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AnHoTanus. PaccMaTpuBaroTcsi BOIMPOCH 0000IIEHHON pa3peliMOCTH CMEIIaHHOM
3aJauM I TUHEHHOr0 HHTErpo-a1udGepeHIIHaNbHOTO YPaBHEHHUS C MICEBA0NAPa0OTHUSCKIM
OIepaToOpoOM IPOU3BOJIBHOW HATYpajIbHOM CTENEHU M BBIPOXKIEHHBIM sAnpoM. [Ipumensercs
METOJI BBIPOXKICHHOIO sijpa, pa3pa00TaHHBIM I MHTErPaJbHOrO ypaBHeHHs Dpearoabma
BTOpOro posa. [lonydyeHa cucremMa M3 CYCTHBIX CHCTEM ajireOpandecKux ypaBHeHuM. Boruuc-
JICHBI HYJIM IJIAaBHOM MAaTpPHIIbI 3TOM CUeTHOM cucreMbl. ONpeneieHbl pery/sspHble 3HAYCHUS
CIEKTPAJILHOTO MapaMeTpa BBIPOXKICHHOIO s/ipa IPH HHTETPAIbHOM YJICHE pacCMaTpUBaeMO-
ro ypaBHeHus. CBeieHa IOCTABICHHAs 3a/1ada K CYCTHOU CUCTEME JIMHEHHBIX MHTErPAIbHBIX
YpaBHEHHH, pa3pelMMOCTh KOTOPOH JI0Ka3aHa METOIOM COKUMAIOIIUX OTOOpayKeHUH.

KuroueBble ci1oBa: cMelaHHas 3a/1a4a, JIMHEHHOE HHTErPo-aud depeHInanbHOe ypaB-
HEHHeE, BBIPOXKIICHHOE S/IPO, CIIEKTPANTBHEIN MapameTp, c1ado 0000IIeHHOE pelIeHue.

1. ITocranoBKa 3aga4u

CMenianHbIe 32/1a4¥ BCTPEUAIOTCS B TEOPUU YIPYrOCTH, QUIBTPALUK, B3phIBA U B PEIICHUH Psijia
3agau ruapoynpyrocty [2]. [Ipeacrapisor OONBIIONH HHTEPEC C TOUKH 3PEHUS (PU3UUSCKUX TIPUITOKCHUH
i depeHnansHple ypaBHEHHUS B YACTHBIX POU3BOIHBIX BBICOKHMX MOPsKoB [ 1]. B padorax [4—7] pac-
cMaTpuBaIUCh AU depeHIaIbHbIe YpaBHEHHUS AJUTUIITHYECKOrO TUTIA BEICOKOTO TIopsaka. [IpuMeneHne
Merona ®ypre pa3aeneHus nepeMeHHbIX IS UCCIEI0BAHNS KJIACCHYECKUX PEIIeHHi CMEeIaHHOH 3a/a-
YH JUIS JIMHEHHBIX YPaBHEHHUH B YaCTHBIX MTPOM3BOIHBIX 000CHOBAHO B [9]. O000IICHHAs pa3peIMMOCTh
CMEIIIaHHBIX 33]1a4 JUIs TUHEHHBIX TapaOOINYeCKUX U TUIEPOOIMUECKUX YpaBHEHHI U3yueHa B [3].

B npsimoyronbHoii 06iactu D paccMaTpuBaeTcs ypaBHEHHE
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Y TPaHUYHBIMU yCIIOBUSIMH beHapa

62(2nm—1)
U(#,%) |10 =U 2x(8:%) | 100 = -:WU(%X)\FO =
a2(2nm—l)
=U(t,x)‘x=1 =Uxx(t,x)‘x:, =.. -=WU(%X)\X=I =0, 3)
rae 9, (x)e C Amn+l (Dl), (Pj(x)\x=0 = (P’_rl'(x)‘x=0 =...= (P_;(‘4nm_2)(x)\x=0 :(Pj(x)‘le —
L k
=9 (x)‘x:l =.. .=(P_,(-4nm_2)(x)‘x:1 =0, j=1,n, K(t,8)=2a,(t)b;(s), a;(t),b;(s)eC(Dy),
i=1

a (t)eC(Dy7), 0<v — manblii apameTp, | — AeHCTBHTENBHBINA HEHYIEBOH CIEKTPAIBHBIN Mapa-
merp, D=D, xD,, D, = [O,T ] , Dy E[O,l], 0<l<o0,0<T <0, n,m— UKCHPOBAHHBIC HATY-

a2m+l a4m+l a4m n

. (@
panbHBIE yMCcIa, 3 = a+(—1) v . 3mech mpeanonaraercs, 4To

+ +
atox*"  otax*"  ox*"
Gynkumu a(t) u b(s) ABIAAIOTCS TMHEHHO HE3ABUCUMBIMH.

Otmetrm, uTo B padotax [11; 12] paccMoTpeHBl cMemaHHble 3aa49u ISl TOTYAMHEHHOTO -
(hepeHIMATBLHOrO M MHTErpo-1udhepeHIIMaTLHOr0 YpaBHEHUH apaboInIecKoro 1 rceBonapadonnyec-
KOTO TUIIOB BBICOKOTO TIOpsiika. B 3THX paborax He yyacTBYeT CIIEKTpajibHbIN mapamerp. [loaTtomy B
CHITYy OOIIMX MPEANIONOKEHUN BCerja 00ecedrBaeTCsl SMMHCTBEHHOCTD PEIICHNS CMEIIaHHON 3a/1auu
B paccMaTpuBaeMoOi 00JIacTH.

B Hacrosiei paboTe paccMaTpUBAIOTCS BOIIPOCHI CJ1a00 0000IIEHHON pa3pelInMOCTH CMEIIaHHON
3a7a4u sl THHEHHOro nHTerpo-aud depeHuanbHoro ypaBaenus (1) co cnekTpaibHBIM TapaMeTpoM L
TIpH BBIpOXIEHHOM siipe K(%, s). JI7st Tex 3HaueHHid 3TOT0 CIEKTPaIbHOro mapaMerpa, KOTOphIe SBISIOTCS
XapaKTepUCTHUYECKUMH YrciaamMu sapa K(¢, s), eTMHCTBEHHOCTh paccCMaTpUBaeMOW CMELIaHHOW 3a]1aqu
Hapymaercs. Takux XapaKTepUCTUYECKUX YHCEI CIEKTPaJIbHOro mapaMerpa CYeTHOe YMCIIO.

Kpome Toro, B ommmame or [10] B mpaBoit yactu ypasaeHus (1) HaxonuTcst Hen3BecTHAs! PyHKIHS
U(t, x), 3aBucsAIas OT apryMeHTa ¢. ITa CUTyallus YCI0XKHUT MPUMEHEHHUE HE TOTBKO METONIAa BRIPOXK-
JICHHOTO siJipa IpH MpeoOpa3oBaHuu ypaBHeHH (1), HO M METOa CHOKUMAIOIIUX OTOOPaKEHUM MPH JI0Ka-
3aTENIbCTBE OIHO3HAYHOW pa3pelIMMOCTH MOCTABJIEHHON 3a/1a4yu.

Bocnonb3yemcs metogom ®yphe pas3zeneHust IepeMeHHbIX, OCHOBAHHBIM Ha TOWCKE pelIeHUs
cmemanHoi 3axaun (1)—(3) B Buze

Utx)=Yu, (08, (x). @)

i=1

2 .
rae dyHkuuu 9, (x)= 7 sinA; x ompeneneHbl Kak coOCTBEHHbIE (DYHKIMM CHEKTPaIbHOH 3anauu
9"(x)+1%29(x)=0, 9(0)=9(/)=0, 0< A 1 0BPa3yIOT MOJHYIO CHCTEMY OPTOHOPMHPOBAHHBIX (yH-
KIH it {8 (%) }21 B L, (D ,), ai; = % — COOTBETCTBYIOIINE COOCTBEHHBIE 3HAYCHMUSL.

Bocmonb3yemcst ciemyromiMe M3BECTHBIME 0aHAXOBBIMH IIPOCTpaHCTBaMHU. PaccMoTpum mpo-
cTpaHcTBO B,(T) mocnenoBaTenbHOCTEH HeNPePhIBHBIX (QyHKIMI Ha oTpe3ke D, ¢ HOpMOi

2

0
Hu(t)HBz(T)= > max‘ui(t)‘ <00,
i=1 | teDy

KoopaunaTHOe runb0epToBO MPOCTPAHCTBO A, YHCIIOBBIX M1OCIEIOBATENLHOCTENH ¢ HOPMOM

[, =
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[Tpoctpanctso L,(D;) cyMMUpYEMBIX € KBaapaToM QYHKIHMA Ha oTpe3ke D, ¢ HOpMOH

]
HS(x) HLZ(DI) - .[ ‘S(y)‘ *dy<w.
0

AHaNorn4Ho [ 3] onpenenum noHsTre ciado 0000IIeHHOro pelieHus cMetnanHoi 3aaauu (1)-(3). O6o-
3Ha4aercs yepes W;’ (D) xnacc HenpepbIBHBIX (GyHKIMH U(f, X) IByX MEPEMEHHBIX B 3aMKHYTOM IPSIMOY-
oU (t,x) 02U (t,x) o4y (¢, x)

TOJIBHUKE D ¥ MMEIOIINX B HEM YACTHBIC MTPOU3BOIHBIE ..
2 > dnm—1
ox ox ox

9 9

U (t,x) 0" U (t,x)
R
(uxcuposannom t € Dy u Ly(D;) npu puxcupoBanHoM x € D, , rae

, KaXJ1as U3 KOTOPbIX TNPUHAUIEKAT HE TONBKO L,(D), Ho u L,(D)) npu

00

Tl
LZ(D)={U(t,x): \/” U(t,y)zdydt<oo}.

Onpenenenne. Oyuxuus U (¢,x) € W,'(D) nasbiBaercs c1a60 000BIIEHHBIM PEIIEHHEM CMe-
manHo# 3agaun (1)—(3), ecnu oHa YIOBIETBOPSIET HHTETPATHBHOMY TOXKICCTBY

S

]
_[[U(t,y)-S”CD(t,y)—F(I)(t,y)]dydtz
0
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st moGoit pyrkimun O (¢,x) e C "4 (D), moraMHeH O CITETyIONM YCITOBHSAM:
62(2nm—1)
q)(l‘,X)‘x:() :(Dxx(tﬂx)‘x:O =.. :Wq) (l‘,X)‘x:() =

P 2(2nm-1)

=Q(t,%) |y =P 1 (1,X) |y = (#,x)| - =0,

= 55 2@nm=1)

1 1 n-1
limJ'd)(t,y)dyzlimJ'Mdyz hmj'wdy_oj
t—>T taTO

ot =Ty 9"

rmue

T
FO(t,x)= p_[K(t,s)U(s,x) ds+o (U (t,x) |D(¢,x).
0

2. CBeenue pemienusi cMemanHoi 3agauu (1)—(3)
K CYETHO# cHcTeMe JMHEHHBbIX HHTErpajJbHbLIX YPaBHEHHH

B unTerpansHoM ToXxzaecTBe yuteM pasnoxkenue (4). Torma ¢ yuyeroM BBIPOXKACHHOCTH Aapa U3
ornpezeneHus: 0000IEHHOTO PelieHNs OTy4aeM CIICAYIONIYI0 CUETHYIO CHCTEMY OOBIKHOBEHHBIX HH-
Terpo-auddepeHIIuaIbHbIX YPaBHEHU I

{(Hv?{f’” + N‘;” );t+k4i’” } u; (t)=

T g
= IZ S b () (s)d s +altyu; (1), (5)
0J =1
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Pemas cuernyro cucremy (5) METOIOM BapHUalii MPOU3BOIBHBIX MOCTOSHHBIX, C TIOMOIIBI0 000-
3HAYECHUS

T
c;i=[b;()u;(s)ds (©6)
0
u3 (5) momygaem

u; () =G+ Cot + Gyt >+ ot + . +Cyt " expl=0 ;1 +

t k
+[luda;(s)c;; +a(s)u;(s) |P(t,s)ds, teDy, (7)
oL Jj=1 '
rac
_ ‘ _ }’l—l
Pl(l‘,S)Z(n 1)(t S) exp{_ell(t_s)}’
0%
4@m
0<0% =" <1, 0%, = (14va2m s abm )"
0i

Hns onpenenenust kodpuumentos C ;; (j = 1,n) B (7) ncnonb3yroTcsl HaYaIbHBIE YCIOBUS

u; (=0, u;(0)=0,, u;(0)=0;;,..., ”z'(n_l)(o)=(Pni-

Torma u3 (7) monydaem CIEAYIONIYI0 CUCTHYIO CHCTEMY JIMHEWHBIX MHTETPATBHBIX yYpPaBHEHHM
(CCJIy)

u; (t)=w; (t)+uzk:cjl- _Z[Pl- (t,s)aj (s)ds+
J=1 0

+Z|;Pl.(t,s)oc(S)M,~(S)dS= ®)

rmue

(k-1 ; Ik

< o ik
0= 0 gy B0 oy eelo )

[ToncraHnoBka BeIpakeHus (8) B (6) maeT CHCTEMY M3 CUCTHBIX CUCTEM ajireOpanvyeckux ypaBHE-
Huit (CCCAY)

k
Cituy A cni=Bu;), j=1k, ©
n=1
T K
e Ajni==[ b;(s)[Pi(s,8)a, (&)dEds,
0 0
T K
Bi(u)=[ b;(s)|w;()+[P(s.0)a@)u; (E)dE |ds, j_{f. (10)
0 0

CCCAY (9) onHo3Ha4YHO pa3peinma IpH JF0bIX KOHSYHBIX B, eciu BBINOIHACTCS CIEAyIOMIEe
ycIoBue
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I+pdy,  wdy .0 pAy
wWAy;  14+pdsy oo pAyy;
Al-(},l)Z 21i 22i 2ki £0. (11)
wAgy; WAgy - Trpdyy,

Omnpenenurens Opearonsma A;(n)B (11) ecTb MHOTOYJICH OTHOCUTEIIBHO [l CTCIICHU HE BBIIIE A.
Kaxknast u3 cuetHoit cucrembl ypaBuenuit A ; (1) =0 umeer He Gonee k pa3anyuHbIX KOPHEH. ITH KOPHU
SIBJISIFOTCSL XapaKTePUCTHYECKUMU (COOCTBEHHBIMH) YHCIAMU S/Ipa HHTErpo-audepeHnnansHoro ypas-
Henus (1). Yepes A 0603HaUYMM MHOKECTBO KOPHEH CUCTHOM CHCTEMbI aareOpandeckux ypaBHCHHIA
A;(n)=0. sdcHo, 9TO 5TO MHOKECTBO MMEET CUETHOE YMCJIO DJIEMEHTOB. [IpH JPyrux 3HauEHHAX
pe (—00;0)U(0;0)\A ycnosue (11) Boinonasercs. ClienoBaTenbHO, IS TAKMX PErYJSPHBIX 3HAUCHHIMA
p e (—0;0) U (0;0)\ A cucrema (9) MeeT SAMHCTBEHHOE PEIICHHUE IPH JIFO00M KOHEYHOH IIPaBOM YaCTH.

Aji (Wou;)

€ ji A J=Lk, (12)
rae A_ji(H»“i)Z
Irpdy o wdyGoy Bu(wy) pdiguay - BAy;
wAy; HAz(j—l)i By (u;) HAz(j+1)i e By
I I (13)
WA e WAy Bri ) wAgny: o THRAg
j=Lk.

Cpenu dJeMEHTOB ompenenuTened A ji (1,u ;) HaxomATCs Bﬁ. B cBoto ouepenb, B cocraBe Bﬁ
HaXONATCs HensBecTHbIE QynKumun u (7). Iloncrasuss (12) B (8), umeem cnenyronryro CCIINY

K Aji(“aui)

u; (t):S(t;”i)EWi(t)"'HjZ::l A (W) G, )+
+_Z[Pl~ (t,s)a(s)u; (s)ds, (14)
0

rne G j; (¢) =j'Pl~ (t,8)a j(s)ds.
0

3. Oano3naunas paspemumocts CCJIINY (14) u cxomumocTh psga Dypbe
Teopema. [1ycTh BBHITIONHSIOTCS CIEMYIONINE YCIOBUS:

A (W A,

2) p=y2y3{1+50\/2 Hiﬁz_i HZ./ (“)Bz(T):|<1’
j=

D HW(’)H%(T):VI <05 =Bo <o; |4, (u,vl)sz <05

rae
I+udy; o wdygo B, wA Gy o BAg
< WAy e By, B, WAy o By
S o t (1)
Ry o Aoy Be BArGani o 1 pAgg
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T
=[ b,(s)ds, j=Lk.

0
Torna CCJINY (14) nmeeT eqMHCTBEHHOE peleHue B npocTpancTee B,(7).

Joka3zareabcTBO. Bocmonb3yeMcess METOIOM CKMMArOIIUX OToOpaxkeHuid. Ilpu 3TOM mocieno-
BaTeNbHbIe MpUOIIKenust [Inkapa cTporM cileayroImuM o0pa3oM:

ul(t)y=w,(t), te Dy,

+1 (16)
u"(t)=3(t;u;), 1=0,1,2,3,..., teDy.
B cuny nepBoro ycnosus teopemsl, u3 (16) BUIHO, YTO ClipaBe/IMBa OIIEHKA
[0, o =IOl =11 (17)

JL1st olieHKH 1Mo HOpMe TIepBoi pasHocTH U3 (16) ¢ moMoIIkI0 HepaBeHCTBa | poHyosUTa oTydaeM
OLICHKY

kA (w,w(@)
ERGEACIRRED Ee e BN (VO] (R
J=1 H B, (T)
t
+y1HP(t,S)HBz(T) [a(s)ds (18)
0 C
B CHJ1y ITIOCTAaHOBKHU 3aJa4u U YCJIOBI/H\/'I TCOPEMBI CIIPAaBCAJIMBbI OCHKHU
|
HP(%S)HBZ(T) <M Z] 02" =Y2 <%, 0 < M= const < oo,
1
t t
_[oc(s)ds Smax_”oc(s)\ds:y3<oo,
0 teDp 0
SO JAID] ) “py; <on
AW g, AWy, 2| AW,
t
16,0, o =IPED,, Ia ()ds| <v2 max [la; (5)|ds=72Ba <o
[loncrasmsst atu onenku B (18), momyunm
k
1 0
Hu (1) —u (t)Bz(T)SYZ|:HZlBljB2j +v1v3}- (19)
Jj=
C yuerom npeapIAyInX OIEHOK 10 HOpME ISl BTOPOI pa3HOCTH MOMYYUM OLIEHKY
2 1 & 1 0
— < . . — .
Hu (t) u (t)Bz(T)—BOYZHjZZIBZ_/ HA/(Hau) A_/(Hau )HBz(T)
1 0
+Y2Y3H“ () —u (t)H (20)

B, (T)

Hnst pazuoctn A ;; (1, u e A (u,u %) us (13) ¢ yuerom (10) cripaBemnBa omeHKa 1Mo HOpME
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1 0
HA_,-(u,u )=A; (w,u )ngm <m3Hu (H)-u (t)HB o _,-(M)HB2(T), 1)

e Kﬁ (1) ompenensiercs us (15).

[Toncranoska (21) B (20) u yuer (19) npu sTom naer
2 1
Hu (£)—u (t)Bz( )<pHu (D) —u (t)HB (T)
<PY2{H251152,+Y1Y3:|<°° (22)
|

k _
e p=7275|1+Bov2 |2 Boy A, W], m}-
j=1 2
Teneps U1 TPOU3BOIBHOTO HATYPAJIBLHOTO YHCIA T, MOJ00HO (22), mony4yaem

[ -utw], | <plut-uT0)] 23)

B,(T) B, (T)

B cuy mocnennero ycinoBHsi TeOpeMbl, U3 OIEHKH (23) cilemyer, 4To omepaTrop B MpaBoil yacTH
(14) smusiercst cxxumaronM. U3 omenok (17), (19), (22) u (23) 3akmogaem, 4To JJIs orepaTopa B
npaBoit yacTu (14) cyiecTByeT enMHCTBEHHAS HETOABMKHAS TOUka (CM., HarpuMmep, [8, c. 389—401]).
CnenoBatensHo, B npoctpancTse B,(7) CCIINY (14) umeer enuncTBeHHOE pemenne u(f) € Bo(T).
[Noncranoka CCJINY (14) B psig @ypre (4) naer dhopmaiibHOE peleHue cMmeranHoi 3amaun (1)—(3)

GO+

(u,u;)
U Aji
(t,x)= Z{W(t) u/Zl ™

+_Z[Pl- (t,s)a(s)ui(s)ds}-f)i(x). (24)
0

Joka3zareabCcTBO CXOMMMOCTH psifa (24) aHAJOTUYHO JOKa3aTeIbCTBY CXOAMMOCTH COOTBET-
cTBytotiero psaga us [9; 10]. [Toatomy ero 3aech He OyZeM IPUBOAMTS.
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MATEMATHUKA U MEXAHHUKA

Abstract. Mathematical modeling of many processes occurring in the real world leads to the study
of initial and boundary value problems for equations of mathematical physics. Mixed value problems for
partial differential and integro-differential equations by virtue of their importance in the application are
one of the most important parts of the theory of differential equations.

We propose a method of studying the one-value generalized solvability of the mixed value problem
for a linear higher-order pseudoparabolic type of integro-differential equation with degenerate kernel.
Integro-differential equations of such type model many natural phenomena and appear in many fields of
sciences. For this reason, this type of equations was given a great importance in the works of many
researchers.

In this article in rectangular domain D we consider the questions of solvability and constructing the
generalized solution of mixed value problem for a linear integro-differential equation with pseudoparabolic
operator of higher power and degenerate kernel

T
I"U@t,x)=p[K(t,5)U(s,x) ds+o (U (¢,x) (1)
0

with initial
j-1

0 .
U(tax)‘l:():(pl(x)ﬂ FU(tax)‘l:():(pj(x)a ]:2,1’1 (2)

and Benar-type boundary value conditions

62(2nm—1)
U(tax)‘x:O :Uxx(tax)‘x:O =.. ‘:WU(tax)‘x:() =
62(2nm—1)
=U(1:2) |5y =U a0 et = = 5y U (629) 5 =0, ®)
where f(x,u)e C(D;xR), ¢ (x)eC*"" (D)), (pj(x)\xzoz@j"(x)\x:o=
=m0 )0 =0 (0 =9 W) =m0 () 1 =0, =L,

k

K(t,s)=>a;(t)b;(s), a;(t),b;(s)eC" (D), a(t)eC"(D;), 0<v is small parameter, | is
i=1

real spectral parameter, D=D, xD,,D;=[0,T], D,=[0,/], 0<l<w,0<T <, n and m are

o 82m+l a4m+l a4m n
fixed natural numbers and 3" =| —+(-1)" v -+ ot
ot otox-" otox™ ox™"

Here we suppose that the functions a(#) and b(s) are linear independent.

We use the method of Fourier series based on separation of variables. Application of this method of
separation of variables can improve the quality of formulation of the considering mixed value problem and facilitates
the processing procedure. With the introduction of the notation we obtained the system of countable system of
algebraic equations. From the condition of non-degenerate of Fredholm determinant we calculate the regular
values of parameter v. Solving this algebraic system for these regular values of parameter v we can reduce
consideration of the mixed value problem to the countable system of linear integral equation, one-value solvability
of which is proved by the method of successive approximation. The criterion of one-value solvability of the
considered problem s established. Under this criterion we prove the theorems of one-valued generalized solvability
of the mixed value problems. Every estimate was obtained by the aid of the Holder inequality and Minkovski
inequality. This paper advances the theory of partial integro-differential equations with degenerate kernel.

Key words: mixed value problem, linear integro-differential equation, degenerate kernel, spectral
parameter, slightly generalized solvability.
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