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AnHoTanus. PaccMOTpeHbI BOPOCH! OMHO3HAYHON Pa3perImMOCTH HEIOKaILHOM cMe-
IIAHHOM 3a]1a4M ISl HETMHEHHOTO HHTErpo-au¢ hepeHIIMaIbHOTO ypaBHEHUS IICeBA0napado-
JIUYECKOT0 THUMa TpeThero mopsnaka. Mcrmonb3oBan meron psana Oypre pasaeneHus mepe-
MEHHBIX U MMOTy4YeHa CUETHAS CHCTeMa HeTMHEHHBIX HHTETpabHBIX ypaBHeHn (CCHUY).
Jlyis moka3aTenhCTBa TeopeMbl 00 ofgHOo3Ha4HOM paspenmmmoctd CCHUY wucnons3oBaH Me-
TOJI TIOCJICAOBATEIIbHBIX PHUOIMIKEHUIH B COYETAHUH €r0 ¢ METOJI0M CKHMAIOIIMX 0TOOpa-
keHui. Jlanee mokaszaHa cxomuMocTh psaga Pypbe K HCKOMON (YHKIIUH HEJIOKaIbHOW CMe-
maHHo# 3ama4u. Takke 00OCHOBaHA IAJKOCTh PEHICHHs MMOCTABICHHOW 3anauu. JJanHas
pabota sBiIsIeTCs JalbHEHINM Pa3BUTHEM TEOPHHU HHTETPO-TU(PepeHIInaNIbHBIX YpaBHE-
HUH B YaCTHBIX ITIPOU3BOAHBIX.

KaroueBble cioBa: cMmelranHas 3ajada, mHTErpo-quddepeHiuaibsHoe ypaBHEHNUE,
ypaBHEHHE MICEBI0NapadOoINIecKOro THIIA, HENTOKaJIbHOE MHTErpaIbHOE YCIOBUE, OTHO3HAY-
Has pa3pemrMocCTb.

1. ITocranoBKa 3aga4yu

Martemarudeckoe MOIETHPOBAaHUE MHOTHX MPOIECCOB, MPOUCXOAAIINX B pEaTbHOM MUPE, YacTO
MPHUBOJUT K U3YYEHUIO CMEIIAHHBIX 3a/1a4 JJIsl ypaBHEHUH MareMaTtnieckol gpusnku. Teopus Hauab-
HBIX M KpaeBbIX 3aJlady B CUJIy €€ NMPUKIATHONW Ba)KHOCTH B HACTOAIIEE BPEMS SIBISIETCS OOHUM U3
BaKHEWIIMX pa3/ieNioB Teopuu TuddepeHInaibHbIX ypaBHeHH (M., Hartpumep, [3; 9; 10]). [Ipencras-
JISIIOT OONBIION MHTEpEC C TOYKH 3peHwst (U3HUecKuX NMpriioxkeHni nud ¢ epeHnnaibHble ypaBHEHUS B
YaCTHBIX MPOU3BOTHBIX BHICOKHX MOPSAKOB. MHOTrHE 3a7a4yl Ta30BOM TUHAMUKH, TEOPUU YIPYTOCTH,
TEOPUH TUTACTHH B 000JI0UEK MPUBOAATCS K PACCMOTPEHNI0 T PepeHIIalbHbIX YPaBHEHHH B YaCTHBIX
MPOU3BOAHBIX BEICOKHX MopsikoB [ 1; 6; 18]. Auddepenumanbupie ypaBHEHHS B YACTHBIX TPOU3BOAHBIX
TPEThEro MopsAaKa paccCMaTPUBAIOTCS MTPHU PEIICHUH 3a/1a4 TEOPUU HEJTMHEHHON aKyCTUKH U B THAPOIM-
HAMHYECKON TEOPUH KOCMHYECKOH Tu1a3Mbl. YacTo u3ydeHue 3aa4 MOACTHPOBaHUS QUIIBTPALIUU JKUJI-
KOCTH B ITOPUCTBIX CPElax CBOAUTCS K paccMOTpeHUIo auddepeHnalbHbIX ypaBHEHUH TPETHETo IMo-
psaaka [11]. K nuddepennmanbHpiM ypaBHEHHSIM B YaCTHBIX ITPOU3BOAHBIX TPETHEro MOPSIKA TaKKe
CBOZIATCS 3a]1a4M U3YUCHUS PaCIIPOCTPAHEHHSI BOJH B CIIa00AUCIIEPTUPYIOIINX Cpe/iax, B XOIOAHOH I1a3-
M€ M MarHUTHOH TUAPOAMHAMUKE M T. A. V3ydeHWIo MpsIMBIX W 0OpaTHBIX 3a7ad JUis YpaBHEHUH B
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YAaCTHBIX MPOU3BOMHBIX TPETHETO ¥ BHIMIEC TMOPSIKOB MOCBSIIEHO OONBIIOE KOIUYECTBO padoT (cM.,
Harpumep, [2; 4; 7; 8; 12—-17]).

B ciydasix, xorzia rpaHuna oOacTH MpoTeKaHUsl GU3NIECKOTO Tpollecca HEJOCTYIHA JUTS U3Me-
pEHU, B Ka4eCcTBE JOMOIHUTENbHON HHPOPMAIIUH, TOCTATOYHOH ISl OTHO3HAYHON pa3pelInMOCTH 3a-
Jla4u, MOTYT CIIY)KUTh HEJIOKAJIbHBIC YCIIOBUSA B MHTErpaibHoi (Gopme [5]. B HacTosme#t padore npen-
Jlaraercss METOIMKA M3Y4YCHHS HEIOKaIbHONH CMEIIaHHOM 3a7a4yu JJIsA HEIMHEHHOro MHTErpo-audde-
PEHIIMAIBHOTO ypaBHEHUS TICEBI0Napa00TMIECKOTO TUTIA.

Urak, B obmactu ) paccMatpuBaeTcsi ypaBHEHHE

dU(t,x) °U(t,x) o U (t,x)
ot ot ox* ox*
T Tl
=n(t)IU(e,x)de+f(x,HH(9,y)U(9,y)dyd9] (1)
0 00
C HCJIOKAJIbHBIM I/IHTeraJ'II)HI)IM yCHOBI/IeM
T
U0.x)+ [0@U(t,x)dt=¢(x), xeQ, )
0
Y TPaHUYHBIMU yCIIOBUSIMH beHapa
U(t,00=U(t,1)=0, teQ,, (3)

Tl

me w(neCQy), neC(Qy), fx.y)eC@,xR), OWeC'(Q,), [[|H@E.x)|dxdt<o,
00

e(x)eC*(Q), 0(0)=01)=0,Q0=Q,xQ,, Q, =[0,T], Q,=[0,1],0</<0, 0<T < 0.

IMox pemennem HenokanabHoi 3amaun (1)—(3) monumaem dynkiuio U (f,x) € C 1,2 (Q), ynosier-
BopsroIyio ypasHenuto (1) u ycnosusm (2), (3).

2. CBeaenne cCMELIAHHONM 3adaYyu
K CYETHOH cHcTeMe HeJMHEWHBIX MHTErPalbHbIX YPAaBHEHHH

Pemenne nannoit 3agauu (1)—(3) umem B Buje psana dypobe:

U(t,x)=2un (t)-9,(x), @)
n =1
2 . nm
rme 3, (x)= 751nknx,kn =T, n=1,2,....
ITo npennosnoxxeHuto
fy)=2 -9, (), )
n =1

l T1 ©
e £, (V) =[F(y.7)9,()d y, v=HH(s,y)kZ up ()9, (»)dyds.
0 00 =1
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Kpome Toro, yurem, uto
95,(x) =238, (x). (6)

[Moacrasnssa psaael (4) u (5) B ypaBHerue (1), ¢ yaerom (6) moxydaeM CIEAYIONIYIO CUYETHYIO
crcTeMy HHTErpo-auddepeHImanbHbIX ypaBHEHHUHI MTEPBOTO MOPSIIKA!

, 1 z 1
un(t):_’tnu(t)'un(t)+l+7\’i n(f)iun(e)d9+mfn ™), @)

A2 L
met, =25, u,(O)=[U(.»)9,(»dy.
1+X;, 0

Henokanpaoe ycrnosue (2) mis ypaBHenus (7) 3amuiieM B CISAYIONIEM BHJIC
T
1, (0)+ [O(u, (ndt=g¢,, ®)
0

)
meg, =[o(»)9,()dy.
0

[TpaByro yactsb (7) obo3naunm uepes F (7). Torna myrem uHTErpupoBanus 10 ¢ u3 (7) momydaem
t
u,(=C, +[F,(s)ds, )
0
rac Cn — INOKa HEU3BCCTHOC IMOCTOIHHOC, I ONPEACIICHUA KOTOPOI'o U3 MHTETPAJIbHOI'O YCIIOBHUA (8) nojiydyacem

T t
C, +_[®(t){Cn +[F, (s)ds}dt=(pn,
0 0

OTKyma

o, 1L ¢
C,=—"-—[00O)|F,(s)dsdt,
o OLO 0

T
e o =1+J.®(t)dt #0.
0
[Toxcrapmsis mocnennee B (9), momydaem

¢

T t t
u,(t)=—" —ij@)(t)an(s)dsdeFn(s)ds
o ay 0 0
HWINn
un(t)z(pin_
o

—l}(@(t)_l[ ! (S)Tu (0)dO—1, 1u(s)-u,(s)+ ! 1) |dsdt+ (10)
Oy o 1+x5n o s " 1+22 Y

t T
+I L:;f n(s)iun(e)de—rnp(s).un(s)+Hlxifn (y)}ds.

0 n
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Hcnons3yem popmyny dupuxiie

T t T T
[O) | n(s)-u,(s)dsdt=[u,(s)-us)[O@)dtds.
0 0 0 s

Toraa (10) 3anumeM B BUje CHETHON CUCTEMBI HETMHEHHBIX MHTErpaidbHbIX ypaBHeHui (CCHUY)

T T
w, ()= (t;u,)=0,+ [R,(s)-u,(s)ds+G,(1)[u,(0)d0+
0 0

] Tl 0
+(D,,(t)ff(y,”H(9,z)Z U (9)'9k(z)d2d9]'9n()0d% (11)

0 00 k=1

T
0 —o(s)—t,u(s), 0<s<t, T
e, =" R, ()= o(s) =pu(s) [O0)d!1,
a
L w(s), t<s<T, s
a

1 T t 1 t
G (t)=—|O(( s)dsdt+ s)ds,
a (0) a(1+xﬁ)£ (){n() 1+xﬁ£n()
@ (t)——¥Tt-®(t)dt+L
! a(l+12) 1+ 2

3. Oano3naunas paspemumocts CCHUY

B MHOXecTBe
() =@, @) u,t)eC@;), n=1,2,3,... |

OIPEICIISAIOTCS OIepalliu CJAOKEHHUS JIBYX JIEMEHTOB M YMHOXEHHU € SJIEMEHTa Ha CKaJIsIp ITOKOOPANHAT-
Ho. C BBeIeHUEM HOPMBI

u(t)Bz(T)=\/i max |u, (1|2

n=1 ZGQT

OHO CTaHOBMTCs OaHAXOBBIM MPOCTPAHCTBOM M 0003Hauaercs 4epes B, (7).
Hns ynxunu h(x) € L,(€2;) paccMaTpuBaercs cleyromas HopMa

]
Hh(x)HLZ(QI) = _Hh(J/)‘sz/-
0

IS TIOCTICMOBATEIHFHOCTH * €\, HUCIIONB3yeTCsS HOpMa
nSn=1 2

P

Ms

lol., =

n

Teopema 1. [1IyCTh BBEITIOTHSIIOTCS YCIIOBHSI:
DB, = HQHM <o0; By :H%(t)HBz(T) "'HG(t)HBZ(T) <5
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DBs=|0O] 5 <o M=[ LD, 0, <>
3) S elip{L(), |, 81 =[L@)], g, <®:

T1
4) 8, =[[|H(t.x)|dxdt<o; p=B,T+B;8,8,8; <I,
00

0
e § 3 = max /Z‘Sn(x)‘z < o0
xeQ), n =1

Torna CCHHY (11) nmeeT eMHCTBEHHOE peleHre B IpoCTpancTBe B (7). DTO pemenne MoXHO
HaWTH METOJIOM ITOC/ISI0BATEIbHBIX TPHOIMIKCHUH:

uy ()=0,,

(12)
wit =3 () j=0.1,2.3.... 1eQy.

Joxka3zaTeabcTBo. MeToJl mocnenoBaTeIbHbIX MPUOIMKEHUH coueTaeM ¢ METOJIOM CKUMAIo-

MXx oTtoopaxkeHui. Paccmorpum mmap S (u 2 ;7)) € paauycoM 7y =f+ B3B T JlJis HyJeBOro mpH-
ONDKEHMS, B CUITY TIEPBOTO YCIOBUS TeopeMbl, 13 (12) nmeem 2
0
[u" @, =B (13)

B2 (T)

Jnig mepBoii pa3HOCTH, B CHUITY YCIIOBUH TeopeMbl, U3 (12) ¢ nucnonp3oBanreM HepaBeHCTB [ enbe-
pa 1 MUHKOBCKOTO 1 ¢ yueroM (13) momydum OoreHKy

(5 o
5|

HJIN C UCIIOJIb30BAHUCM HEPABCHCTBA beccens nmeem

(3l

SB]BZT+B3Hf(x5’Y)HLZ(Q[):B1B2T+B3M

Jiu},g)_u;j@f <
n=1

2
+I>l6,0f
n=I1

Tl ©
f[y,HH(G,Z)Z ui(e)-Sk(Z)dszJSn(y) dy
00 k=1

2

T

[R,(s)u,(s)ds

0

+

> | fultar

n=1|0

T

lu'O-u'®)|  <BB,T+

B (T)

2
Tl
(y [[Ha. z)ZQk k<z)dzdr)-8n<y)dy} < (14)

|| MS

Jnis pasHocTy u 2 ) —u O(t), B CHJIY YCJIOBH# TeopeMbl, u3 (12) ¢ yuerom (14) aHaJOTHYHO MOITY-

YUM OLIEHKY
2
\/w unz(t)—ug(t)zs\/i{}%n(s)-u,ll(s)—u,?(s)ds} +
1 n=1| 0
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o o [T 2
+ Z%Gn(t)z\/zl{jul,(t)—ug(t)dt} +

n= n=1| 0

o0 5 | @ ] 2
+ 2|0, 0 Z{ff(y,vl)w‘}n(y)dy}

n=l1 n=110

o=@,  <(BipT+psm)paT+

2
+B; \/ {If(y v')| s, (y)dy} < (15)
<(BBoT+BsM)BLT+B3M =By (BT)  + (BT +1) B3 M

Tl 0
rrey! =HH(9,Z)Z\u,i(e)—ug(e)\-gk(z)dzde.
00 k =1
Hanee u3 (12) ¢ ygerom (15) umeem

[ 0-u@)f  <(BBT+BM) BT+ BT+ By M =

Bo(T)
=B (B2 T)} +(BT)2+B,T+1)B5 M. (16)

[Ipomomxkas 3TOT mporiecc, anamorudHo (16) momygaem
Je_,, 0 < T J
[ O-u’ O], <BiBaT) +
(BT BT 2 4+ (B 1) +B, T +1)B5 M. (17)

W3 nocneanero yciosus TeopeMsl cnenyet, uto B,7 < 1. ITostomy u3 (17), nepexons x npenemy

HpI/IJ_)oo

lim o/ @)=, < tim [ B2 7) ¢

J—o
(B, Ty (B, T) +...+<BZT)2 +BLT+1)BsM |,
NMEEM

[« @-a, <pi+ 1—132 o BaM = <. (18)

N3 (18) cienyer, uto omnepaTop B mpaBoii yact (11) orodpaxaer map S (u 2 ;71) B ceOsL.
Terieps utst IPOU3BONBHOM PA3HOCTH U ;) +l (t)—u ;) (¢) TOMYYHM CIIEYIOLIYIO OLIEHKY

2
\/z @) - u/(t)‘ \/ {IER (S)H J(s)— u/l(s)ds} N

+ /iGn(t)z\/i + /i‘(l)n(t)‘zx
n=1 n=1 n=1

16 T.K. FOnoawes. HenuneitHoe nHTErpo-auddepeHImaIbHOe YpaBHEHHE MICEBA0NapadoInIecKOro THIIa
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Hu-;;(t)—u-;;“ (t)‘dt
0
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n=1|0

w |1 T 0 . . ?
x Z{[L(y)”H(G,z)Z \u-,g(e)—u-,g—l (9)‘-‘8k(z)‘dzd9 -‘Sn(y)‘dy
00 k =1

w7 ) -ul o)

Bz(T)

B (T)

o |1
< BZT+B36263JZ{IL(yysn(y)dy} /@) -u’ o) (19)
n=1|0

. -
<p Hu-’(t)—u-’ (t) H .
By (T)
B cunmy mocnennero ycnoBus Teopembl, U3 oreHku (19) ciemyer, 9To ormepatop B MpaBoOi 4acTH
(11) sBasercs cxumaromum. M3 ontenok (18) u (19) 3axmtowaem, ato st oneparopa (11) cymecrsyer
€IIMHCTBEHHAs HEMOABMKHAs To4ka. CrienoBarensHo, B mpoctpanctse B,(T) CCHUY (11) umeer enun-
cTBeHHOe pemienue u (t) € B,(T"). Kpome Toro, 3aech ciipaBeminBa OIIeHKa CKOPOCTH CXOJMMOCTH

1+l

R GEG] (BB T+ M),

B (T) -

Teopema noka3zaHa.
Huddepenrupyst CCHIY (11) o ¢, monyyaem

T
(1) =35 (13, )= G, () [u, (B)d B+
0

0 00 k =1

l Tl
+ @' (t)ff(y [JH @, Z)Z“k (6)- Sk(Z)dzd(?]S (»)dy, (20)

meG, (1) eC(Qy), D, (1) e C(Qp).
Teopema 2. [TycTh BBINONHSIOTCA YCIOBUSA TEOPEMBI | U
Ny =| G,(t)HBZ(T) <@ N, =| (D,(t)HBz(T) <
Torna u'(t) € B, (T).

JoxazarenbcTBo. Mcnons3yeM MeTos mocienoBaTenbHbIX npubarkeHuid. s omeparopa (20)
paccMOTpUM CIIEAYIOIUI UTepallMOHHBIH IpoLece:

u' ) (6)=0,
/ i 21
W I =3,(6ul ) j=01,2.3,.., teQ;. 1)

;Fy) ¢ paguycoMm 7, =N T -
n312) C pammy 2 B+ 1-B,T
HOCTH, B CUJTy yCJIOBHI TeopeMbl U omieHkH (13), u3 (21) momyyaem oneHKy

0 o |T
Jz W}l < JZG;«)zJZ
n=1 n=1 n=1

Paccmotpum map S (u ]+ N, M . Ins nepBoit pas-

2

+

[uy@ydt

0
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2
dy}

w [1 2
u"<t>—u'°<t)B(T)SNIBIT+N2\/2{J yv)-%(y)dy} <
2 =110

Tl ©
f(y,HH(@,z)Z u2(9)-9k(2)dzd9)9n(y)
00 k=1

3NlBlT"'Nsz(st)HLZ(QI)=N1[31T+N2M

Just pasaoctn u' > (f) —u' °(¢), B cuny yenosuii Teopemst n ouenku (14), u3 (21) monyunm oLeHKy

=

5 2
u;,z(t)—u'no(t)‘ s\/ZG’ (t)\ \/ { ‘u (t) —u (t)dt} +
0

o0

2
PRI \/Zlﬁf(y,vl)\‘}n(y)dy}
n=1 n= 0

w [1 2
SNl(B1B2T+B3M)T+N2\/Z{If(y,vl)-Sn(y)dy} <
n=1|0

' 2(6)—u' °(2) H

Bz(T)

<(BiB,T+B3M) N, T+N,M.

Hanee u3 (21) ¢ ygerom (15) umeem

<N, T-(B1(B2T) 2+ (BoT+1)B3 M )+ Ny M. 22)
[Ipomomxkas 3TOT mporiecc, aHATOTHIHO (22) moxydaeM
u' /() —u'°(t <N, T- Ty’ +
[0, <NT[pi@aT)

By T BT T BT+ BT 1) M |+ N, M. (23)

w3t —u' ' (r) H

Bz(T)

W3 nocnennero ycnosus teopemsl 1 cienyet, uto 3,7 < 1. Ilostomy u3 (23), nepexons K npeaeny
TIpA j —> 0

lim \
Jj—o

w0~ @), < lim N7 |g BT ¢

(BT T+ BaT) 2 4t BT 4B, T +1)-By M |+ N, M,

nMEEM

18 T.K. FOnoawes. HenuneitHoe nHTErpo-auddepeHImaIbHOe YpaBHEHHE MICEBA0NapadoInIecKOro THIIa

2

1 0 .0 1 _
u”(t)—u (t)HBZ(T)<N1T [Bl+1_B 7 +N,M =r, <. (24)
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W3 (24) 3akiouaeM, 4To omepaTop B mpaBoi yactu (20) oroOpakaeT map S(u’?,;rz) B ceOsl.
CnenoBarensho, umeer mecto u'(t) € B,(T).

4. Pazpeminmoctsh cMemanHoi 3agayu (1)—(3)

[Moxncrasmnss (11) B psag @ypoe (4), nomyuaem hopmanipHOE penieHne cMmemannoi 3amaan (1)—(3):

U)=3 u, 08, @=3 3 (tu, )9, (x)=
n =1 n =1

8

n

T T
8;1(36)-{Qn(t)+ R, (5)-u,u(s)ds+G, () [u, (©)d0+
1 0 0

(25)
] Tl 0
+<Dn(t)'ff(y,HH(9,Z)Z Uy (9)-9k(2)d2d9]9n(y)dy}-
0 00 k =1
Taroxe moncraBisieM (12) B psin (4):
UMt =S u 09, 0=3 3, (6u] )8, 0=
n =1 n =1
0 T . T
= ZSn(X)'{Qn(t)ﬂfRn(S)'u;i(S)dS+Gn(t)fu;€(9)d9+ (26)
n =l 0 0

k=1

1 Tl w0
+@, (t)-ff[y,HH(e,Z) 2 ul(0)9,(2)dzd6 }Sn(y)dy}-
0 00
Teopema 3. IlycTs BeIOTHSIOTCS ycinoBus Teopembl 2. Ecnu u (¢) € B, (T') siBnsieTcs eAMHCTBEH-

HeiM pemenuem CCHUY (11), To mocnenoBarensHocTs QyHKINH (26) cxogures K GpyHknun (25) npu
J — oo.

JokazarenbcrBo. Tak kak u(¢) € B,(T') asnsercs enuHcTBeHHBIM pemenneM CCHIUY (11) u

0w

Sia
By(T) B,

rae 0 < £ —MaJjoe YUCIIo, TO I pa3HocTH GyHKIHH (26) u (25) monydaem

U (,0-U(t,x)|< i;:lu-,{(t)—un(t)-{)n(x)s

<3, Hu -"(t)—u(t)HBz(T)sa3 -683=g.
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NONLINEAR INTEGRO-DIFFERENTIAL EQUATION
OF PSEUDOPARABOLIC TYPE
WITH NONLOCAL INTEGRAL CONDITION
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Abstract. The mathematical modeling of many processes occurring in the real world
leads to the study of direct and inverse problems for equations of mathematical physics.
Direct problems for partial differential and integro-differential equations by virtue of their
importance in the application are one of the most important parts of the theory of differential
equations. In the case, when the boundary of the flow of physical process is not applicable for
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measurements, as an additional information can be used on nonlocal conditions in the integral
form.

We propose a method of studying the one-value solvability of the nonlocal problem for a
nonlinear third-order integro-differential equation. Such type of differential equations models
many natural phenomena and appears in many fields of sciences. For this reason, a great
importance was given to this type of equations in the works of many researchers.

We use the Fourier method of separation of variables. The application of this method of
separation of variables can improve the quality of formulation of the given problem and facilitate
the processing procedure.

So in this article the author studies the questions of one-value solvability of nonlocal
mixed-value problem for nonlinear pseudoparabolic type of integro-differential equation. By
applying the Fourier method of separation of variables, the author obtained the countable
system of nonlinear integral equations (CSNIE). The theorem of one-value solvability of CSNIE
is proved using the method of successive approximations in combination with the method of
compressing mapping. Further the author showed the convergence of Fourier series to unknown
function - to the solution of the nonlocal mixed-value problem. It is also checked that the
solution of the given is smooth. Every estimate was obtained with the help of the Holder
inequality, Minkovski inequality and Bessel-type inequality. This paper advances the theory of
nonlinear partial integro-differential equations.

Key words: mixed-value problem, integro-differential equation, pseudoparabolic-type
equation, nonlocal integral condition, one-value solvability.
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