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AHHoTanusa. B nanHoél pabote, MCMo/b3ysl 1OCTATOUHO HOBBIH MOAXOM K T10-
CTAaHOBKe KpaeBblX 33/lad Ha MPOWU3BOJBHOM HEKOMMAaKTHOM PHMaHOBOM MHOr000-
pasuu M, OCHOBaHHBIH Ha BBEIEHHWH KJACCOB 3KBHBaJEeHTHBIX Ha M (yHKIUH,
YCTaHABJINBAETCS 3aBUCUMOCTb MEXAY Pa3pelinMOCTbI0 KPaeBbIX U BHELUHHUX Kpa-
eBBIX 3a/a4 IJs1 ypaBHeHus [lyaccona na M.

KaroueBslie ciaoBa: ypaBHeHue [lyaccoHa, kpaeBasi U BHeIIHSI1 KpaeBasl 3a-
Ja4yy, HeKOMIIaKTHble PUMaHOBBl MHOrooOpasus, 3afada Jupuxse, Kaaccel 3KBHUBA-
JIEHTHOCTH (PYHKLHH.

BBenenue

[Tpo6sema paspemiMMOCTH pa3JHUUHBIX KpaeBbIX 3amad (B TOM uucje 3amaud Jlupux-
Jie) IJIsl 3JTMNTHYECKUX NU(bdepeHHaIbHbBIX YPAaBHEHHH HAa PUMaHOBBIX MHOTO0Opa3HsX C
MpeANUCaHHBIMU T'DAHUYHBIMH JAHHBIMH Ha «0€CKOHEUHOCTH» SIBJISETCS JOCTATOUHO HHTe-
pecHoH mpoOJeMol B aHa/u3e U reoMeTpuu. McToku ykasaHHOU mpobJeMaTHKU BOCXOAST K
KJ1acCU(UKAIMOHHON TEOPHH HEKOMIAKTHBIX PUMaHOBBIX MHOr000pa3nuii, OCHOBAHHOW Ha H3Y-
4eHUH (YHKLUHOHAJbHBIX MPOCTPAHCTB (HAmpuMep, MPOCTPAHCTB TaPMOHUYECKHUX (DYHKIIH)
Ha pUMaHOBBIX MHOroo6pasusix. MHorue npo6semebl, OTHOCSILHECS K JaHHOMY HalpaBJeHHIo,
MOXKHO C(OpPMYyJHpOBaTh B BHUIe TeopeM Tuna JIMyBUJ/J/SA, yTBEpKAAOUIUX TPHUBHUANBHOCTD
MPOCTPAHCTB OrPAaHUYEHHBIX PelleHUH HEKOTOPBIX JIIUNTUYECKUX YpaBHEHUH Ha MHOroobpa-
sun (cm.: [13;14;20]).

[Ipo6sema paspemiimocTH 3agauu JupuxJje 0 BOCCTAHOBJIEHUH PeLIeHUs 3JIUNTHUECKO-
ro ypaBHeHHS [0 'PAHWYHBIM JAaHHBIM Ha «0€CKOHEYHOCTH» SIBJISeTCSI B HEKOTOPOM CMBIC/Ie
[IBOMCTBEHHOH M0 OTHOLIEHHIO K CIIPaBeAJHBOCTH TeopeMbl JIMYBUJ//IS Ha MHOTOOOpasuu.
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C 3TOl TOUKH 3PEHHs] HAaUOOJbIINH UHTEpeC MPeACTaBsiOT HEKOMIAKTHbIE U 0COOEHHO MOJI-
Hble PUMaHOBBl MHOroo0pasusi. B psine cayuaeB cama moctaHoBKa 3anaud JupuxJe Ha Takux
MHOT000pa3usix sIBJSETCS NOCTATOYHO 3aTPYAHUTEbHOH, MOCKOJbKY He SICHO, KaK TOHHUMATb
rpaHUYHble NaHHble. B HEKOTOPBIX CHUTyalUsX, €CJd MHOroo6pashe NOMYCKaeT HEKOTOPYIO
reOMeTPUUECKYI0 KOMINAKTU(UKAHIO (HarnprMep, MHOr00Opa3usi OTPHULIATENbHON CEKLIHOHHOH
KPUBU3HBI, MOJIe/IbHbIE HJIU C(hepUUeCKU-CUMMETPHUHbBIE MHOr000Opa3usi), TO MOCTAaHOBKA Kpa-
eBBbIX 3a/lad Ha HeM, B TOM 4YHCJe U 3aiauu JUpuxJe, OCYLIeCTBJSETCS TakXke, KaK U MJis
orpaHHUeHHBbIX obsacteil B R™ (cM., Hanpumep, [7;12;18;21]).

B nocnennue rombl ony6JMKOBAaHO 060JbIIOE KOJUUECTBO PabOT, MOCBSILIEHHBIX BOMPO-
caM paspelIMMOCTH Pa3/JUUHBIX KPaeBbIX 3afay JJIs1 TapPMOHHUECKUX (DYHKLHMH, IJs PelleHHH
cTauuoHapHoro ypaBHeHus IllpennHrepa, [Js1 HEKOTOPBIX APYTHX OJHOPOAHBIX JUHEHHBIX M
KBa3UJMHEHHBIX 3JITUIITUYECKUX ypaBHeHUH. [Ipu aTOM HcciienoBaHUsT HEOMHOPOAHBIX JJIHII-
THUECKHUX yPaBHEHWH HOCST eNUHUYHBIH XapaKTep W TOCBSILEHBl MPeUMYIIECTBEHHO H3yde-
HUIO aCHMIITOTHYECKOTO TOBENEHHs pellleHHH 3TUX ypaBHeHHH (cMm.: [6;15;17;19]).

B Hacrosiie#t pabote npepsaraercs Ha MPOU3BOJBHOM IVIAAKOM CBSI3HOM HEKOMIAKTHOM
pUMaHOBOM MHOroo6pasuu M, UCTONb3ysl NOCTATOUHO HOBBIM MOAXOMA K TOCTAHOBKE KPaeBbIX
3ajau, OCHOBAHHbIM Ha BBEIEHHWH KJAaCcCOB SKBUBAJEHTHBIX Ha MHOroo6pasuu N HempepbiB-
HBIX (DYHKLHH, UCCJENOBATH BOMPOCH Pa3PelIMMOCTH KPAeBbIX U BHEIIHHUX KPaeBbIX 3aiay
nJs ypaBHeHus Ilyaccona

Au = g(x), (1)

rae ¢yukuus g(z) € CY(QQ) mast moboro mogmuoxkectsa ) CC M, 0 <y < 1.

B yacTtHOCTH, B paGoTe ycTaHaBIMBAETCs 3aBUCHMOCTb MEXKY Pa3pelIMMOCTbI0 KPaeBbiX
¥ BHELIHHWX KpPaeBbIX 3anay 1 ypaBHeHHs (1) HA Mpou3BOJIbHOM HEKOMIIAKTHOM PHMaHOBOM
MHOroo6pasuu.

[Ton pemwenuem ypaBHeHus (1) Ha mHoroo6pasuu M Oynem moHUMaTb (QYHKIHIO U €
€ C?(f2), yroBieTBOPSAIOILYI0 3TOMY ypPaBHEHHIO Ha JI0GOM KOMIAKTHOM TOAMHOXKecTBe §) C
C M.

PaHee omuchbIBaeMbIii HH>Ke TOAXOM, OCHOBAaHHBIH Ha BBEJEHWH KJacCOB KBUBaJEHT-
HBIX (DYHKIMH, OBLT HCIOJb30BaH /IS M3y4eHHs BOMPOCOB Pa3pellMMOCTH KpaeBblX 3ajad
nasi ypaBHeHu# Jlanmaca — DBesbrpamu, ypaBHenusi Ulpenunrepa, psina noJyJHHEHHBIX H
KBa3W/JMHEHHbIX 3JJIMITHYECKUX ypaBHEHHH Ha MPOM3BOJBbHBIX HEKOMMAKTHBIX PHMaHOBbBIX
MHOroo6pasusix (cm., Hanpumep, [5;8-11;16]).

JloKa3aTesbCTBO OCHOBHBIX Pe3yJbTaTOB pabOThl OMUPAETCsl Ha KJaCCHUECKHe YTBepKe-
HHSl TEOPUM YPaBHEHWH B YACTHBIX MPOM3BOAHBIX: MPHUHIHI MaKCHMyMa, TEOPEMbl CPaBHEHHS
¥ eIMHCTBEHHOCTHU [Jis pellleHHUH JIMHEHHbIX 3JUNTHUECKUX TU(depeHHaNbHbIX ypaBHEHHUH.
HMx crnpaBensMBOCTb Ha MpPeLKOMMAKTHBIX MOAMHOXKeCTBaX MHoroo6pasus M nokasbiBaeTcs
TaK»Ke KaK W JJIs OrpaHHuUeHHbIX oOsacteit B R™ (cM., Hanpumep, [1, c. 39-40]).

1. OcHOBHBIE MOHATHA U BCIIOMOraTeJbHbIE YTBepKACHUA

[Tycts B C M — npou3BOJbHOE CBI3HOE KOMIIAKTHOE MOAMHOXKECTBO C IJIafiKoH rpa-
HULel OB u HemycTol BHYTPeHHOCTbIO, { By }72, — ucuepnanue MHorooGpasusi M, To ecTb
0C/Ie0BATENbHOCTh MPEeIKOMIAKTHBIX OTKPBITHIX TIOAMHOXECTB PUMaHOBa MHOroo6pasus M
Takux, uto By C Biyi, M = Ui, By

[ycteb fi(x) u fo(x) — npousBosbHBIE HeMpepbiBHbIE OrpaHHueHHble HA M QyHKUHH.
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Bynem rosoputh, uto ¢yHkuuu fi(x) u fo(x) aksusarenmuor na M u 0603HaUYaTH
fi(z) ~ fao(x), ecan nasi HekoToporo ucuepnauust { By }7°; MHOroo6pasust M BBIMOMHEHO

lim [|f1(2) = fo(@)llconm =0,

e |1 (@)lloo(@) = supg | ()]

OG603HaYMM KJIacC KBHMBaJIeHTHbIX [ (QyHKIME uepes3 [f]. BeemenHoe oTHouieHHe eii-
CTBUTEJIbHO SIBJISIETCS OTHOLIEHHWEM 3SKBHUBAJEHTHOCTH (TO eCThb OHO pedJeKCHBHO, CHMMET-
pPHUHO ¥ TPaH3UTHUBHO), HE 3aBUCHUT OT BhlOopa HcyeprnaHus MHoroobpasus M u xapakTe-
pU3yeT ToBeleHHe (DYHKIMH BHe TPOM3BOJBHOrO KOMIIAKTHOrO MoaMHoxectBa B C M (cMm.,
Hanpumep, [5;8-11;16]).

Bynem naswiBaTh pyHKUMIO f acumnmomuuecku neompuyamensvroti na M (1 o603Ha-
yate [ 2 0), ecniu Ha M cyliecTByeT HempepblBHAs orpaHuueHHas GyHKuus w > 0 Taxas,
gto w ~ f.

Bynem roBoputh, uTo QYHKUHUSI g acumnmomuyecku He npesocxodum gyukyuro f Ha
M (n o6o3nauate g < f), ecan pasHocTs f — g Ha M siB/sieTCsl aCUMITOTHYECKH HEOTPHLA-
TeJIbHOH (PyHKLIHeH.

HMeloT MecTo ciefyroliye BCIIOMOTaTe/bHble YTBEPKIEHHS.

Jlemma 1. Ecau g S fu f Sgrna M, mog~ fua M. Obpamroe ymeepacdenue makaice
8EPHO.

JHoka3zamenscmeo. V3 naHHbIX BhIlIe onpefiesieHUH craenyet, uto Ha M cyliecTBYIOT (yHK-
i w > 0w v > 0 rakue, uto g — f ~ w, f — g ~ v. Torna w ~ —v, npuuem —v < 0,
w > 0. DT0 BO3MOXHO TOJIbKO, ecd w ~ 0 U v ~ 0 U, COOTBETCTBEHHO, g ~ f Ha M.

O6patHo, eciu g ~ fHa M, 10 g—f~0wu f—g~ 0. ynkuus w = 0 siBasietcs
ACHMIITOTHUECKH HEOTpPHUIlATeNbHOMH, cenoBaTenbHo, ¢ S fu f < g Ha M.

Jlemma 2. (ITpunuun cpasuenust 1). Mycmo Av < Au na M\ B, v|y5 > ulyg, v ~ u.
Toeda v > u Ha M \ B.
ITycmo Av < Au na M u v~ u. Toeda v > u Ha M.

Hoxazamenscmeo. Ilonpo6Hoe 10Ka3aTeNbCTBO JAHHOTO YTBEPXKIEHHUs MpUBeneHO B [9].

Jlemma 3. (ITpunuun cpashenus 2). [lycmo Av < Au na M\ B, v|yp > ulyp v 2 u.
Toeda v > u na M \ B.
Iycmo Av < Au na M u v 2 u. Toeda v > u na M.

Hoka3zamenscmeo. JlonycTum, 4To NepBoe yTBep:KAeHHe He BepHO. O603HAYUM
D={xe M\B: u(x)>v(x)} #0 -—

oTKpeIToe moaMHoxkecTBo B M\ B. [Tyctb Dy — oHA U3 OrpaHHYeHHbIX KOMIIOHEHT CBSI3HOCTH
nogMHoxkecTBa D Takasi, UTo u > v BHYTPH Dy U u]aDO = U‘&Do (ecsiu TaKOBas CYLIECTBYET).
Paccmotpum B Dy pynkuuio w = v—u < 0. [Ipn 3T0M BBINOJIHEHO w|8D0 =0uAw=Av—
—Au < 08B Dy. [lpumensisi K pyHKUNH w B Dy NMPUHLMI CPAaBHEHHUsI [J1s1 pelleHUi JHHEHHbIX
3JIIMNTUYECKUX ypaBHEHHH, uMeeM w > 0, 4TO NPOTHBOpeUUT BbIOOPY obsactu Dy.

[lycte Temepp DDy — ofHa M3 HeOrpaHMYEHHBIX KOMIIOHEHT CBSI3HOCTH (eC/JiM TaKoBas
CYUIECTBYeT), A/l KOTOPOH BBIMOJIHEHO Ulyn = v|yp,, v < u BHyTpM Do ¥ v 2 u Ha
M, to ectb Ha M cyuiecTByeT HempepbiBHAsi orpaHudyeHHast GpyHKius w' > 0 Takasi, 4To
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v—u ~ w". Kak u Beime, pacemorpum B Dy GpyHKuuo w = v —u < 0. [Ipu 3tom w|aDO =0,
Aw=Av—Au< 0B Dyuw~ w" (To ecTb W — aCUMOTOTHYECKH HEOTPHULIATENbHASA).
[IpriMeHsisi IPUHLMI CPaBHEHUs [Jisi PelleHHH JUHEHHBIX 3JJHNTHYECKUX ypaBHeHHH B D
(cM., Hanpumep, [9]), nonydyaem w > 0 ¥ OPUXOLHUM K MPOTHBOPEYUHIO.

JloKa3aTesbCTBO BTOPOTLO YTBEPKIEHHUS JIEMMbI IPOBOAUTCS aHAJOTHUYHO.

Chopmynrpyem TeopeMy eIMHCTBEHHOCTH PEIlIeHHs] KPAaeBbIX U BHEIIHUX KPaeBbIX 3aaau
nast ypauenusi (1), coorsercrento Ha M u Ha M \ B.

Teopema 1. (Teopema enunctBeHHOCTH). [Tycmo Av = g(x) u Au = g(z) na M\ B u
V|gp = Ulyg v ~u. Toeda w=u na M\ B.

ycmo Av = g(x), Au = g(x) na M u v ~u. Toeda v =u na M.

JloKa3aTesqbCTBO 3TOH TeOpPeMbl HEMOCPEACTBEHHO CJeAyeT W3 NMPHHIKIOB CpaBHeHHUs |
u 2.

3ameuanue. 3ameTHM, 4TO ypaBHeHHe (1) siBJsieTCS YaCTHBIM cJydaeMm 0OoJjiee OOILEro Ju-
HeiiHoro ypasHenusi Lu = g(z). 3necs L — JHUHEHHBIA JUIMITHYECKHUI OmepaTop BHAA

Lu = Au+ (b(z), Vu) — ¢(z)u,
ree b(z) = (b'(x),...,0"(x)) — BektopHOE moJsie Takoe, uto b'(x) € C} (M) nns Beex i
(0<vy<1),c(x)>0wuc(x)eC).(M). Bee chopmynnpoBaHHble Bbillle BCIOMararesibHble

YTBEPXKIEHHUsI, TeOpeMa eIHHCTBEHHOCTH CIPABEJINBbI TaKke U [Js ypaBHeHus Lu = g(x).
Jloka3aTesbCTBO MPOBOAUTCS aHAJNOTUYHO, KaK U 1Js ypaBHeHus (1) (cMm., Hanpumep, [9; 16]).

Hanee nyctb { By}, — Hcuepnanue MHOroo6pasust M ¢ riagkumu rpaHduamu OBy.
OGo3HauUM Yepes3 vy rapMOHHUYECKYH B By, \ B (YHKLHIO, YIOBJIETBOPSIOLLYO YCIAOBUSAM

Uklop = 1, Uklop, = 0.

Kak u B [9] serko mokasaTb, uTo NMpd kK — OO OHa MOHOTOHHO BO3PacTaeT M CXOAMUTCS K
rapmoHuueckoit Ha M \ B (QyHKIHMH TakoH, 4TO

vzkli_g)lovk, 0<wv<l, V|pp = 1.

3ameTuM Takxke, uTo (PYHKLUHSI U He 3aBHUCHT OT BbiGopa ucuepnanus {Bg}7,, U mJs
ypaBHenus Jlaniaca — BesnbTpaMut QyHKIHS ¥ €CTh He UTO HHOE, KAK eMKOCTHBIN TMOTEHI[HaT
KoMmnakTa B oTHocuTesbHO MHoroo6pasust M (cm. [14]).

MHoroo6pasue M Oynem HasbiBaThb A-cmpocum MHOrO0OpasHeM, eC/u [Jis HEKOTOPOro
komnakTta G C M cyliecTByeT eMKOCTHBIE MOTEHIMA v TakoH, uto v € [0].

Bynem roBoputh, uto Ha M paspewuma xkpaesas sadaua oin ypaswenus (1) c epa-
HuunbLMu ycaosusmu us kaacca [f], ecaun Ha M cyuectByer petuenue u(x) ypasHenusi (1)
Takoe, 4yTo u € [f].

[lycts ®(x) € C(OB) — npousBosbHasi GyHKIHs. Bynem rosoputs, uto Ha M \ B pas-
pewiuma erewnss kpaesas 3adaua 0rs ypasuenus (1) ¢ epanuunoimu ycrosusmu (P, [f)),
ecan Ha M\ B cyuectyet peuenue w(x) ypaBHenus (1) taxoe, uto u € [f] v ulypz = P|yp.

3ameuanue. Bonpochl cyliecTBOBaHHUS Le/NbIX PELIEHHE /15T OMHOPOIHBIX JUHEHHBIX U KBa3H-
JIMHEHHBIX yDaBHEHHE HAa HEKOMMAKTHBIX PUMaHOBBIX MHOrOOOpasHsiX, a TaK»Ke B3aWMOCBSI3b
pa3pelMMOCTH Pa3JHYHBIX KPaeBbIX M BHEIIHMX KPaeBbIX 3aJay Ha HUX MOAPOGHO H3y4eHbI
B paborax [2-5;8-11;16].
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Crenyoliye yTBepKAeHHS B HEKOTOPOH cTerneHH o6obiiatoT Ans ypaBHeHHs [lyaccoHa
pe3ynbTaThl, MOJyuyeHHble paHee /51 OAHOPONHBIX JIMHEHHBIX YpaBHEHHH Ha MPOU3BOJBHOM
HEKOMIAaKTHOM PUMaHOBOM MHoroo6pasuu M.

Bcrony nanee f — mpousBosibHasi HempepeiBHAsE orpaHudeHHas Ha M dynkuusa. Chop-
MYyJIHDyeM OCHOBHbIE Pe3YJIbTaThI.

Teopema 2. [Tycmo na M \ B 0as awboul koncmanmor A paspewiuma 6Hewnss Kpaesas
sadaua ors ypasnenus (1) ¢ epanuunoinu ycaosuamu (A, [f]). Toeda na M s ypasnenus
(1) paspewuma kpaesas sadaua ¢ epanuirbimMU Ycaosuamu u3 kiacca [f].

CrencrtBue 1. [Tycmo na M \ B 0as npoussosvrotl Henpepovienoil Ha OB ¢yukyuu P(x)
paspewumna sHewnas Kpaesas sadaua Oan ypaswenus (1) ¢ epawuunvimu ycarosuimu
(P, [f]). Tocoa na M Odasn ypaswenus (1) paspewuma kpaesas 3adaua ¢ epanHuiHvLMU
ycaosusamu us kiacca [f].

Teopema 3. [Tycmo na A-cmpoeom mrocoobpaszuu M paspewuma kpaesas zadaua ¢ epa-
Huunbmu ycarosuamu us kiacca [f]. Toeda na M\ B 045 npousgorvHoil HenpepvleHotl Ha
OB ¢ynxyuu O(x) paspewunma snewnsns kpaesas 3adaua ors ypasnenus (1) ¢ epanuuro:-
mu yeaoguamu (D, [f]).

2. Jloka3aTeJbCTBO OCHOBHBIX Pe3yJlbTaTOB

Jloka3areabCcTBO Teopemsbl 2. J{yisi Hayasa 3aMeTHM, 4TO U3 paspewnmoctu Ha M \ B
BHeIIHeH KpaeBod 3amauu ajst ypaBHeHus (1) ¢ rpanudnbiMu yeaoBusivu (A, [f]) mas awo6oi
KOHCTAaHTHl CJefayeT cyliectBoBaHue Ha M \ B HeTpHBHANbHOTO €MKOCTHOrO MOTEHIHasa
v e 0]

[ycts ug € [f] — pelueHne BHelIHed KpaeBo# 3amauu Agsi ypasHenus (1) Ha M \ B,
ynoBJeTBopsiollee g,z = 0. TIponomkum QyHKUHIO 1y HempepeIBHEIM 06pasoM Ha Bce M u
0603HauMM rnponoskeHre deped Uy. Jlanee paccMOTpUM MOC/Ae0BaTeNbHOCT (QYHKUHH Oy,
SIBJSIIOLIMXCS pelleHHeM 3anad Jupuxie

{ Ady, = g(z) B Dy,
(O] |8Bk = U0|aBk-

(2)

O6osnaunm Py, = ¢y — Upy. Torma AP, = Ady — AUy = g(x) — h(z) u Py ’BBk = 0.
Acuo, uro supp{g(x) — h(x)} nexuUT B HEKOTOPOH OKPECTHOCTH KOMIakKTa B.

HNanee nycte Gy — ¢yukuusa [puna oneparopa Jlansmaca B By, To ecTb (PyHKIHS,
KOTOpasi [IJisi KaXKI0ro y € By, yHOBJETBOPSIET YCJOBHIO

AmGk(fan) = _61/(573)7 Gy |xe@Bk =0,

rae 8,(x) — d-dyukunst dupaka. Torna

Wu(e) == [ Gula)(aly) — @)y

3amMeTHM, YTO CYIIECTBOBAaHHE HETPHUBHAJBHONO €MKOCTHOrO MoTeHuuana v € [0] ak-

BUBAJIEHTHO HENMapaGoJMYHOCTH THUIA MHOrooOpasust M H, CJe0BaTesbHO, CYIUIECTBOBAHHIO

pyukuuu Ipuna G(x,y) = klim Gr(x,y) Ha Bcem MHoroo6pasuu M npu x # y (cMm., Ha-
—00

npumep, [14]). CyuecrBoBanue dynxuuu Ipuna G(x,y) BKIOYaeT B cebsi CylLIeCTBOBaHHE
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npenesa nocaenoBareabHoct {1y }. Tlyctb klirn Py = P. Torna A = g(x) — h(z) on M.
—00

[TocsienHee BJeueT 3a coboil CyluecTBOBaHUe Mpefena nocyenoBarenbHoctd {¢dy}. [puuem
b= klim b = klim Yy + Uy = ¥ + Up. CrenoBarensio, Adp = A(Y + Up) = g(z) — h(z) +
— 00 —00

+ h(z) = g(x) on M. Iokaxem, uro ¢ € [f].
JlefiCTBUTENBHO, B CHJIY HEMPEpPbIBHOCTH (HYHKUKU (P (T) CYLIECTBYIOT

A = max|d(z)].
Torna —(A+1) < ¢|aB < A+ 1 u, cnenoBartesibHO, MPH JOCTATOUHO OOMBIIUX Kk BBIMOJHEHO
—(A+1) < dplyp <A+ 1
YUHUTHIBasA, UTO u(]]aB = 0, umeem
—(A+1) < uolyp < (A+1).

CoryiacHo ycsioBuio TeopeMel, Ha M \ B cyuiectByior peuenusi u; € [f] v us € [f]
ypaBHenus [lyaccona (1), ynoBneTBopsitoliyie yCJa0BHSIM

|y = —(A+1), uslyp=A+1

Tax KaK uy ~ ug ~ Ug, U1|yp < Uplyg < Us|yp, @ PABHOCTH Uz — Uy U Uy — Uy ABISIOTCS
peteHusivu ypaBHenusi Jlamimaca — Besnbrpamu Ha M \ B, TO 1m0 NMPUHLHKIY CPaBHEHHs Ha
M \ B nonyuaem u; < ug < ug. Torma mst 1ocTaTouHO GOJBIINX K BBIOJHEHO

U1|aBk < ¢k|aBk = u0|8Bk < u2|8Bk7

U1|aB < d)k"(‘)B < “2|aB-

Jlanee, nprMeHsis NPUHLUI CPABHEHHUS K (PYHKUMAM P — U; U Ug — Pj, KOTOPHIE TaK-
XKe SIBJISIIOTCS pelleHUsiMH ypaBHeHusi Jlamiaca — Besbrpamu Ha MHOxecTBe By \ B, nss
pocratouHo Gosblinx k umeeM u; < ¢p < uy. [lepexops K mpeneny mnpu k — oo, Ha M \ B
nonyunM u; < ¢ < us. YUUTHIBAS, UTO Uy ~ Ug ~ f, ojydyaeM ¢ ~ f.

Teopema nokasana.

[lepefinem K n0Ka3aTesbCTBY CJeAYIOLlel TeOpeMBbl.

JHokasareancTBo Teopemsl 3. [Iyctb Teneps ug € [f| — peuenue ypasuenus [Tyaccona
(1) u & € C(0B) — npounsBosbHasi HyHKLHS.

PaccmoTpuM mnoc/enoBaTeslbHOCTb (PYHKUMH Uy, SBJASIOLIMXCS pelleHHeM CJlelyoLInX
KpaeBbIX 3ajau

Auk:O BBk\B, “k|aB:CI)7 Uk|aBk:“0|aBk'

Torna pasHocTH vy, = ug—ug OyayT siBasThes By \ B peluenusimu ypaBHenus Jlammaca —
Benprpamu. [Ipu stom

Uklop = ® — o, Uk|6Bk = 0.

YuuThIBas NPUHUMI MaKCUMyMa JJ/Is1 TAPMOHHUECKHUX (PYHKLUHUH, AJs Joboro k nuMeem

i < sup oyl = sup @ — uo| < sup || + sup Jug,
8(By,\B) oB OB OB
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TO €CThb MOCJEN0BATENbHOCTD { V) } 52, PABHOMEPHO orpaHnueHa Ha M U, ce10BaTesbHO, KOM-
NaKTHa B KJacce J1Ba</bl HeNPepblBHO AU((PepeHLHpyeMblX (PYHKLUHH Ha J1:1000M KOMIaKTHOM
nogmHoxkectBe B M. ITycts v(x) — npegenbHas dyHkuus. Acho, uto Av =0, v|,5 = P—uy.
TTokaxem, 4to v € [0].

O6o3naunm A = maxyp |® — up|. OueBHIHO BHIMONHEHO

—(A4+1)<d—uy<(A+1),

—(A+ 1) <y <A+1

U s Jooboro k
—(A+1) < vk|83 < A+4+1.

Pacemorpum Ha M \ B ¢yukupn v = —(A+1) v u v = (A+1) - vy, tie vy —
eMKOCTHbIi moTteHuan komnakra B ua M, vy € [0] (on cyuectByer B cuay A-CTPOrocTH
MHOroo6pasust). OyHKUMK U U T ABJSIOTCS TaDMOHHUYECKUMH M YIOBJETBOPSIOT YCJIOBUSAM

Vpp=—(A+1), —(A+1)<0<0, vell],

Tpgp=(A+1), 0<T<(A+1), Tel0].

Torna wa M \ B BbimosHeHo v < U W C y4eTOM MPHHIKNA CPaBHEHHs [Jisi Bcex k Ha
MHOXKecTBe By \ B
V< <.

[lepexonst xk mpenmeny npu k — oo, noaydaemM v < v < ». YuyuteBasi, 4yto v ~ 0 ~ 0,
nosnydaem v € [0].
13 cyuiectBoBaHus npenebHON (DYHKLUHUU v CJelyeT CyLleCTBOBaHHe NpefiebHON (DyHK-
il v = lim u, = lim vp+uy = v+ug. Tak Kak v|,5 = P—ug u v € [0], umeem ul,z = @,
k—o00 k—o00

u € [f]. Takum o6pasoM, u — MCKOMOE pellleHHe KpaeBod 3agaud Ha M.
Teopema 3 noxasana.
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Abstract. This article is devoted to the investigation of the behavior of
solutions of the Poisson equation in relation to the geometry of the manifold
in question. Such problems originate in the classification theory of non-compact
Riemannian surfaces and manifolds. For a noncompact Riemann surface, the
well-known problem of conformal type identification can be stated as follows:
Does a nontrivial positive superharmonic function exist on this surface?

Many questions of this kind fit into the pattern of a Liouville-type theorem
saying that the space of bounded solutions of some elliptic equation is trivial.
However, the class of manifolds admitting nontrivial solutions of some elliptic
equations is wide. For example, conditions ensuring the solvability of the Dirichlet
problem with continuous boundary conditions “at infinity” for several noncompact
manifolds has been found in many papers (see, e.g., [12;18;21]). Notice that
the very statement of the Dirichlet problem on such manifolds could turn out
nontrivial, since it is unclear how we should interpret the boundary data.

In this article we study questions of existence and belonging to given
functional class of bounded solutions of the Poisson equation

Au = g(z), (1)

where g(x) € CY(Q) for any subset 2 CC M, 0 <y < 1 on a noncompact
Riemannian manifold M without boundary.

Of keen interest is the interrelation between problems of existence of solutions
of equation (1) on M and off some compact B C M with the same growth
“at infinity”. In our research we use a new approach wich is based on the
consideration of equivalence classes of functions on M (this approach for bounded
solutions of the Schrédinger equation has been realized in [9]).

Let M be an arbitrary smooth connected noncompact Riemannian manifold
without boundary and let { Bx}?2, be an exhaustion of M. Throughout the sequel,
we assume that boundaries OB}, are C''-smooth submanifolds.

Let fi and f5 be arbitrary bounded continuous functions on M. Say that f;
and fy are equivalent on M and write fi ~ fy if for some exhaustion {By}32,
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of M we have

lim sup |f; — fol = 0.

k—o00 M\ By,
[t is easy to verify that the relation ” ~ 7 is an equivalence which does not
depend on the choice of the exhaustion of the manifold and so partitions the set
of all continuous functions on M into equivalence classes. Denote the equivalence
class of a function f by [f].

Let B C M be an arbitrary connected compact subset and the boundary of
B is a C'-smooth submanifold. Assume that the interior of B is non-empty and
B C By, for all k.

Observe that if the manifold M has compact boundary or there is a natural
geometric compactification of M (for example, on manifolds of negative sectional
curvature or spherically symmetric manifolds) which adds the boundary at infinity,
then this approach leads naturally to the classical statement of the Dirichlet
problem (see, for instance, [7;12;18;21]).

Denote by v, the harmonic function in By \ B which satisfies to conditions

klop =1, Vklgp, = 0.

Using the maximum principle, we can easily verify that the sequence vy is
uniformly bounded on M\ B and so is compact in the class of twice continuously
differentiable functions over every compact subset G C M \ B. Moreover, as
k — oo this sequence increases monotonically and converges on M \ B to
harmonic function

v:l}Lrgovk, 0<wv<l, V|gp = 1.

Also, note that the function v is independent of the choice of exhaustion
{Br}ils-

The function v is nothing but the capacity potential of the compact set B
relative to the manifold M (see [14]).

Call the manifold M A-strict if for some compact set B C M there is a
ecapacity potential v of B such that v € [0] (see [9]).

Say that a boundary value problem for (1) is solvable on M with boundary
conditions of class [f] whenever there exists a solution w(z) to (1) on M with
u € [f].

Say that for a continuous function ®(x) on 0B the exterior boundary value
problem for (1) is solvable on M \ B with boundary conditions of class (¥, [f])
whenever on M\ B there exists a solution u(x) to (1) with u € [f] and u|sp = .

Similarly we can state boundary value problems on arbitrary noncompact
Riemannian manifolds for a series of other second order elliptic differential
equations (see [5;8-11;16]).

We now formulate the main result.

Theorem 1. Suppose that for every positive constant A the exterior boundary
value problems for the equations (1) are solvable on M \ B with boundary
conditions (A, [f]). Then the boundary value problem for (1) is solvable on M
with boundary conditions of class [f].
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Theorem 2. Let M be an A-strict manifold. Suppose that the boundary value
problem for (1) is solvable on M with boundary conditions of class [f]. Then
for every continuous function ®(x) on OB the exterior boundary value problem
for (1) is solvable on M \ B with boundary conditions (®,[f]).

Key words: Poisson equation, boundary value problem, noncompact Rie-
mannian manifolds, the Dirichlet problem, functions’ equivalence classes.
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