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AHHoTtauus. B pa6oTe nosyuyeHbl HOBble SIBHble OLIEHKH TOYHOCTH alMpOKCH-
MaLUH B LIeHTPaJbHOHU NpeleJbHOM TeopeMe [Ji He3aBUCHMBIX OIMHAKOBO pacIpe-
NeJleHHbIX caydalHblX BelHuuH. CjydaiiHble BeJUUYHMHBI HUMEIOT raMMa-pacrpeje-
Jgenue . [Ipy nmocTpoeHUM anmnpokcHMauMi MCMNOJNB3YIOTCS aCHMITOTHYECKHE pas-
JIOXKEHUS] B MYJbTHUIJIMKAaTUBHOH (opme. [losyueHHBIE OLEHKH CpPaBHUBAKTCH C
OLleHKaMH aJUTHBHBIX Pa3J/0KeHUH Mo MHorodsneHaMm YeOblieBa — DpMUTA.

KunroueBble cjioBa: lLieHTpasbHas TpelesbHasi TeopeMa, aCUMITOTHUECKOe
pasJyioXKeHHe, TaMMa pacripejie/ieHle, TOUHOCTb annpoOKCHMAllMH, OLEHKH CKOPOCTH
CXOIUMOCTH, MHOTOUJIeHbl YebblllleBa — DpMHUTA.

BBenenue

M3yueHre OLEHKU TOYHOCTH aNNpPOKCUMAUWHA B LEHTPaJbHOH MpenesbHON Teopeme
(LITIT) — onHa M3 U3BeCTHBHIX 3a1a4 B TeOpHH BeposATHOCTed. OCHOBHBIM Pe3yJbTaTOM 3/€Ch
siBJIsileTCsl oLeHKa TeopeMbl Beppu — OcceeHa. Masasi TOUHOCTh OLEHKH TeopeMbl beppu—
DcceeHa xopolno u3BecTHa. Tak (cM., Hampumep, [6]), oHa rapantupyer B LI[IT TouHOCTBH
annpokcumauuu 1073 JMIIb TOrMa, KOrja YMc/IOo C/laraeMblX B HOPMHPOBAHHBIX CyMMax Ipe-
Beimaer 160 000. [TosTomy akTyaJsieH Bonpoc MoBbllleHUs] TOYHOCTH annpokcumauuu B LITIT.
B yacTHOCTH ¢ 3TOH Le/bl0 B LeHTPaJbHOU NpeaesbHON TeopeMe HCMOJb3yITCS aCUMITOTH-
YyecKHe PasJioKeHHUs.

Kak npaBu/o, acMMNTOTHYECKHEe PAa3JioKEHUs MUMEIT aAJHUTHUBHYIO (DOpMY, XOTs BO3-
MOYKHO TMOCTPOEHHE pa3JoKeHUH U B MYJbTHUIJIMKAaTUBHOH Qopme. Tak, Hampumep, MYJbTH-
NJIMKaTUBHBIE (DOPMBI aCUMITOTHYECKUX pas3JioxkKeHUH paccmartpuBanuch B.M. KanuHuHbIM B
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I Vi ATEMATH KA 1 MEXA HHU K A B

ero pabore [3]. [laHHble pasJsioxKeHHsI ObLIM MOCTPOEHBI UM [JIs 4aCTO BCTPEUAIOIIHUXCsI BEPO-
STHOCTHBIX pacripeleseHui: noaruHoMuabHoro, [Tyaccona, CTbioneHTa U yTOYHSIN CKOPOCTh
CXOAMMOCTH K Tpe/ie/JbHOMY 3aKOHY (HOpPMaJibHOMY HJIH NyacCOHOBCKOMY).

EcTecTBeHHO, YTO BOMPOCHI O TOM, KaK CTPOUTb MYJbTUILIHUKATHBHBIE Pa3JIOXKEHHS B
oflieM cjydae; O TOM, Kakde (DOPMbl Pa3JIOKeHHH Jiydllle ¢ TOUKH 3PEHHs] TOUHOCTH all-
MPOKCUMALUH: aAAUTUBHbIE WU MYJbTHINIUKATHUBHBIE, SIBASIOTCS CJAUIIKOM OOLIMPHBIMH U
MaJj0 HM3y4YeHHbIMHU Ha TEKYILIMH MOMeHT. B naHHOH paboTe CTPOUTCS MYJbTHIJIMKATHBHOE
acumnroTuueckoe pasnoxenue B LIIIT mas cayuyas ramma-pacrnpesnesneHusi, U MPOBOTUTCS €T0
CpaBHeHHE C COOTBETCTBYIOIIUM aJIUTHUBHBIM Pa3JIOKEHHEM.

st 3TOrO0 paccMaTpuBaeTCsl MOC/eI0BAaTEbHOCTh HE3aBUCHUMBIX CJYYaHHBIX BEJHUHUH

Xy, ..., Xy, ... , KOTOpPble HMEIOT raMMa-pacrpeeseHre ¢ MI0THOCThIO
a*
=—y e k>0,a>0,y>0. 1
p(y) DK y = (1)

MaTEMaTI/IquKoe OXKHUaHHUe U ,I[I/ICHepCI/IH TaK paCHpeﬂe.HeHHbIX CﬂyqaﬁHbIX BeJIMUUH
paBHb k/a u k:/a2 COOTBETCTBEHHO. [l0o3TOMy MX HOpPMHpOBaHHBIE CyMMBbl NpPEACTABHMBI B
BHUE

X1+ Xo+ ...+ X, —nk/a
Vnk/a

[II0THOCTD pacrpelesieHUst STUX CyMM 0003HauMM udepe3 p,(x). [anee B craTbe mJst
Pn(T) CTPOUTCS aCHMITTOTHUYECKOE PasJioKeHHe B MYJbTUINIMKATHBHOH (opMe ¢ sIBHOH OLEeH-
KOW 0CTaTKa, KOTOPOe CPaBHUBAETCS C M3BECTHBIM aAJAUTHBHBIM Pa3J/I0XKEHHEM.

(2)

1. AcuMnToTHuueckoe pa3jioKeHre raMMa-pacrpeneJeHud

Xapakrepuctuyeckass (DYHKIHSI MCXOAHBIX CJy4aWHBIX BedndyuH Xi,..., X,,... paBHa

it\ —k
ft) = (1 — %) . Ee BUI mo3BoJIsSieT BHIMUCATb N-KPATHYIO CBEPTKY NAHHBIX HE3aBHCHUMbIX
OMHAaKOBO pacrpeneJieHHbIX Cﬂyqal';IHbIX BEJIUYHUH
ank L
*1 nk—1_—ay
pY) = syt e (3)
['(nk)

[ToncranoBka (3) B paBeHCTBO

vnk . vnk nk
p +—

a a a

NPUBOAUT K cJjenyoulell (opMmy/e MJIOTHOCTH paclpefiesieHHs HOPMUPOBAHHBIX CYyMM

o 1
(nk) k3 nk _x\/%Jr(nk—l)ln( z +1)

[(nk) o @)

pn(aj) =

[amma-pyHkuus ponyckaet [1, c. 196] passnoxkenue ¢ nomoibio psina CTHpJMHTA

t—1

e e
o L 21 (21—1)(%)2#1+ 2t (2t—1)(nk)2t—1
['(nk) = V2me ™ (nk)™ 2 el=1 , (5)
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——————S MATEMATHKA Y MEX AH J K A 55

rie 0 < 0 <1, a By — 310 uncaa Bepuyiniu, onpenenennsie B [1, ¢. 197].
[ToncranoBka (5) B mpaByio 4acTb (4) pocTaBJjsieT

t—1
- 3221l psEl 1’632275 T
(21—1)(nk)=t— t (2t—1)(nk)st— 2
) e—x\/nk+(nk—l)ln<m+l)' (6)

1

(@)= =
n\T) =

P 21
[lpu |z| < v/nk paccMOTpUM BblpakeHHe

—zvnk + (nk —1)1n (1 + x/Vnk)
13 npaBoi yacTH paBeHcTBa (6). [Ipy 3THX OrpaHHUEHHSIX HA & CXOLUTCS aGCOJIIOTHO Psif s

Jorapudma In (1 +x/V nk‘) ¥ CIIPaBe[JIMBA CJIEAYIOIIas Ie0YKa PABEHCTB:
(_1>l+1 I‘l

vk + (nk — 1)l (mﬂ) = i+ k=) 3 -

e !

G

(nk—l)gl—k+(nk—1)z l (nk;)é

- 1‘2 1‘2 xX (_1)l+1 xl
73 Ttk ; [ (k)
72 x T 1\ (=1
T i ) _
2 nk ( 2\/nk’> ( nk) ; I+2 (nk)
" T z 1 m—1 (_1)l+1 SUH_Q
_ T 1— (11— = + (nk — 1) R,
2 Vnk ( Nnk) < nk> 2 [+2 (nk)? k=

:—x\/%jL(nk—l)\/%—

+1
1 + xl-i—?

|~

=1 (

rie R, = i% <m>l+2 npeacTas/sieT coboil oCcTaToOK pasJfoxkeHUs B psn Teisopa
l=m
¢yHKuMH In (1 + ﬁ) IJ1s1 KOTOPOTO M3BeCTHBI OLeHKH[2, ¢. D0]:
1 T m-+2
|Rn| < ! ‘\/Q;L_k " npu —Vnk <z <0. (8)

(m+2)(1_%)

[Tostomy mpu |x| < Vnk Boipaxenue (6) MOXKHO 3amUcaTb B BUJE

-
|
—

-y Bau 1 _pBat 1
1 20 (2=1)(nk)2=T 72t (2t—1)(nk)2E-T
= =1
27
m—1
12 x x 1 ( 1)l+1 zl+2
_T_M(l_zm%(l—m) CER. +(nk—1)Rm
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MATEMATHKA U MEXAHH K A S

WU
m—1 t—1
T Z( n l+2 By,
_ =z (1_ z ) (_H) T+2 (nk)? ST 1)(nk BT
pn(x) = @(x)e Vee\" 2k /e —1 — ‘R o
rae
—052 L 4 (nk-1)R
|R‘ < (p(x) e 2t (2t—1)(nk)?t-1 1l %
mz t—1
__x (17 z Z )l+1 l+2 By .
Vnk 2vnk T e

(nk) 5

=1 . (10)

[TepBoe c/araemoe B mpaBoil yacTu paBeHCTBa (9), Tak ke Kak U B MoHorpaduu [4], Ha-
30BeM [JIABHOH YacThio ACHMIITOTHUECKOTO PA3JIOXKEeHHs! p,, () B MyJbTHIIHKATHBHOH (opme,
a BTOpOE CJlaraeMoe — OCTAaTOYHOH 4acThlo Pa3JIoKeHHsI.

Ias 0 < x < v/nk ynpoctum ouenky (10) 0cTaTouHOM 4aCTH ACHMITOTHYECKOTO pas-
noxenus (9). BHauase paccMOTpUM MOLYJb BbIpaXKeHHUS

By 1
exp | —0— +nk—-—1R, ) —1 (11)
< 2t (2t — 1)(nk)2t-1 ( ) B

M3 mpaBod uacTu HepaBeHcTBa (10).

Ecniu m veTHoe, To cymma R, oTpuLaTesabHas, a eCJU He4YeTHOe, TO JaHHas CyMMa
MoJIOXKUTENbHAsI. Beibepem ueTHOe MM HeyeTHOE M Tak, 4ToObl mpousBenenue (nk — 1) R,
MMeJIo 3HaK MHHyC. JlaHHOe ycJIoBHe MOXHO 3anucath B Buae (nk — 1) (—1)""! < 0.

[Tockonmeky 0 < © < 1, a By, — uucna BepHynau, To MOXHO BbIOpaTh ¢ Tak, 4ToO-

—_pB2e____ L
Obl BbIpaxeHue —032 BTy (k2T 6bl10 OTpULaTeNbHBIM. To ecTb ¢ TakoBo, 4To By > 0.
OueBHIHO, UTO TPU ONHUCAHHBIX YCJIOBHUAX M CIPABEIJHBOCTH OLEHKH (7) BEPHO HEPABEHCTBO

B 4t—2
¢ O mmumrET HOE DR 1‘ < (L)m + 55Ty <L> -

m+2 \ V/nk 2t(2t—1) \ V/nk
m—1 i1
_ 1+2 .
[lpu 0 < x < Vnk cymma (GO AN e npaBoil yactu HepaBeHcTBa (10) mpen-

I+2 I
— 2 (k)2
cTaBsgeT cOO0H 4acTb 3HAKOYepeayIolerocss U abCoI0THO CXOASLLErocs psifa, 03TOMY clipa-

BelJiMBa OLEHKa

m—1
t—1
Beipaxenue — BQ—?W u3 (10) — sto cymma mepBbIX t — 1 uJeHOB psina

=1

Crupnunra. B [1] roBoputcs, uto 6eCKOHEUHO MPOROJ/IKeHHBIH psin CTHPJIHHTA pacXoguTCH,
OIHAKO TIPH 3TOM JOCTaBJISleT OUeHb TOUHBIH W YAOOHBIH MeTOHN N5 BBIUMCJEHHUH, TaK Kak
npencTanJsieT coO0l MCeBAO-CXOAAIMNUCS PSIll, U TOUHOCTh, KOTOPasi MOXKeT ObITb JOCTHUTHYTA,
TeM Gosibllle, yeM OoJiee 3HAUMUTE/bHO 3HaueHHWe nk. YUseHbl psina nmoHadyasy odeHb OBICTPO
yOBIBAIOT, W OLIMOKA, MOJyYarollascs, ecJad MpepBaTh psifi Ha KAaKOM-HUOYAb uJjeHe, UMeeT
3HaK MepBOro 0TOPaChIBAEMOro 4JjeHa, a 1Mo abCOJMIOTHOH BeJMYHHE MeHblle ero.
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MATEMATHUKA U MEXAHHKA

Opmur B padore [1, c. 182] npuBoguT pesysabraT aucceprauud Bypre, B KoTopoM yka-
3aHa (opMmy/aa A/ BBIYMC/EHHS 3HAUeHWs HOMepa caMoro OJIM3KOro K HyJI0 uJjleHa psia:
to = mnk + % — =2 B T0ii Xe JeKUuH, B KOTOPO# MPHBOAMTCS pesy/bTaT Bypre, DpMuT

32mnk
BeJien 3a JlexkaHIpoM HAxXOoOUT 3HAaYeHHWe HAaWMeHbILEero 4JjeHa: (%Vfgfl)e*%”k. Bupgno, uto
to—1
o _ By 1
NAHHBIA YjileH yObIBaeT 3KCIOHEHIHAJbHO OBICTPO MO 71, a CyMMa ol @)1 110
=1

_1
12nk "

Takum o6pasom, npu 0 < z < v/nk nosydaem OLeHKY

MOJYJII0 He OyleT NPeBOCXOAUTD

1 x? z \" Boy, 1\ Ho2
|R| < + X
Vo \m+2 \V/nk 2to(2to — 1) \Vnk

_x2(1_ 1><1_2 x )_ x n 1
e 2 nk 3vnk vnk 12’/1]6 (12)

Teneps nayuum ouenky (10) npu —vnk < x < 0. CHoBa BHauaJje pacCMOTPUM BbIpa-
xenue (11) uz (10). Cymma

X 1 —x +2
=l+2 (\/nk) ’
Bxoasimas B (11), mpu —vnk < x < 0 orpuuarenbha. [lostomy npu By, > 0 u nk > 1

paccMaTpUBaeMbli MHOXHTEJ/b C Y4eTOM HepaBeHCTBA (8) MoxKeT OBITb OLIEHEH CJEIYIOLUIUM
obpasom

Ry =—

By 1

- + (nk—1) R,
e 2t (2t —1)(nk)*! ( ) ~1l <
x? z ™ By 1\ %2
S || * 2to(2 : 1 .
(m + 2) (1 — \/%) vnk to(2to — 1) \vnk

Beipaxenue

1\ ol L)t 2
exp —L(l— x )“"(1__)2( ) |
vnk 2v/nk nk/) = 1+2 (nk):
U3 MpaBoi uacTu HepaBeHcTBa (10) pazobbeM nJist yno6CTBa Ha JBa MHOXKHUTeJs. [Ipy 1aHHBIX
OrpaHUYEHHUAX Ha & MEePBBIA MHOXUTE/b

o (i ()

W3 MOCJIeJHEro BbipaX€HHWA He NPeBOCXOOUT 63/2, a BTOpOIZ MOXKHO TIpeACTaBUTL B BHE

(- () S () )
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MATEMATHKA U MEXAHH K A S

T T

!
_ 1 — o
[Tpu BbIMONHEHHH YCJIOBHUS T 1 cymma E 3 (m) B NPABOH 4YaCTH IOCJEIHEro

=1
PaBEHCTBA MOJO2KUTEJAbHA U [OJId Hee CIIpaBeAJJHMBa OLUEHKA

- Zm (7).

[TosTOMy BTOpO#l MHOXXHTeJb U3 TpaBoil yacTH HepaBeHCTBA (10) MOXKHO OLIEHHUTDH TaK:

m— 1
L it =3
exp( l+2 ) < exp (—% (1—n—1k)>

=1

Takum o6pasom, npu —vnk < x < 0 nosydaem CJAeIYIOIIYIO OLEHKY

1 x?
V2n (m+2)<1—%>

BQt 1 4tg—2
R| < + 0 ( ) X
| ‘ 2t0(2t0 — 1) vnk

_w2_|x|3(_ )+3+ 1

[lpu = > +/nk Bocmosnb3dyemcsi TeM, 4TO p,(r) MOHOTOHHO YyOBIBae€T W, 3HAUMT, HE
MpeBOCXOAUT P, (Vnk). U3 (6) cienyer, uTo CrpaBemMBO MPeACTABIEHHE

1
pn(‘ /nk) _ 2ﬂ€fﬁ€fnk+(nkfl)ln(2)’

U3 KOTOPOro MocJie 3JieMeHTapHbIX NpeoOpa3oBaHUi MoJydyaem

pn(\/%) _ 1 efnkln(%)fﬁ.
2v/2m
BI/I,H,HO, 4YTO IIpaBadg 4YacCTb IOCJIeNHEIro HepaBeHCTBa YGbIBaET 9KCIIOHEeHIIMaJbHO 6bICTpO C
pocToM 1. OueBHAHO, uTo P, (x) = 0 mpu & < —+/nk. TakuM 06pasoM, 10Ka3aHa cilexykomas
Teopema.

Teopema 1. [lycmo cayuaiinoie seaununor X; npu v = 1,2, ..., n umerom eamma-pacnpede-
AeHUe C MamemamuiecKum onuoanuem f u ducnepcuetl a—’g u svinoareno ycarosue nk > 1.

Toeda npu —vV/nk < x < v/nk acumnmomuueckoe pasaroxerue nAOMHOCMU pacnpedeie-
HUSL HOPMUPOBAHHBbLX cymm (2) MOHHO npedcmasums 8 MYAMUNAUKAMUBHOL hopme

m—1

x2 1)l+1 x E le
1 2 2 (1_ ® ) 1+2 2l (21— 1)(nk)2l 1
e =1 =1

+ R (nk,x),

ede 0 |Ry,(nk,z)| cnpasedausa npu —/nk < x < 0 oyenxa (13), a npu 0 < = < v/nk
ouenka (12).

Mpu \/nk < x naomrocme pacnpederenus HOPMUPOBAHHbLX CYMM YGbleaem npu n —
— 00 IKCNOHEHUUANLHO BbICMPO U CNPABEOAUBA OUEHKA

Ipn(2)] < ﬁe—nkln(i)—yﬁm.

ISSN 2587-6325. Maremar. ¢pu3uka u Komnsiotep. mopeaupoBanue. 2019. T. 22. Ne 1 17



MATEMATHUKA 1 MEX AH U K /A 1

Ipu © < —V/nk cnpasediuso p,(x) = 0.
B oyenkax (13) u (12) snauenue ty 6epemcs us ycaosuii to € N, By, >0 u

| Bat | _ | By
Sto(2to — 1) (k)21 = 2020 — 1)(nk)? 1

o scex | € N, kpome, 6oimo moxcem, 00HO2O.

2. CpaBHeHHe TOYHOCTU MYJbTUILIMKATUBHOTO PA3JI0MKEHHS C TOYHOCTBIO Pa3JIOKeHUs
no MHorouwjeHam YeObimeBa — Ipmura

CpaBHUM TOYHOCTb MYJBTHUIIJIMKATHBHOTO Pa3J/ioKeHHs U3 TeopeMbl 1 ¢ TOYHOCTBIO pas-
JIOXKeHHUs] 110 MHorouseHaMm YeObllleBa — DpPMHUTA, MOJYyUEHHOTO B [D] W TpencTaBIeHHOr0
HUXKe B BUJIe TeOpeMbl 2.

Teopema 2. [lycmo y pacnpedesenuss P ¢ Hyresoim cpedwnum u eduruuroli ducnepcueti
cyujecmsayem KoHeuHolil abcorromuolli momenm nopsoka 8. Ilycme cywecmsyem 4ucio
v > 0 makoe, umo 0as xapakmepucmuueckoii ¢ynkyuu f(t) pacnpedesenus P evinos-

(o.9]
Hiemcs ycaosue / |f ()| dt < oo. [Mycmo p,(x) — naomnocmo pacnpedesenus cymmol
o0

(X1 4+ ...+ X,) nz, ede caydatinoie seauuunsl X; umerom pacnpedenenue P. [lycmo neom-
puyamenvras wemnas Gyukyus w(t) u uucro 0 < T < 1 maxosor, umo |f (t)] < n(t),
lf ()] < wu(t) npu |t| < T. Toeda das awboix x u n = max (v,8)

z) = d(x LR s(x)d(x 6—55 ¢lx)p(x Lj s(x)d(x
03 T o 0 - Hs(x T n—1 63643 T T
¥ o Ho@) () + 5 H()(w) + 5 s Hi (2)(e) +
_% )b (x n-1 2—65944 (@) d(z) + =L o He(2)d(x
+4!(ﬁ)4H12( )d)< )+( n ) 2(\/5) H ( )d)( )+ n 2(\/5) H( )d)< >+

+ %Hg(x)d)(w) + (66_61) Heg(z)d () + ";(96_—%26311[9(%)4)(53) +

+

0 g7
a(vm)’

eoe

2 2
[R(e)| < piEsgel + ol 1 54 (| + 5 + oy —

Bio(e)
_|_
) (va)’

2 02 (02 | (03051 Bua(@) | |9304] Bis(e) | 05 Bus(e)
+<99 +%>M+4<_4+ 35> + + =3
0267 +3 (va)" = 2\ 4 5/ (va)” T (ve)” B (v)°
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I Vi ATEMATH KA 1 MEXA HHU K A B

10 (2l + Jos05]) £209) 1 (5 + [off H) i

(vn)”
04]1|0 040
+ <‘96 - % 05| + | 4|H HH ol 94 |9 | + HG(?’ H) ) 4+
02 B1o(e) Bi2(9) 1 ‘ 9%‘ ( 03 \939495|) Bi2(¢)
+%Bule) | 9,9 +1og — B (o] + & + sl +
D) <\/ﬁ)8 | 5 7| (\/E)S D) 6 D) || 6|| 2 D) <ﬁ>8

184 (e?ilez;l 2) B1a() ) _ ﬁ‘ Bis(9) ‘ B ej‘ 62 B17(¢)
+ 2 6 +e5 2<\/ﬁ)8 _'_ 96 B ‘97‘ 2(\/?1/_)9 + 96 2 |95‘ 2 —(\/ﬁ)g +

1057 [B13(0)
(va)’

031051B15(¢)

llg, — % 9 Buo(o)
3!(\/5)9 + 2 ’66 23 > +

+ 12
2 (vn)

_ 98
2

N |

2 2 2
+ (62—7 8% 1 )66 — %‘ \6395|) (‘3}47()"1% + An(T) + Lo(T/n)+

Le(Tvn n 03]02L n 0304|L n
Lo(TV) g, (T f)) L 10a103L0s (TVR) | [oF0a|Lua (V)
04|La(Ty/n) | 03Ls(T/n) | [0304|L7(T/n) n 10405] Lo (Tv/n) N |0304| L10(Tv/n)

o5

(va)’ (va)’ (V) a(va)

(vm)’ 2(vi)’ (va)’ (ve)’ 2(v)’
[5] |
B teopeme 2 wmHuorousens Hj(x) = (—1)%%% — 3T0 MHOrouJjieHbl Yebbi-
=0

5]

—1)7 oy_oj
meBa — JpPMHUTa, BeJHUMHB ©; = E CL? s

— HOPMHpPOBaHHble MOMeHThHl YeObllle-

3127 (1—25)!
=0
Ba — SpMHTa a J7is BeIpaXkeHui ||©O;|| cnpaBensuBel Gopmydsl ||O;]] = % + H@l(l—2) e
H@l 2) H — Z ,12J \(‘lxl ;‘ B ¢opmuposanuu Benuunn O, ||O;] u H@ H y4acTBYIOT 00bIU-

Hble MoMeHThl oy = MX!, B, =M \Xl\ MCXOJHBIX BEJIMUHH.
Takxxe oTmMeTHM, 4TO B TeopeMe 2 BblpakeHHs

Aa(T) = Lan(T) Th+oo f (1) dt,

us

rae o (T) = maz {|f(t)|:t =T}, u

t2
L (T ) = & / ] e~ dt
=T ym

yOBIBAIOT 3KCIOHEHLIHAAbHO OBICTPO C POCTOM 7.

W13 cpaBHeHusi TeopeM | u 2 cjedyer, 4TO MYJAbTHIIHKATHBHOE pasnoxkeHue p,(r) u
OlleHKa OCTaTKa [aHHOTO pa3JioXKEHHWs BBHITJISAUT B 3TOM CJydae HAMHOTO Mpolle, 4eM B
pasJ/io:keHHH Mo MHorouseHaMm YebwiiieBa — dpmura. [Ipu cpaBHeHHH HUCTHHHOrO 3HAYeHHUS
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pn(T) € paccMaTpUBaeMBIMH HAMH Pa3/I0XKEHHSMH HEOOXOAUMO YUHTHIBATH TOT (AKT, YTO AJISK
BBIYMCJIEHUS] HCTUHHOTO 3HauyeHUs TpeOyeTcs HAWTH raMma-(yHKLHUIO OT HeLeJOYUCJIeHHBIX
aprymeHToB. W csenoBaTesbHO, TOUHOCTb €€ BBIUHUCJEHMS] JOJKHA OBIThb BhILE TOUHOCTH,
3aJlaHHOW HaMH [JIs1 PA3JIOKEeHUH.

Il paccMaTprUBaeMOro raMMa-pacrpe/iesieHus TOYHOCTb BBIYUCIEHHH Pa3J/IoKeHUs py, ()
no MHorouseHaMm YeoOblllleBa — DpPMHUTA U3 TeOPeMBbI 2 0 MOPSIAKY CPaBHUMA C % Tak, nns
3HaueHUWH k = 1, a = 1, n = 5 BbUNCJEHUS AJS PA3JOKEHHH TeopeMbl 2 TapaHTHPYIOT
MOPSIIOK TOYHOCTH 1072,

BHIHO, uTO OLEHKY ocTaTkKa u3 TeopeMsl 1 mist —vnk < o < v/nk MoxHO mpencra-
BUTb B BHJE ABYX CJaraeMblX, B MEPBOM K3 KOTOPBIX OyIeT MPUCYTCTBOBATb MapameTp m U
OTCYTCTBOBaTb ty, a BO BTOpoM — HaoOoporT. [Ipu 3TOM nepBoe cjaraemoe MOXKHO cle/aThb
CKOJIb YTOJHO MaJblM 32 CUeT NPOoH3BoJia BeiOOpa mapaMmeTpa 1m, a BTOpoe MpH ONpefieseHHOM
BeIGOpe f( (yc/aoBUsS HaHBl B TeopeMe 1|, a mpuO/MKEeHHOE 3HAUE€HHe BO3MOXKHO BBIYMCJIHUTD
no ¢opmyse Bypre, mpencraBneHHOH Beile) yObiBaeT mo nk 3skcrnoHeHuuanpHo. OTKyna mo-
HSITHO, YTO IOBbILLEHHE TOYHOCTH 32 CUeT BbIOOpA 777 BO3MOXKHO [0 3HaYeHHH, CPaBHUMBIX CO
3Ha4eHHEeM CJ1araeMoro, CoiepKallero tp, TO eCTb CO 3HaYeHHEM BbIpaxKeHUs

4tg—2 2 _ a3 1 3, 1
_ By (1 Le_%_\/ink(l_m)+§+12nk'
2to(2to—1) \ Vnk V2

s k=1, a=1,n =25 Hausyulllee ¢ TOUKU 3PEHHUS] TOUHOCTH PA3JIOKEHHUS 3HaUeHHe
napametpa ty paBHo 16. Tak, HamprMep, BBIYUCJEHHUS [J51 MYJbTHUIIIMKATHBHOTO Pa3JI0KeHHUs
MoKa3aJ/y, 4TO TMOPSIIOK TOUHOCTH BBIUMCJEHWH I/ 3HaueHwd k = 1, a = 1, n = 5, typ =
= 16, m = 10 ouenku ocratka uamensiercs ot 1074 mpu = = v/nk/16 mo 103 mpu
T = 15\/%/16, TO eCTb JJis JIOOOr0 Z M3 JAHHOTO MHTepBasla TFapaHTUPYeTCs TOYHOCThb
1073, TlockosbKy BHIGOp MapamMeTpa 11 IPOM3BOJIEH, TO BO3MOXKHO yBeJHUeHHe TOUHOCTH MpH
yBeJuueHuH 3HadeHudt m. Tak, npu k = 1, a = 1, n = 5, ty, = 16, m = 340 TouHOCTbH
BbIYMC/IeHHE nMeeT nopaaok 1071 naa mo6oro o M3 paccMaTpHBaeMoro MHTepBasa.

3akaoueHuve

Takum o06pa3om, Mbl BUIHM, YTO MYJbTHILJIMKATHBHOE pPa3JjioKeHHE HOPMHUPOBAHHBIX
CYMM B cJiyyae ramMma-pacrpejiesieHusi naeT 3HAUHUTEJNbHO OOJIbIIYI0 TOYHOCTb UHUCJAEHHBIX
BBIUMCJIEHHH 110 CPaBHEHHIO C PACCMOTPEHHBIM aJJUTUBHBIM Pa3JioxKeHHEM MPH YCIOBHUH 3Ha-
YUTEJbHO MEHbBILIETO YUCAA BBIUUCIEHHH.

ABTOp, moJb3ysich caydaeM, BblpaxkaeT TyOoKyto OsaromapHocth B.B. CenatoBy 3a
TIOCTAHOBKY 3a/1ayM U ee 00CyXKIeHHe.
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ASYMPTOTIC EXPANSION IN MULTIPLICATIVE FORM
IN THE CENTRAL LIMIT THEOREM IN THE CASE OF GAMMA DISTRIBUTION

Vitaly Nikolaevich Sobolev

Candidate of Physical and Mathematical Sciences, Free Researcher
sobolev_vn@mail.ru
Zvenigorod, Russian Federation

Abstract. Study of estimation of accuracy of approximations in the Central
limit theorem (CLT) is one of the known problems in probability theory. The main
result here is the estimate of the theorem of Berry — Esseen. Its low accuracy
is well known. So this theorem guarantees accuracy of approximation 10% in the
CLT only if the number of summands in the normed sum is greater than 160 000.
Therefore, increasing the accuracy of the approximations in the CLT is an actual
task. In particular, for this purpose are used asymptotic expansions in the Central
limit theorem. As a rule, asymptotic expansions have additive form. Although it
is possible to construct expansions in the multiplicative form. So V.M. Kalinin
in [3] received the multiplicative form of the asymptotic expansions. However,
he constructed asymptotic expansions for probability distributions (multinomial,
Poisson, Student’s t-distribution). So very naturally the question arises: how
to build multiplicative expansions in CLT? Secondly, what are the forms of
decompositions in CLT in terms of accuracy approximations are better: additive
or multiplicative? This paper proposes new asymptotic expansions in the central
limit theorem which permit us to approximate distributions of normalized sums of
independent gamma random variables with explicit estimates of the approximation
accuracy and comparing them with expansions in terms of Chebyshev — Hermite
polynomials. New asymptotic expansions is presented in the following theorem:

Teopema 1. Let random variables X; where 1+ = 1,2,...,n have gamma

distribution with mathematical expectation S and dispersion a% and inequality

nk > 1 is fulfilled. Then, for —v/nk < x < v/nk, the asymptotic expansion
of the density distribution of normalized sums (2) can be represented in a
multiplicative form

L -1 e)
xr) = e 2 Vnk 2vnk ) X
on(®) = om
m—1 to—1
2 : i1 Y
(1—#)%2 : l14)—2Jr (Viﬁ) - %(2,_1)(;)21—1
xe =1 I=1 + R (nk,z),

where for |R,,(nk,z)| is true at —v/nk < x < 0 estimate (13), and at 0 < x <
< vnk estimate (12). At vVnk < x the density distribution of normalized sums
decreases exponentially fast when n — oo and correct estimate

1
24/ 21

At x < —v/nk is true p,(z) = 0. In (13) and (12) the number t, is taken

e In(5) 13

|Pn ()] <
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[rom conditions ty € N, By, > 0 and

| Ba, | - | Ba|
20(2ty — 1) (nk)Z0—T = 202 — 1)(nk)#T

for all | € N except maybe one.

Comparing multiplicative asymptotic expansion from theorem 1 with the
additive asymptotic expansion from [5], we obtain that multiplicative asymptotic
expansion of the density of normalized the sums in the case of gamma distribution
give a much greater accuracy numerical calculations are compared with asympto-
tic additive expansion provided a much smaller number of calculations.

The author would like to thank Vladimir Senatov for setting the task and
paying attention to this work.

Key words: central limit theorem, asymptotic expansions, gamma distribu-
tion, approximation accuracy, estimates of the convergence rate, polynomials of
Chebyshev — Hermit.
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