAUTCH HA MPOM3BOJNBHOM KOMIIAKT-
HoM noamHoxecTBe ) C M K GYHKUMH Uy, KOTOpas fB/seTcs pellleHHeM ypaBHeHHs (2).
B cuily enMHCTBEHHOCTH MpefeJia, MOC/Ie10BaTeNbHOCTh pelueHuit {uy, r}oo, 3anad (3) Takxke
paBHOMEPHO CXOAMTCS Ha MPOHU3BOJBLHOM KOMIAKTHOM noiMHoxecTBe 2 C M K QyHKIHH Uy.

[Tycth Teneps f — acHMNTOTHUECKH HeoTpulaTesnpHass pyHKUHs. Torna Halinercs Henpe-
pBEIBHAsi orpaHHueHHas QyHKuus w ~ f u w > 0.

Bribupaem npousBosbHoe € > (. [as pocraroyno Gosabwux n,m € N, n > m Ha
TMPOM3BOJIBHOM KOMIAKTHOM nogMHoxecTBe {2 C M mnosmyudaem

SUp (U, () — U, ()| < SUP [ty (7)) — Uy p ()] <

m

< SUP |, £(2) — Uppap ()| + SUD Ui () — Uy ()] + SUD U0 (T) — U0 (T)]

m m m
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MATEMATHK A 1

Hcrosib3yst MPUHLKMI MaKCHMyMa, OLEHUM Kaxkaoe cjaraemoe. [Jljisi ocieHero ciarae-
MOTO BBITIOJIHEHO YCIOBHE SUP [ty (Z) — Umw(2)| < § MO HOKa3aHHOMY BBIIIe 1/ HEOTDH-
B

m

LaTeJbHOH (DYHKUHH w. 3aMeTHM, YTO Pa3HOCTb PelIeHHH YPaBHEHHUS (2) Uy (T) — U, f(T)
SIBJISIETCS] pellleHHeM cTaluuoHapHoro ypaBHeHHus [llpenunrepa

b([tmw(@)]) = b(um,r(2)])

> 0.
um,w (l’) - um,f (l’)

Au = c(z)u, rae c(r) =

CriefoBaTesbHO, K JAHHOH Pa3HOCTH MOXKEM NPHUMEHHUTb NMPUHLHN MaKCHMyMa [Js pelleHHH
ypaBHeHust lllpenunrepa. Torna ans BTOporo cjaaraeMoro UMeem

SUD [, () = i, ()] < SUD [t () — U, ()] <

m m

< sup [w(z) = f(a)] < sup fu(e) = ()] < 5,
O0Bm, M\Bm

AHaJIOFI/I‘-IHO, C y4eTOM TOro, 4TO 1 > m, OLEHHBaeM IIepBOe cJjaraemoe

SUD [t () = 1 ()] < SUP [t () =y ()] < 3.
Bum OBy, 3

Takum 06pa3oM, MOC/IeI0BATENbHOCT pelteHuit {uy ¢}7°, 3anad (3), roe f — acumm-
TOTHYECKH HEOTPHLIaTesbHast (PYHKIHsI, TAKXKe PaBHOMEPHO CXOAHMTCS Ha MPOU3BOJIBHOM KOM-
NaKTHOM MoAMHoXecTBe ) C M K (YHKUHM Uy B CHJIy €IHHCTBEHHOCTH MpejeJia.

2) Tlokaxkem Temepb, 4TO MpefesbHas (PYHKLHS Uy He 3aBUCHUT OT BbIOOpa HCUeprnaHMs
mHoroo6pasusi M. Ilpennonoxkum mpotusHoe. [lyets {By}52, u { B} }72, — IBa NpOU3BOJb-
HBIX Hcuepranus Muoroo6pasus M, {uy ;}72, u {uj ;}32, — COOTBETCTBYIOIIME UM TOCIe-
J0BaTeJIbHOCTH pelleHu 3ajad (3), cXoasillnecs K Pa3JHIHbIM IPeleabHbIM (GYHKLHSIM Uy U
u}. Toctpoum Hooe ucuepnanue {Cy}72; Muoroo6pasus M. Ilycts C) = B;. B xauectse
mHOKecTBa Cy BO3bMEM MHOXKeCTBO Bj, rae k — HaUMeHbLIHH HOMep, HauHHasi C KOTOPOrO
MHOXecTBO By C Bj. Muoxectso (3 6yneM uckath B { By}, Tak, uro6n Cy C By, rae
k — HauMeHblIMH HOMep. AHAJIOTHUHO HalueM Bce ocTanbHble MHOXKecTBa C, k = 4,5, ...,

o0
rie Cp C Cryy nas mob6oro k. Scuo, uro M = |J Cj. Torma cooTseTcTByOmas MoCaeL0-
k=1
BaTeJbHOCTD pellenuit sanay (3) mas Hosoro ucuepnanusi {Cy S : Up, f, U, 5, ... ABJASETCSA
pacxofsilieicsi, 4To NPOTHBOPEUHT N0KA3aHHOMY Bblllle yTBepxaeHHI0. CiiefoBaTe/bHO, Mpe-
flesibHast PYHKIMS Uy He 3aBUCHT OT BbiOopa ucuepranus { By }p, MHoroo6pasusi M.

[TokaxeM, 4TO MOCTPOEHHOe OGOOLIEHHOE DELIeHHe Uy KPAeBOH 3afadyu AJIsl ypaBHEHHs
(2) He 3aBHCHT OT BbIGOpaA MpeacTaBUTeNs U3 Kaacca [f].

[Ipenmonioxkum mpoTuBHOe, Bo3bMeM f1 € [f], fo € [f], fi # fo, Torma nns Hux
COOTBETCTBYIOLIHE 3a/a4i (3) BO MHOXKeCTBe B MepenuuryTcsi B Buae

{ Auy g, = U, d(Jur,p,|) B By, { Aupp, = g f,d(Jupp,|) B B,
Uk,fl‘aBk = flyaBk' Uk,leaBk = fQ\aBk-

CoryacHo 10Ka3aHHOMY Bbillle, Ha M cyllecTBYIOT 0000IIeHHbIe PelIeHUs Uy, H Ug,.
Tormga masa gw0beix € > 0, x € M umeem

0 < |uyp (7) —up(x)] < lug (2) — wp,p, (2)] + [up,(2) — wp, g (2)] + g, g, (2) = up g, ()] < g,
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ISl 1OCTATOYHO GOJIBLIKX k.

Ilepsrie nBe oueHku: |ug (v) — upp (v)] < 5, |up(z) — urp(z)] < 5 umeoT MecTo
B CHJIy PaBHOMEPHOHM CXONMMOCTH MocjefoBatesbHoCTell QYHKUMEA {ug f }ooq U {uk f, } ooy
COOTBETCTBEHHO K (DYHKLUHSIM U U Uf,, J0KA3aHHOH BBILLE.

TokaxeMm, 4to0 |ug s, (T) — up,p, ()| < 5. PynKUMA Up, p, (T) — up, g, (7) ABAACTCA pele-

HUeM cTauuoHapHoro ypaBHenus [llpenunrepa

[ty (D)) = S|t (@)

Um, f1 (x) — Um,fo ("E) -

Au = c(z)u, toe c(x) =

C/ienoBaTesbHO, K NaHHOHW Pa3HOCTH MOXKeM NPUMEHHTb MPUHLMI MakKCHMyMa [1J pelleHHH
ypaBHeHus1 LllpenuHrepa, To ecTb Ajs J060ro & € By BHIIOJIHEHO

£

[y (€) = o ()] < sUD [ug,py (2) = kg ()] = sUD |1 = fof < 5
d 8By

Bi,
mJist goctaTouHo Gogbiiux k (tak kak fi € [f], fo € [f]). B cuny mpoussosibHOCTH € >
> 0 caenyer uy, = uy,. Takum o6pasom, npenenbHas QyHKLUHS Uf He 3aBUCHT OT BHIOOpa
mpencTaBUTess U3 Kjacca [f].

3) okaxeM rocjelHee yTBepxkKaeHHe TeopeMbl. Tak Kak Kiacc [f| sBaisercs momy-
CTUMBIM M5l ypaBHeHHs (2), To Ha M cyllecTByeT pellleHHe 1 KpaeBOW 3afaud JJIsi 3TOTO
ypaBHeHHs] C TPaHUYHBIMH ycJoBHsMH K3 kaacca [f]. [Tokaxkem, 4To HnaHHOe pelleHHe U
coBmasaer ¢ GyHKUHEH uy.

JleficTBUTENBHO, TaK KaK 4 € [f] ¥ 00600lIeHHOe pelieHKe ypaBHeHUs (2) He 3aBHCHT
oT BbIGOpA MpeAcTaBUTes Kaacca [f], To B KauecTBe rpaHHYHOrO 3HaveHust f s 3amad (3)
B B} BbiOepeM (YHKLHIO U, TO €CTh

{ Aup g = up ;(lugy|) B B,
Uk, f|loB), = U|8Bk-

C npyroii CTOPOHBI, u SIBJsSIETCs pelleHHeM ypaBHeHHs (2) Ha M, u cefoBaTeibHO, SBJSIETCS
pellleHWeM 3TOr0 ypaBHEHHS B KaXKIOM MHOXecTBe [ mans mwboro k. B cuny Teopembl
e[IMHCTBEHHOCTH /I pellleHHH ypaBHeHHs (2) mosydaeM uy s = u B By nas mo6oro k. Tlo
JI0Ka3aHHOMY BBILIE Uy = lim wuy ¢ = lim u, cnegoBatenbHo, uy = u Ha M.

k—o0 k—o00

TeopeMa IMOJHOCTBIO JOKa3aHa.
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Abstract. This paper is devoted to the development of approximation appro-
ach to the construction of solutions of boundary value problems for semilinear
elliptic equations on arbitrary non-compact Riemannian manifolds. Methods of
studies are essentially based on approach based on the introduction of equivalence
classes of functions on Riemannian manifold [5;6;9]. Also it summarizes the
methodology for constructing a generalized solution of the Dirichlet problem for
linear elliptic equations in bounded domains of R™ and arbitrary noncompact
Riemannian manifolds (see: [2;3, p. 237-240]).

To date, there are several approaches to the introduction of the generalized
solution of boundary value problems. One of them is based on Hilbert space
methods and allows you to define the action elliptic operator on a much wider
class functions, rather than class C?.

Another approach to the construction of generalized solutions of elliptic
equations originates in papers of Poincare late 19th century. He created a method
allowing to consider solutions Dirichlet problem without any restrictions on the
domains in which it can be solved, but remaining in the classical assumptions
with respect to continuity of boundary data. Ideas of this method were embodied
in papers of Perron, Vallee Poussin, M.V. Keldysh, A.A. Grigoryan.

In this paper we study bounded solutions of the semilinear equation (2)

Au = ¢(|ul)u,

where ¢(&) — nonnegative nondecreasing continuously differentiable function in
the & > 0.
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We introduce the following notation. Let M be an arbitrary smooth connected
noncompact Riemannian manifold without boundary and let { By}, be an ex-
haustion of M, i.e., a sequence of precompact open subsets of M such that B, C
C Bys+1 and M = (J,o; Bg. Throughout the sequel, we assume that boundaries
0By, are C''-smooth submanifolds.

Let f; and f5 be arbitrary continuous functions on M. Say that f; and f,
are equivalent on M and write fi ~ fy if for some exhaustion { By}, of M we
have

lim sup £y — fo] = 0.
k—o0 M\ By,

2

[t is easy to verify that the relation ” ~ 7 is an equivalence which does not
depend on the choice of the exhaustion of the manifold and so partitions the set
of all continuous functions on M into equivalence classes. Denote the equivalence
class of a function f by [f].

A function f is called asymptotically nonnegative whenever there exists a
continuous function w > 0 on M with w ~ f.

Say that a boundary value problem for (2) is solvable on M with boundary
conditions of class [f] whenever there exists a solution w(z) to (2) on M with
u € [f].

We introduce the concept of a generalized solution of the boundary value
problem with the boundary the conditions of the class [f] for the equation (2) on
manifold M. To do this, we consider the sequence of decisions boundary value
problems (3) in By

{ Auk,f = uk7f¢(|uk7f|) in Bk,
Uk,fl(’)Bk = f|8Bk-

It is shown that the above sequence wy s of decisions has a convergent
subsequence with limit function u, which is a solution of equation (2).

In the case when there are no solutions of equation (2) with the boundary
conditions of the class [f] on the manifold M, the function uy, described above,
call a generalized solution of equation (2) with the boundary conditions of the

class [f].

Remark. This approximate approach to the definition of a generalized solution of
the boundary value problem (in particular, the Dirichlet problem) for harmonic
functions in bounded domains of R™ goes back to the works of Wiener and
Keldysh (see [3, p. 237-296]), and similar studies for linear elliptic equations on
manifolds were held earlier in [2].

Proof of the main results is based on the principle of maximum, theorem of
uniqueness for solutions of linear elliptic differential equations and similar results
for solutions of quasilinear elliptic differential equations on precompact subset of
M (see [5;6]).

The following theorem is the main result.

Theorem 1. Let f — asymptotically non-negative continuous bounded on M
[unction, then
1) the sequence of functions uyy,...,ugy,... is a solution of (3) converges
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uniformly on M to the limit function ug;

2) the function uy does not depend on the exhaustion {By}3>, manifold M and
f representative of the equivalence class;

3) if a class [f] is valid for the equation (2), then the function uy is the only
solution of the equation (2) on M such that uy € [f], those us = u.

Key words: semilinear elliptic equation, boundary value problem, approxi-
mation approach, generalized solutions, noncompact Riemannian manifolds, the
Dirichlet problem.
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