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Introduction

In the [10; 11] works of author the nodes with one device in every node were explored.
In the main section of the work the results are generalized in case of multichannel nodes
in series (theorem 1). In theorem 1 a new estimation of the virtual time of wait for the
inlying nodes is considered. From the estimation time of wait ensues too. A primary aim of
the work is the proof of the fact, that the very big decrease of total work in inlying nodes
is executed not only for one (the [10;11] works), but also for a few devices in one node
in conditions of critical load and in conditions of overload (p > 1) on the first node. An
estimations of the theorem 1 with C(N) =2N — 1, V;! < A(¢)(2N — 1)/N are new (in the
[12] work the similar theorem is only partly proved; the proof of the theorem 1 substantially
shorter and simpler than in the [12] work). In particular, the time of wait in the node with
the ¢ number (V}',i > 1, a determination further) and the total time of work (in sum) on
all nodes except the first are limited by a small constant, if on the first node the customers
arrive with the limited maximal length. From the proof of theorem 1 we get the simple
similar theorem for all the service disciplines “without an interruption of service” in every
node (theorem 2).

Especially the interesting applications of results of the article follow from the example
of conclusion in the case of the determined time of service, when time of service by one
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device of any customer is equal to constant (for instance, the quantity of customers no
more 3 for two devises in every node).

Similar descriptions for identical service in tandem nets were explored in Boxma and
Vinogradov works [5-7]. But in the works the nets were mainly explored with one device
in every node [5;7]. In the second part of article the methods of the authors are not used,
we study the successive nodes with help of the identity of Legendre [10; 11].

We will mark, that in difference from the first works on the theme of identical service,
[7;9], all the theorems of the main part of article are proved a.s. for all input processes on
the first node (without some limitations on the input process A(t)).

1. Identical service

We consider the consistently united nodes with the identical service: the length of
service by one device of any customer is identical for every nodes and every devices, or

E=8=...=E=12..,

where the random value E,E- is the time of service of customer with the 7 number on the
node with the ¢ number by one device (unit of service), if the service takes place without
interruption; the different devices on every nodes are identical, where {éjl-,j =1,2,...} are
mutually independent random values with the distribution function F(z) = Pr(&; < x).
Further we will use for &; the term “length of customer” too.

We consider K nodes, K > 2. The arrival process for node with the j number is equal
to the output process on the node with the (j — 1) number, j =2,... K.

As soon as the service is finished the customer arrives on the next node. In the
theorem 1 the customers are served in order of arrival in every node (the FIFO (FCFO)
discipline of service), in the theorem 2 the order of service is definite before the theorem
with help of the D1, D2 conditions. If a customers arrives on the first node in a group (for
non-ordinary A(t) process), the customers are disposed in the group in a random order —
all results of the theorems 1, 2 do not rely on a order in the group.

The node with j number consists of NV service units (devices) with infinite quantity of
wait places, j =1,... K.

In the article we consider the random values:

. W]t — the total time of service of all customers at the ¢ moment on the j node,
j=1,..., K ( the virtual time of wait for one channel at the £ moment);

° Vjt — the full time of service of customer arriving on the j node at the ¢ moment (on
the node with the j number), 5 = 1,..., K (the time of wait plus the “length of the
customer”).

By definition, A(t) is the final customer number among all customers arriving on first
node during [0,¢] . If a customers arrives on the first node in a group, the customers are
disposed in the group in a random order.

For the ordinary process

A(t) =maxk : t, <t A(t) =0, if t1 >1,

where £ is the moment of arriving on the first node of the customer with & number.
The process A(t) and the {&},j = 1,2,...} sequence are mutually independent (for all t).
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By definition, vg- is the total quality of customers on the node with the j number at the
t moment, j =1,..., K.

Let v =0, forall j =1,..., K.

In the theorem 1 we consider N > 1 devices in every nodes, and the customers are
served in order of arrival in every nodes.

Theorem 1. /n the conditions of the second part the

‘max_sup W} < C(N)A(T),N > 1, V! <A(t)(2N —1)/N,t € [0,00), N > 1,

i=2,..., K 0<t<T

expressions take place, where A(t) = max;<aw) &j, C(N) =2N —1,i=2,..., K (for one
device similar expressions with C(1) = 1 were considered in the [11] work).

Proof. We introduce a new Q;(/N) system on the node with the j number with help of the
S1 and S2 conditions, 7 =1,..., K.

By definition, the A(j,t) value is equal to the number of the last customer arriving on
the node with the j number during [0,¢], A(1,t) = A(t),j=1,..., K.

The S1 conditions.

For the Q;(NV) system the arrival process is equal A(j,t),7 = 1,2,..., K, as in main
node with 57 number.

The “length of customer” of every customers in the ();(N) system equals to the lengths
for the main system.

The S2 conditions.

The speed of service in the Q;(/N) system is N (the node with the j number of the
Qj(N) system contains 1 device, and the speed of work on the device is N), j > 1.

By definition, w} is a sum of remaining “lengths of customers” on the node with the j
number at the ¢ moment for the Q);(N) system (some of remaining lengths are equal to the
complete lengths) with the primary input process on the node with the j number.

By definition, for primary system (not for Q;(N) system) W, is the total sum of
full “lengths of customers” on the node with the j number at the ¢ moment, 7 =1,... | K
(for N =1, W}, = Wi 4 6%, by definition, 0% is the part of the “lengths of customer” is
already served at the ¢ moment in the primary system on the j node, 05 = 0, if W} =0,
j=1,....,K, N =1).

[t is simply to check, that for NV > 1 the

0 < W —w, < NA(t), (1)

inequality takes place for all ¢, if the input process on the node with the j number is the
same for the primary and the Q;(N) systems. To obtain the fact we can consider the
0=t < s < ...t <s, < ..., points on the axis of time, where Z(t) < N — 1 for
all t € [ty,sk),k =1,...,and Z(t) > N for all t € [sg,trs1), & = 1,..., by definition,
Z(t) is the total number of the working devices in the node with the j number for the
primary system (all the processes are continuous on the right). It is obviously, W}fj —
—w; < WL < (N = 1)A(¢) for all ¢ € [tg,sp) ( we use W[ > w! > 0 for all t). For
all t € [sg,te1),k = 1,..., we can use W, —w! < W7k —w* < NA(t) (the speed of
service in the primary system is equal to N, and the speed of service in the @Q;(/N) system
is N or 0, if t € [sg,tkr1)), K = 1,...; il a customer arrives on the next node at the
T € [sk, tgr1) moment, one remaining length is substituted by other at the T moment. We
used the methods of the lemma 2.2 in the [2-4] articles too.
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From the definitions of the ij,thalues w;? < Wt < ij and for all t 0 < Wt —
—w; < Wi — wj,

w; <WHS WL =wj+r5(t),r; = W5 —w,0 <r; <NA@t),j=1,...,K, (2

with help of the (1) inequality.

We will estimate the w} value for j > 2.

One device works in the Q;(N) system; the speed of work in the Q;(N) system is
equal to N from the S2 conditions, and we can use Borovkov ([1, p.41])

wh = 8(t) = Nt = inf (Sj(u) = Nu),j =1,.... K, (3)

where S;(u) is the total sum of lengths of service of customers (the total sum of “lengths
of customer”) arriving on the node with the j number during [0, ¢].
From the definition of the w§- characteristics we get

ALt
Sj(t) = ijl(t) - W:(j—l)a J=2,.. K, Sl(t) = Z EvzlaA(Lt) = A(t)a
=1

and from (2)

== ll'lf (Sj_l(u) — Nu) - T’j_l(t>,

0<u<t

j=2,...,K,N>1,t €[0,00).
After substitution in (3) we get

wy = inf (Sj_1(u) — Nu) —rj(t) — inf [ inf (Sj1(v) = Nv) —rja(u)] =

0<u<t 0<u<t 0<v<u
= oinf (Sj-1(w) = Nu) —rjoa(t) = dnf | (Sj-1(v) = Nv) =7 (w) <

< —rja(t) + (), us € 10,1),

where in the last inequality we use

inf (Sj_1(u) — Nu) — inf (S;-1(v) — Nv) <0, 0 <w, <t

O0<u<t 0<v<uy -
From r;_4(t) > 0 and (2) we obtain
wi <7rj_q(u) < NA(),N>1,j=2,..., K.
We can use w! < W/ < w! 4+ (N —1)A(t),j = 1,...,K (we use the lemma 2.2 in
the [2] article, or the fact is easily checked up directly after breaking of axis of time up on

intervals by the 0 < s1... < si... points too). We get

W <wi + (N —-1)A(t) < (2N - 1)A({t),N >1,j=2,... K.
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For w} the theorem 1 is proved.

By definition, the customer with the n(¢) number arrives in the node with the j number
at the ¢ moment.

If Vjt > (), we obtain the

N-1
VIN+ B =W
=1

equality, where {$3;} are some remaining “lengths of customers” in the moment of beginning
of service of customer with the n(t) number. We get Vth < I/Vf, and Vf < W;/N <
< A(t)(2N —1)/N ( with helpof ; > 0,0 =1,...,.N—-1),7=2,..., K, N > 1.

In the theorem 2 we consider all disciplines of service “without an interruption of ser-
vice”: the customers are served by the units of service of every nodes without an interruption
(the precise definition is in the D1,D2 conditions).

To determine the disciplines we shall use the D1, D2 conditions.

Condition D1.

The speed of service is the 1 for any unit of service, if the unit works. Exactly, in the
node with the j number the quality of working units is min(/N,v}) at the ¢ moment.

Condition D2.

If the customer arrives to some unit of service, the customer is served by the unit of
service without interruption until the moment, when the customer leaves the node.

By definition, d € G, if for the service discipline d the D1 and D2 conditions take
place.

Theorem 2. Let the dj,j = 1,..., K, disciplines handle by the process of service in the
node with the j number, and d; € G,j=1,..., K, N <1.

For W} takes place all the results of the theorem 1, j = 2,...,K, t € [0,00). (Not
for the V values).

Proof. The proof of the theorem 2 word for word repeats proof of theorem 1 (in proof of the
theorem 1 the FIFO (FCFO) discipline was not used).

2. Conclusions

In example the most interesting application of the theorem 1 is considered in the case
of the determined service in every node.

Example.

We consider K consistently located devices with identical service, N > 1. The total
quality of customers on every node with numbers 5 > 1 is not more 2N — 1 (not more 1, if
N =1, [10; 11]), if the time of service of every customer by every device is the m constant
for every nodes: v < 2N — 1, for all t € [0,00),j = 2,...,K, il v} =0,j =1,..., K,
¢&; =m = const < 00,j = 1,2,..., (v} is the total quality of customers on the node with
the 7 number at the ¢ moment).

The author marks an of principle role of my teacher professor Solovjev A.D. (1927-
2001) in appearance of the work (on the seminar from the department of the theory of
probability in Moscow University nam. Lomonosov in the laboratory corps A at 1977-1993

y.).
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ITOCJENOBATEJIbHBIE MHOTI'OKAHAJIBHBIE Y3JIbI
JJIA BKAEHTHYHOI'O OBCJIY2KUBAHUA

Anpgpeit Banepnanosuu IlaBios

Kannunar ¢uanko-MaTeMaTHUECKUX HayK, JOLEHT KadeApbl BhICIIEH MaTeMaTHKH-1,
MUPIA — Poccuiickuii TeXHOJOTMYECKHH YHUBEPCUTET
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AnHotaumsa. PaccmarpuBaloTcs MHOTOKaHaJbHBbIE MOC/EI0BATENbHbIE Y3JIbl
MPU UAEHTHUUYHOM OOCJIYKHMBAHUU INPU TPOM3BOJBHON Harpyske Ha MepBbli y3el.
OTMmeuaeTcst OrpaHUYEHHOCTb OUYepesid TPU OrpaHUUYeHHOH AJuHe TpeboBaHus. [lo-
Ka3aHo, UYTO C TOUKH 3PEHHUs BPEMEHM OXKHAAHUS HAa BHYTPEHHHUX y3JaX TPeTHH
npubop SABASAETCH JUIIHUM.

KuroueBble cioBa: UIeHTUUHOe 00C/HyKHUBAaHHE, MHOTOKaHaJbHblE MOCJEN0-
BaTeJibHble  y3Jibl, CyMMapHas pa6oTa, BpeMs OXWIAHHS, AUCLHUIJIUHbI
00CyKHUBaHUS.
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