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AnHoranus. [lycte H — kjacc GyHKUUH, TOJOMOP(MHBIX B €IUHUUHOM KpyTe
D, G; — nomknacc H, cocTosuyii U3 BCeX HOPMHUPOBAHHBIX B HyJe U JIOKAJbHO
OfHOJMUCTHBIX B D (pyHKUHMH, KaxKAas U3 KOTOPBIX HMeeT eIUHCTBEHHYI0 KPHUTH-
4ecKylo TOUKY KOH()OPMHOI0 pafuyca, sBJsolLyocs ero MakcuMyMoM. [lokasaHo,
uto Kjacc Gy mpeacrasisieT co00H JMHEHHO CBSI3HOE MOIMHOXECTBO Kjaacca H,
paccMaTpUBaeMOro Kak JHHeHHOe TOMOJOrHyeckoe MPOCTPAHCTBO C TOMOJOrHeH
paBHOMEpPHOH CXOAMMOCTH Ha Komnakrax B D.

KuroueBble ciaoBa: MHOXKecTBO ['axoBa, Kaacc 'axoBa, JUHeHHAs CBSI3HOCTD,
KOH(OPMHBIH paauyc, runepboauueckasi MpOU3BOAHAS, KDUTHUECKHE TOUKH.

1. Knaccel 'axoBa

HccnenoBanne skcTpeMyMOB KOH(OPMHBIX PagHyCOB MJIOCKHX 00sacTed Obl10 MHUIIU-
upoaHo JI. [Tonua u . Cere B cBsi3u ¢ H3omepuMeTpuueckuMu HepaBeHcTBamu [10;12] u
®.[1. ['ax0oBbIM B Lle/I1X NOCTPOEHHUS KJ/IaCCOB KOPPEKTHOCTH BHellIHel 0OpaTHOH KpaeBoi 3a-
nauu [4;5]. O6e Tpaguuuu Obl1M 00benrHeHbl B padorax JI.A. AKceHTbeBa U ero y4eHHKOB
[1-4]. C 31X ke pabOT HAuaJOCh CHCTEMAaTHUECKOe HAaKOIJEeHHe YCJIOBHH eIHHCTBEHHOCTH
KPUTHUYECKOH TOUKHM KOH(OpMHOro pamguyca (omHo U3 HenaBHHUX cM. B [8]). Ilpouecc Ttako-
TO HaKOIJIEHHUS MPUBEJ K BBELEHHIO MaKCHMaJbHOIO KJacca eIHHCTBEHHOCTH — MHOXKECTBa
[axoBa [9], onpenesieHre KOTOporo cefiyac HarmOMHHM.

B ksiacce H Bcex dyHKUHH, rosomopHbix B enurnurom kpyre D = {{ € C: || < 1},
BBIZIEJUM TofKAacc Hy, COCTOSIIMU M3 JIOKaJbHO OAHOMMCTHBIX B D dyHKuME f (TO ecTb
f'(¢) # 0 npu ¢ € D) ¢ nopmuposkamu f(0) = f'(0) —1 = 0. Obosnauum uepes My

MHO>KeCTBO BCeX KPUTHUECKHX TOYEeK TUIepOoJUueCKOr MPOU3BOLHON

hy(Q) = (1= [¢*)|f(0)] (1)
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¢ynkuuu f € Hy. B xnaccuueckoit nocranoBke [losmua — Cere — Xuru, korpa (GyHkuus f
OHOMMCTHA, BesMunHa (1) mpeacTaBssieT coO0H BblpaxKeHHe 51 BHYTPEHHEro KOH(OPMHOI0
panuyca obnactu D = f(D) B Touke w = f({).

[eomerpusa mosepxHocTH h = hy Han snemeHTaMu a € My onpejensercss 3Ha4eHHUSMH
unnexca yy(a) BekropHoro nosis Vhy((). Takux 3HaueHHH MOKeT ObITb TOJIBKO TPH: PaBeH-
ctBo Ys(a) = +1 osnauaet, uTo { = @ — JIOKa/lbHbIH MAaKCUMyM YKa3aHHOH MOBEPXHOCTH,
caydait Ye(a) = —1 COOTBETCTBYET HA/MUHMIO Y Hee CEIJO0BOH TOUKH ( = @, a BOBMOXKHOCTb
vY¢(a) = 0 orBeuaer cuTyaluH, KOria B TOUKe ( = a paccMaTpHBaemasi TOBEPXHOCTb HMeeT
T0JIyCe1,10.

[Tycte k; o6o3HauaeT uncsio sjaeMeHToB MHOXKectBa M. Pacemorpum kiace G = {f €
€ Hy : ky < 1} u ero pasnoxeHue B AM3BIOHKTHOe oObenuHenne G = Gy II G, II G
nonkaaccoB Gy = {f € Hy : ky =1,v;(My) =+1}, Gs={f € Hyo: ky = 1,vs(My) # +1}
uGo={f€ Hy: ky = 0}. Knacc G Gymem HasbiBaTh KJacCoM, WM MHOXKecTBOM ['axoBa, a
nonkaacc G; — ero perynasipHOH 4acThblo, UM PEryJasipHBIM KjaaccoM [axosa.

B cBoe Bpemsi Ha KasaHckoM cemuHape no reomerpuueckoi Teopuu pyHkuuid O.I. As-
XaJ1eB MOCTABUJI TI€Pel aBTOPOM BOIIPOC O JIMHEHHON CBSI3BHOCTH MHOXKecTBa Gy. B HacToswei
3aMeTKe JaH BapHaHT OTBeTa Ha 3TOT BONpoOC. A MMEHHO, CIIpaBel/IMBa CJleAyIoLlasi TeopeMa.

M . 1 1 5 M
Teopema 1. Kaacc Gy ecmo aurelino c8sa3noe noomnoxcecmso kiacca H 6 monosozuu
pasHomepHotl cxodumocmu Ha Komnakmax 8 D.

2. JIuHeliHad cBA3HOCTBL KJjacca G,

Brauase nokaxem caenyromiee yTBepKIAeHHe.

Teopema 2. [as nwbou ¢pynukyuu f € Gy cyujecmsyem cemeticmso f; € Gy, t € [0,1],
makoe, umo fo ocyujecmsasem mosxcdecmseenrnoe omobpaxcenue, a f = f.

Hoxazamenoscmeo. PukcupyeM npousBosbHyo ¢yHkuuiw f € Gy. [lyctsh { = a — enuH-
CTBEHHBIH 3/1eMeHT MHoxecTBa M; Ge3 orpaHHueHHs! OOWHOCTH cuuTtaeM, 4to a # 0. Tpe-
OyeMoe CeMeHCTBO CKOHCTPYHPYEM M3 TPeX CJEAYIOLIMX YacTeH.

1) CemeiicTBO

f <1C++—C—ZSC> - f(as) B as
flagt—JaP " " T—[aP(1—s)

coenuHsier ¢pyHKUnHM f = wy U wy, npudem wi(0) = 0, to ectb M,, = {0}. Briouenune
ws € Gy ¢ M,, = {a(l —s)}, 0 < s < 1, obecrieurBaeTcsi MPUMEHEHHEM De3YJIbTATOB,
cobpaHHbIX B [9, c. 13].

2) Janee, ceMeHCTBO

Q) = (D). 1(p) =7+ (1=r)(1=p). 0P L ®)
rie 7. = ro(wy) = sup{r € [0,1] : wy(r¢)/r € S}, coenunser dpyHkumo w; = vy €
BBIMYKJIOH (QyHKIMe# vy. CripaBeaJnBocTb BKModeHust v, € Gy ¢ M,, = {0}, 0 < p < 1,
ycTaHoBsieHa B [7]. Hanomuum, 4to uepes S° TpaauuuoHHO 0603HaYaeTcst KJace BHIMYKJbIX
HOPMHUPOBAHHBIX (DYHKLUHH B €IHHUYHOM KpyTe.

3) Haxkonen, cemeiicTBo

un(Q) = AL+ (1= A)ui(Q), 0 <A<, (4)

ws(C) = , 0<s<1, (2)
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COoelMHsAeT DYHKIMIO U] = Uy C TOKAECTBEHHBIM 0TOOpakKeHHeM ;. [IpUHALIeXKHOCTb NaHHO-
ro ceMedcTBa perysnsipHoMy Kaaccy [axosa Gy caeayer U3 yTBepXKIEHHH, I0Ka3aHHLIX B [6].

Onpepenum f; = uy_g npu 0 < ¢t < 1/3, f; = vy_g, worma 1/3 < t < 2/3, u
fi = ws_34, ecin 2/3 <t < 1. Torna f;, t € [0, 1], — cemeiicTBO ¢ TpeGyeMbIMU CBOHCTBAMHY,
U TeopeMma 2 JNOKa3aHa.

[lanee noxaxxem Teopemy 1.

Hoxa3amenscmeo. Kak usBectHo (Hanpumep, u3 [13]), 3anaBaemast Ha H TomoJiorHsi paBHO-
MEepHOH CXOAMMOCTH Ha KOMIakKTax B ) MeTpH3yeTcsl C TIOMOIIBI0 METPHUKHU

= ] 10 — 9(Q)]
212_%1+!f() g P9 ©)

roe {K,}n>1 — ucuepnanue I) KOMIAKTHBIMH MHOXeCTBaMH, TO ecTb K,, C K,i1, n > 1,
u U, Kn = D. Beibepem K,, = {¢ € D : |¢| < r,}, n = 1,2,..., tne {rp}n>1 —
BO3pacTalollas Moc/1e10BaTeNbHOCTb MON0KUTENbHBIX YUCe/I, CXoAAmasncs K 1.

BosbmeMm n100y10 hyHKUKIO f € G ¥ TOKaXKeM, YTO MOCTPOEHHOE B TeOpeMe 2 CeMeHCTBO
fi, t € [0, 1], o6pasyer myTb, TO ecTh GyeT HeMpepbIBHBIM Kak 0ToOpaxeHHe otpeska [0, 1] B
MHOXecTBO G ¢ MeTpukoi (5).

dukcupyem npoussosbhbie 0 € [0,1] u ¢ > 0. Tpebyercsi YCTAHOBUTh CYIIECTBOBAHHE
takoro & > 0, uto a5 Bcex t € [0, 1], ynoBIeTBOPSIIOIIKX YCIOBUIO |t — O] < 8, UMeeT MecTo
HepaBeHCTBO d( fy, f5) < €.

OueBuaHo cymectBoBaHue Homepa N, Takoro urto » ° ... 27" < ¢/2. Crpykrypa
MeTpHKHU (D) MO3BOJISIET BBIBECTH OTCIOAA, uTO AJst Beex t € [0, 1] Gymer

- 1 |£+(2) = fo(0)]
EN: 27 (e L+ 1 1(0) — fol0)]

<e/2.

H03TOMy JJIA Tpe6yeMoro 3aKJIIOUEHHSA NOCTATOYHO YCTAHOBHUTbH HEPABEHCTBO

cekn 1+ 1£2(C) = fo(0)]

C KOTOPBIM JIOJIKHO OBITh CBSI3aHO CYILIeCTBOBaHHe O > (), Hasaramwillee HajJjexallde orpaHu-
yeHus Ha t. Tak kak K,, C Ky npun < N, To 1/ BeNoJHeHHS (6) 10CTaTOUHO NOTPeOOBATh,
YTOOBI

> Ly JHOSOL )y 6

Ve Ky [fi(Q) = fo(Q)] < ¢/2, (7)

npu Bcex t € [0,1] ¢ ycnoBuem |t — 0| < §. CywecrBoBanue & > 0 ¢ MpHBeLEHHBIMH
OrpaHHUYeHHsIMM Ha ¢, 06eCHeyrBalOIMUMU BBIONHEHHE YCI0BUS (7), sIBJsSETCS CJEICTBHEM
CBOMCTBA paBHOMEpHOH HernpepbiBHOCTH QyHKUMH F((,t) = f;({) Ha komnakre Ky X [0, 1]
(em. [11, c. 292)).

[TocsenHee CBOHCTBO CJiefyeT W3 HeNpepbiBHOCTH (QyHKunH F((,t) MO COBOKYMHOCTH
nepeMeHHbIX, KOTOpasi yeTaHaB/IuBaeTcs: Ha oobemsmolnx Ky X [0, 1] MHOXKeCTBax Mo OTaeb-
HOCTH [JIsl KQXKIOTO M3 TPeX MOJACEMEHCTB U3 J0Ka3aTeJbCTBA TEOPEMBI 2, COCTABJISIOUIHX [y,

€ [0,1], a B cayuae cemeiictBa (3) — MO OTAENBHOCTH /sl CHTyalHH, mpuBoasuux K (7)
npu 0 = 2/3 u npu o € [1/3,2/3). CemeficTBo (2) HeMmpepbIBHO M0 COBOKYMHOCTH TEpeMeH-
Hoix B D x (—1/|al,1/]al), cemefictBo (4) — B Dy, x R. Uro ke Kacaercs cemefictsa (3),
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TO €ro HempepbiBHOCTb OCHOBAaHA HA HEMPEPBIBHOCTH MO COBOKYMHOCTH MepeMeHHbIX ((,7)
cemeficTBa suHu# ypoBHs f.(C) = f(rl)/r va Dy x (—1/7,1/F) ¢ ¥ € (ry,7n41) (4T0GH
nokasatb (7) npu 0 = 2/3) u Ha Dy X (—=7,7) ¢ 7 € (rc, 1) (naa nonydenns (7) mpu
o€ [1/3,2/3)). 3necs D ={C € C:|{| < R} npu R > 0.

Hrak, obocHoBaHue HepaseHctBa (6) mpu t € [0,1] N (0 — 8,0 + &) cBemeHO K HC-
M0JIb30BAHHMIO KOHKPETHBIX (opM nocTpoeHus f;, t € [0, 1], KoTOpble MO3BOJAIOT YCTAHOBHUTh
cyulectBoBaHue O > (), obecrneynBarllee COAEPKATeAbHOCTb BCeX OTMEUEHHBIX BhILIE PelyK-
LMK, COCTaBJAIOIIMX J0Ka3aTe bCTBO TeopeMsl 1, KoTopoe, TakUM 06pa3oM, 3aBepLIeHO.
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ON THE LINEAR CONNECTIVITY OF THE REGULAR PART OF GAKHOV SET
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Abstract. The study of extrema of the inner mapping (conformal) radii of
the plane domains has been initiated by G. Pdlya and G. Szegé in connection with
the isoperimetrical inequalities and by F.D. Gakhov in concern with construction
of the correction classes for the exterior boundary value problems. Both traditions
have been unified in the works of L.A. Aksent’ev and his successors. These works
also were seminal for the systematic accumulation of the uniqueness criteria for
the critical points of the conformal radii. The process of such an accumulation
has led to the introduction of the Gakhov set.

Let H be the class of functions holomorphic in the unit disk D = {C €
€ C: |¢] < 1}, and let Hy be the subclass of H consisting of functions f
locally univalent in D (i.e. f'(¢) # 0 for all { € D), normalized by the conditions
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f(0) = 0 and f’(0) = 1. We denote by M, the set of all critical points of
the hyperbolic derivative (inner mapping radius) hs(¢) = (1 —|¢[*)|f/(Q)] of the
function f € H,.

The geometry of the surface h = hy over the elements a € M/ is determined
by the values of the index ys(a) of the vector field Vhs((). It is well-known that
if f € Hy and a € My, then ys(a) € {+1,0,—1}; in particular, the equality
Y¢(a) = +1 means that ¢ = a is the local maximum point for the above
mentioned surface.

Let ks be the number of points in M. The class G = {f € Hy: ky < 1} is
said to be the Gakhov set, and the class Gy = {f € Hy : ky = 1,v;(M;) = +1}
is called the regular part of the Gakhov set. The following question was the
stimulus for our study in the present note.

F.G. Avkhadiev’s question. Whether the class G; is a linear connected set
or not?

Variant of an answer is contained in the following theorem.

Theorem 1. The regular part G, of the Gakhov set G is a linear connected
subset of the class H endowed with the topology of uniform convergence on
compact sets in D.

Proof of the above assertion is the “cascade” of reductions to the following

Theorem 2. For any function f € G, there exists a family f; € G,
t € [0, 1], such that fy carries out the identity mapping, and f; = f.

The family {fi}o<i<1 is constructed on the base of three subfamilies. First
subfamily is formed by the linear-invariant actions on f by Mobius automor-
phisms. This subfamily connects f and the function w with M, = {0}. Second
subfamily is produced by the level lines of the function w and connects the latter
with convex function v. Third subfamily is convex combination of v and f.

Key words: Gakhov set, Gakhov class, linear connectivity, inner mapping
radius, hyperbolic derivative, critical points.
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