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Abstract. The geometry of pseudo-slant submanifolds of nearly quasi
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Introduction

The notion of a slant submanifolds as natural generallization of both holomorphic and
totally real immersions was given by B.Y. Chen [6]. Latter many research articles have been
appeared on the existence of these submanifolds in various known spaces. The properties
of slant submanifolds of an almost contact metric manifolds were studied by A. Lotta [10].
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МАТЕМАТИКА И МЕХАНИКА

L. Cabrerizo et. al [8] defined slant submanifolds of Sasakian manifolds. N. Papagiuc
[12] introduced and studied the notion of semi-slant submanifolds of an almost Hermitian
manifold. A. Carrizo [5; 7] defined hemi-slant submanifolds. The contact version of pseudo-
slant submanifold in a Sasakian manifold have been studied by V.A. Khan et. al [11]. In [13]
the authors studied nearly quasi-Sasakian manifold.

The purpose of the paper is to study the notion of pseudo-slant submanifold of nearly
quasi-Sasakian manifold. In section 1 we recall some results and formula later use. In
section 2 we define pseudo-slant submanifold of nearly quasi Sasakian manifold. In section 3
it is concern with the integrability of the distribution on the pseudo slant submanifolds of
nearly quasi Sasakian manifold and obtain some characterizations. In section 4 we obtain
a classification theorem for totally umbilical pseudo-slant submanifold 𝑀 of nearly quasi
Sasakian manifold �̄� .

1. Preliminaries

Let �̄� be a real (2𝑛 + 1) dimensional differentiable manifold endowed with an almost
contact metric structure (𝑓, ξ, η, 𝑔), where 𝑓 is a tensor field of type (1, 1), ξ vector field, η
is a 1-form and 𝑔 is Riemannian metric on �̄� such that

(𝑎) 𝑓 2 = −𝐼 + η⊗ ξ, (𝑏) η(ξ) = 1, (𝑐) η ∘ 𝑓 = 0,
(𝑑) 𝑓(ξ) = 0, (𝑒) η(𝑋) = 𝑔(𝑋, ξ),

(𝑓) 𝑔( 𝑓𝑋, 𝑓𝑌 ) = 𝑔(𝑋, 𝑌 )− η(𝑋)η(𝑌 )
(1)

for any vector field 𝑋, 𝑌 tangent to �̄� , where 𝐼 is the identity on the tangent bundle Γ�̄� of
�̄� . An almost contact metric structure (𝑓, ξ, η, 𝑔) on �̄� is called quasi-Sasakian manifold if

(∇̄𝑋𝑓)𝑌 = η(𝑌 )𝐴𝑋 − 𝑔(𝐴𝑋, 𝑌 )ξ, (2)

where 𝐴 a symmetric linear transformation field, ∇̄ denotes the Riemannian connection of
𝑔 on �̄� . If in a addition to above relations

(∇̄𝑋𝑓)𝑌 + (∇̄𝑌 𝑓)𝑋 = η(𝑌 )𝐴𝑋 + η(𝑋)𝐴𝑌 − 2𝑔(𝐴𝑋, 𝑌 )ξ, (3)

then, �̄� is called a nearly quasi-Sasakian manifold. We have also on nearly quasi-Sasakian
manifold �̄�

∇̄𝑋ξ = 𝑓𝐴𝑋. (4)

Now, let 𝑀 be a submanifold immersed in �̄� . The Riemannian metric induced on 𝑀
is denoted by the same symbol 𝑔. Let 𝑃𝑀 and 𝑃⊥𝑀 be the Lie algebras of vector fields
tangential to 𝑀 and normal to 𝑀 respectively and 𝑁 be the induced Levi-Civita connection
on 𝑀 , then the Gauss and Weingarten formulas are given by

∇̄𝑋𝑌 = ∇𝑋𝑌 + ℎ(𝑋, 𝑌 ), (5)

∇̄𝑋𝑉 = −𝐴𝑉𝑋 +∇⊥
𝑋𝑉 (6)

for any 𝑋, 𝑌 ∈ 𝑃𝑀 and 𝑉 ∈ 𝑃⊥𝑀 , where ∇⊥ is the connection on the normal bundle
𝑃⊥𝑀 , ℎ is the second fundamental form and 𝐴𝑉 is the Weingarten map associated with 𝑉 as

𝑔(𝐴𝑉𝑋, 𝑌 ) = 𝑔(ℎ(𝑋, 𝑌 ), 𝑉 ). (7)
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For any 𝑋 ∈ 𝑃𝑀 and 𝑉 ∈ 𝑃⊥𝑀 , we write

𝑓𝑋 = 𝑃𝑋 + 𝑉 𝑋 (𝑃𝑋 ∈ 𝑃𝑀 𝑎𝑛𝑑 𝑉 𝑋 ∈ 𝑃⊥𝑀), (8)

𝑓𝑉 = 𝑡𝑉 + 𝑛𝑉 (𝑡𝑉 ∈ 𝑃𝑀 𝑎𝑛𝑑 𝑛𝑉 ∈ 𝑃⊥𝑀). (9)

The submanifold 𝑀 is invariant if 𝑉 is identically zero. On the other hand, 𝑀 is anti-
invariant if 𝑃 is identically zero. From (1) and (8), we have

𝑔(𝑋,𝑃𝑌 ) = −𝑔(𝑃𝑋, 𝑌 ) (10)

for any 𝑋, 𝑌 ∈ 𝑃𝑀 . If we put 𝑄 = 𝑃 2 we have

(∇𝑋𝑄)𝑌 = ∇𝑋𝑄𝑌 −𝑄∇𝑋𝑌, (11)

(∇𝑋𝑃 )𝑌 = ∇𝑋𝑃𝑌 − 𝑃∇𝑋𝑌, (12)

(∇𝑋𝑉 )𝑌 = ∇⊥
𝑋𝑉 𝑌 − 𝑉∇𝑋𝑌 (13)

for any 𝑋, 𝑌 ∈ 𝑃𝑀 . In view of (5), (8), and (4) it follows that

∇̄𝑋ξ = 𝑃𝐴𝑋, (14)

ℎ(𝑋, ξ) = 𝑉 𝐴𝑋. (15)

The mean curvature vector 𝐻 of 𝑀 is given by

𝐻 =
1

𝑛
trace (ℎ) =

1

𝑛

𝑛∑︁
𝑖=1

ℎ(𝑒𝑖, 𝑒𝑖), (16)

where 𝑛 is the dimension of 𝑀 and 𝑒1, 𝑒2, ..., 𝑒𝑛 is a local orthonormal frame of 𝑀 . A sub-
manifold 𝑀 of an contact metric manifold �̄� is said to be totally umbilical if

ℎ(𝑋, 𝑌 ) = 𝑔(𝑋, 𝑌 )𝐻, (17)

where 𝐻 is the mean curvature vector. A submanifold 𝑀 is said to be totally geodesic if
ℎ(𝑋, 𝑌 ) = 0, for each 𝑋, 𝑌 ∈ Γ(𝑃𝑀) and 𝑀 is said to be minimal if 𝐻 = 0 .

2. Pseudo-slant submanifolds of nearly quasi-Sasakian manifolds

The purpose of this section is study the existence of pseudo-slant submanifolds of
nearly quasi-Sasakian manifolds.
Definition 1. Let 𝑀 be a submanifold of a nearly quasi-Sasakian manifold �̄� . For each
non-zero vector 𝑋 tangent to 𝑀 at 𝑥, the angle θ(𝑥) ∈ [0,π/2], between 𝑓𝑋 and 𝑃𝑋 is
called the slant angle or the Wirtinger angle of 𝑀 . If the slant angle is constant for each
𝑋 ∈ Γ(𝑃𝑀) and 𝑋 ∈ 𝑀 , then the submanifold is also called the slant submanifold. If
θ = 0 the submanifold is invariant submanifold. If θ = π/2 then it is called anti-invariant
submanifold. If θ(𝑥) ∈ [0,π/2], then it is called proper-slant submanifold.

Now, we will give the definition of pseudo-slant submanifold which are a generalization
of the slant submanifolds.
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Definition 2. We say that 𝑀 is a pseudo-slant submanifold of nearly quasi Sasakian mani-
fold �̄� if there exist two orthogonal distributions 𝐷⊥ and 𝐷θ on 𝑀 such that

1) 𝑃𝑀 admits the orthogonal direct decomposition 𝑃𝑀 = 𝐷⊥ ⊕𝐷θ , ξ = Γ(𝐷).

2) The distribution 𝐷⊥ is anti-invariant i.e., 𝑓(𝐷⊥) ⊆ 𝑃⊥𝑀 .

3) The distribution 𝐷θ is a slant with slant angle θ ̸= 0 , that is, the angle between
𝑓(𝐷θ) and 𝐷θ is a constant.

From the definition, it is clear that if θ = 0 , then the pseudo-slant submanifold is a
semi invariant submanifold. On the other hand, if θ = π/2, submanifold becomes an anti-
invariant.

On the other hand we suppose that 𝑀 is a pseudo-slant submanifold of nearly quasi
Sasakian manifold �̄� and we denote the dimensions of distributions 𝐷⊥ and 𝐷θ by 𝑑1 and
𝑑2, respectively, then we have the following cases:

1) If 𝑑2 = 0 then 𝑀 is an anti-invariant submanifold.

2) If 𝑑1 = 0 and θ = 0, then 𝑀 is an invariant submanifold.

3) If 𝑑1 = 0 and θ ̸= 0, then 𝑀 is a proper slant submanifold with slant angle θ.

4) If 𝑑1.𝑑2 ̸= 0 and θ ∈ [0,π/2] then 𝑀 is a proper pseudo-slant submanifold.

Theorem 1. Let 𝑀 be a submanifold of a nearly quasi-Sasakian manifold �̄� such that
ξ ∈ 𝑃𝑀 . Then 𝑀 is slant if and only if there exists a constant λ ∈ [0, 1] such that

𝑃 2 = −λ{𝐼 − η⊗ ξ} (18)

Furthermore, in such a case if θ is the slant angle of 𝑀 then λ = 𝑐𝑜𝑠2θ.
Corollary 1. Let 𝑀 be a slant submanifold of nearly quasi-Sasakian manifold �̄� with
slant angle θ. Then for any 𝑋, 𝑌 ∈ Γ(𝑃𝑀) we have

𝑔(𝑃𝑋,𝑃𝑌 ) = 𝑐𝑜𝑠2θ(𝑔(𝑋, 𝑌 )− η(𝑋)η(𝑌 )), (19)

𝑔(𝑉 𝑋, 𝑉 𝑌 ) = 𝑠𝑖𝑛2θ(𝑔(𝑋, 𝑌 )− η(𝑋)η(𝑌 )). (20)

Let 𝑀 a proper pseudo slant submanifold of a contact metric manifold �̄� and the
projections on 𝐷⊥ and 𝐷θ by 𝑃1 and 𝑃2, respectively, then for any vector field 𝑋 ∈ Γ(𝑃𝑀),
we can write

𝑋 = 𝑃1𝑋 + 𝑃2𝑋 + η(𝑋)ξ. (21)

Now applying 𝑓 on both sides of equation (3.4), we obtain

𝑓𝑋 = 𝑓𝑃1𝑋 + 𝑓𝑃2𝑋

that is,
𝑃𝑋 + 𝑉 𝑋 = 𝑉 𝑃1𝑋 + 𝑃𝑃2𝑋 + 𝑉 𝑃2𝑋. (22)

We can easily to see

𝑃𝑋 = 𝑃𝑃2𝑋, 𝑉 𝑋 = 𝑉 𝑃1𝑋 + 𝑉 𝑃2𝑋 and (23)

𝑓𝑃1𝑋 = 𝑉 𝑃1𝑋, 𝑇𝑃1𝑋 = 0, 𝑓𝑃2𝑋 = 𝑇𝑃2𝑋 + 𝑉 𝑃2𝑋, (24)

𝑇𝑃2𝑋 ∈ Γ(𝐷θ). (25)
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If we denote the orthogonal complementary of 𝑓𝑃𝑀 in 𝐷⊥𝑀 by µ, then the normal bundle
𝑃⊥𝑀 can be decomposed as follows

𝑃⊥𝑀 = 𝑉 (𝐷⊥)⊕ 𝑉 (𝐷θ)⊕ µ, (26)

where µ is an invariant sub bundle of 𝑃⊥𝑀 as 𝑁(𝐷⊥) and 𝑁(𝐷θ) are orthogonal distribu-
tion on 𝑀 . Indeed, 𝑔(𝑍,𝑋) = 0 for each 𝑍 ∈ Γ(𝐷⊥) and 𝑋 ∈ Γ(𝐷θ). Thus, by equation
(1) and (25), we can write

𝑔(𝑉 𝑍, 𝑉 𝑋) = 𝑔(𝑓𝑍, 𝑓𝑋) = 𝑔(𝑍,𝑋) = 0, (27)

that is, the distributions 𝑉 (𝐷⊥) and 𝑉 (𝐷θ) are mutually perpendicular. In fact, the decom-
position (26) is an orthogonal direct decomposition.

3. Integrability of Distributions

In this section we shall discuss the integrability of involved distributions.
Theorem 2. Let 𝑀 be a pseudo-slant submanifold of nearly quasi Sasakian manifold �̄� .
Then for all 𝑋, 𝑌 ∈ 𝐷⊥ we have

𝐴𝑓𝑌𝑋 − 𝐴𝑓𝑋𝑌 = ∇𝑋(𝑃𝑌 ) + ℎ(𝑋,𝑃𝑌 )− 𝐴𝑉 𝑌𝑋 +∇⊥
𝑋(𝑉 𝑌 )−

−𝑃 (∇𝑋𝑌 )− 𝑉 (∇𝑋𝑌 )− 𝑉 (ℎ(𝑋, 𝑌 )).
(28)

Proof. In view of (7), we get

𝑔(𝐴𝑓𝑌𝑋,𝑍) = 𝑔(ℎ(𝑋,𝑍), 𝑓𝑌 ) = −𝑔(𝑓ℎ(𝑋,𝑍), 𝑌 ). (29)

From (5) and (29), we get

𝑔(𝐴𝑓𝑌𝑋,𝑍) = −𝑔(𝑓∇̄𝑍𝑋, 𝑌 ) + 𝑔(𝑓∇𝑍𝑋, 𝑌 )
= −𝑔(𝑓∇̄𝑍𝑋, 𝑌 ) since 𝑓∇𝑍𝑋 ∈ 𝑃⊥𝑀

= 𝑔((∇̄𝑍𝑓)𝑋, 𝑌 )− 𝑔(∇̄𝑍𝑓𝑋, 𝑌 ).
(30)

Now, for 𝑋 ∈ 𝐷1, 𝑓𝑋 ∈ 𝑃⊥𝑀 . Hence, from (6) we have

∇̄𝑍𝑓𝑋 = −𝐴𝑓𝑋𝑍 +∇⊥
𝑍𝑓𝑋. (31)

Combining (30) and (31), we obtain

𝑔(𝐴𝑓𝑌𝑋,𝑍) = 𝑔((∇̄𝑍𝑓)𝑋, 𝑌 ) + 𝑔(𝐴𝑓𝑋𝑍, 𝑌 ). (32)

Since ℎ(𝑋, 𝑌 ) = ℎ(𝑌,𝑋), if follows from (7) that

𝑔(𝐴𝑓𝑋𝑍, 𝑌 ) = 𝑔(𝐴𝑓𝑋𝑌, 𝑍).

Hence, from (32) we obtain, with the help of (3),

𝑔(𝐴𝑓𝑌𝑋,𝑍)− 𝑔(𝐴𝑓𝑋𝑌, 𝑍) = η(𝑍)𝑔(𝐴𝑋, 𝑌 ) + η(𝑋)𝑔(𝐴𝑍, 𝑌 )−
− 2𝑔(𝐴𝑍,𝑋)η(𝑌 ) + 𝑔((∇̄𝑋𝑓)𝑌, 𝑍) =

= η(𝑍)𝑔(𝐴𝑋, 𝑌 ) + η(𝑋)𝑔(𝐴𝑍, 𝑌 )− 2𝑔(𝐴𝑍,𝑋)η(𝑌 )+
+ 𝑔(∇̄𝑋(𝑃𝑌 ) + ∇̄𝑋(𝑃𝑌 )− 𝑓(∇̄𝑋𝑌 )− 𝑓(ℎ(𝑋, 𝑌 )), 𝑍) =
= η(𝑍)𝑔(𝐴𝑋, 𝑌 ) + η(𝑋)𝑔(𝐴𝑍, 𝑌 )− 2η(𝑌 )𝑔(𝐴𝑍,𝑋)+
+ 𝑔(∇𝑋(𝑃𝑌 ) + ℎ(𝑋,𝑃𝑌 )− 𝐴𝑉 𝑌 (𝑋) + ∇̄⊥

𝑋(𝑉 𝑌 )−
−𝑃 (∇𝑋𝑌 )− 𝑉 (∇𝑋𝑌 )− 𝑃 (ℎ(𝑋, 𝑌 )− 𝑉 (ℎ(𝑋, 𝑌 ))), 𝑍).

(33)
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Since 𝑋, 𝑌, 𝑍 ∈ 𝐷⊥ an orthonormal distribution to the distribution ⟨ξ⟩ it follows that
η(𝑋) = η(𝑌 ) = 0. Therefore, the above equation reduces to

𝐴𝑓𝑌𝑋 − 𝐴𝑓𝑋𝑌 = ∇𝑋(𝑃𝑌 ) + ℎ(𝑋,𝑃𝑌 )− 𝐴𝑉 𝑌𝑋 +∇⊥
𝑋(𝑉 𝑌 )−

−𝑃 (∇𝑋𝑌 )− 𝑉 (∇𝑋𝑌 )− 𝑉 (ℎ(𝑋, 𝑌 )).

Theorem 3. In a pseudo-slant submanifold of a nearly quasi Sasakian manifold is
given by

(∇𝑋𝑃 )𝑌 = 𝐴𝑉 𝑌𝑋 + 𝐴𝑉 𝑋𝑌 + 𝑡ℎ(𝑋, 𝑌 ) + η(𝑌 )𝐴𝑋 + η(𝑋)𝐴𝑌 −
− 2𝑔(𝐴𝑋, 𝑌 )ξ+∇𝑌 (𝑃𝑋) + 𝑃 (∇𝑌𝑋) + 𝑃 (ℎ(𝑌,𝑋)).

(34)

Proof. Let 𝑋, 𝑌 ∈ 𝑃𝑀 , we have

∇̄𝑋𝑓𝑌 = (∇̄𝑋𝑓)𝑌 + 𝑓(∇̄𝑋𝑌 )

From (8) and (9), we obtain

∇̄𝑋𝑃𝑌 + ∇̄𝑋𝑉 𝑌 = (∇̄𝑋𝑓)𝑌 + 𝑓(∇𝑋𝑌 + ℎ(𝑋, 𝑌 ))

Also from (8) and (9), we obtain

∇̄𝑋𝑃𝑌 + ∇̄𝑋𝑉 𝑌 = (∇̄𝑋𝑓)𝑌 + 𝑃 (∇𝑋𝑌 ) + 𝑉 (∇𝑋𝑌 ) + 𝑡ℎ(𝑋, 𝑌 ) + 𝑛ℎ(𝑋, 𝑌 )

Using (5) and (6) from above, we obtain

∇𝑋𝑃𝑌 + ℎ(𝑋,𝑃𝑌 )− 𝐴𝑉 𝑌𝑋 +∇⊥
𝑋𝑉 𝑌 = η(𝑌 )𝐴𝑋 + η(𝑌 )𝐴𝑋 −

− 2𝑔(𝐴𝑋, 𝑌 )ξ+ 𝑃 (∇𝑋𝑌 ) + 𝑉 (∇𝑋𝑌 ) + 𝑡ℎ(𝑋, 𝑌 ) + 𝑛ℎ(𝑋, 𝑌 )−
−∇𝑌 𝑃𝑋 − ℎ(𝑌, 𝑃𝑋) + 𝐴𝑉 𝑋𝑌 −∇⊥

𝑌 𝑉 𝑋 + 𝑃∇𝑌𝑋 +
+𝑉∇𝑌𝑋 + 𝑃 (ℎ(𝑌,𝑋)) + 𝑉 (ℎ(𝑌,𝑋)).

(35)

Comparing tangential and normal parts, we obtain

∇𝑋𝑃𝑌 − 𝐴𝑉 𝑌𝑋 = η(𝑌 )𝐴𝑋 + η(𝑋)𝐴𝑌 − 2𝑔(𝐴𝑋, 𝑌 )ξ+ 𝑃 (∇𝑋𝑌 )+

+𝑡ℎ(𝑋, 𝑌 ) +∇𝑌 (𝑃𝑋) + 𝐴𝑉 𝑋𝑌 + 𝑃 (∇𝑌𝑋) + 𝑃 (ℎ(𝑌,𝑋)). (36)

That is,

(∇𝑋𝑃 )𝑌 = 𝐴𝑉 𝑌𝑋 + 𝐴𝑉 𝑋𝑌 + 𝑡ℎ(𝑋, 𝑌 ) + η(𝑌 )𝐴𝑋 + η(𝑋)𝐴𝑌 −
− 2𝑔(𝐴𝑋, 𝑌 )ξ+∇𝑌 (𝑃𝑋) + 𝑃 (∇𝑌𝑋) + 𝑃 (ℎ(𝑌,𝑋)).

(37)

Theorem 4. Let 𝑀 be a pseudo-slant of a nearly quasi Sasakian manifold �̄� . Then the
anti-invariant distribution 𝐷⊥ is integrable if and only if for any 𝑍,𝑊 ∈ Γ(𝐷⊥).

𝐴𝑉𝑊𝑍 + 𝐴𝑉 𝑍𝑊 + 2𝑇∇𝑍𝑊 + 2𝑡ℎ(𝑊,𝑍) = −η(𝑊 )𝐴𝑍 − η(𝑍)𝐴𝑊 + 2𝑔(𝐴𝑍,𝑊 )ξ. (38)
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Proof. Let 𝑍,𝑊 ∈ Γ(𝐷⊥) and using (3), we obtain

(∇̄𝑍𝑓)𝑊 + (∇̄𝑊𝑓)𝑍 = η(𝑊 )𝐴𝑍 + η(𝑍)𝐴𝑊 − 2𝑔(𝐴𝑍,𝑊 )ξ,

which is equivalent to

∇̄𝑍𝑓𝑊 − 𝑓∇̄𝑍𝑊 + ∇̄𝑊𝑓𝑊 − 𝑓∇̄𝑊𝑍 = η(𝑊 )𝐴𝑍 + η(𝑍)𝐴𝑊 − 2𝑔(𝐴𝑍,𝑊 )ξ.

By using (5), (6), (8) and (9), we obtain

η(𝑊 )𝐴𝑍 + η(𝑍)𝐴𝑊 − 2𝑔(𝐴𝑍,𝑊 )ξ = ∇̄𝑍𝑁𝑊 − 𝑇∇𝑍𝑊 − 𝑉∇𝑍𝑊 − 𝑡ℎ(𝑊,𝑍)−
−𝑛ℎ(𝑊,𝑍) + ∇̄𝑊𝑉 𝑍 − 𝑇∇𝑊𝑍 − 𝑉∇𝑊𝑍 − 𝑡ℎ(𝑊,𝑍)− 𝑛ℎ(𝑊,𝑍).

So we have

η(𝑊 )𝐴𝑍 + η(𝑍)𝐴𝑊 − 2𝑔(𝐴𝑍,𝑊 )ξ = −𝐴𝑉𝑊𝑍 +∇⊥
𝑍𝑉𝑊 − 𝑇∇𝑍𝑊 − 𝑉∇𝑍𝑊 −

− 2𝑡ℎ(𝑊,𝑍)− 𝐴𝑉 𝑍𝑊 +∇⊥
𝑊𝑉 𝑍 − 𝑇∇𝑊𝑍 − 𝑉∇𝑊𝑍 − 2𝑛ℎ(𝑊,𝑍).

Corresponding the tangent components of the last equation, we conclude

−η(𝑊 )𝐴𝑍−η(𝑍)𝐴𝑊 +2𝑔(𝐴𝑍,𝑊 )ξ = 𝐴𝑉𝑊𝑍+𝑇∇𝑍𝑊 +2𝑡ℎ(𝑊,𝑍)+𝐴𝑉 𝑍𝑊 +𝑇∇𝑊𝑍.

From the above equation, we can infer

−η(𝑊 )𝐴𝑍 − η(𝑍)𝐴𝑊 + 2𝑔(𝐴𝑍,𝑊 )ξ = 𝐴𝑉𝑊𝑍 + 𝐴𝑉 𝑍𝑊 + 2𝑇∇𝑍𝑊−
−𝑇 (∇𝑍𝑊 −∇𝑊𝑍) + 2𝑡ℎ(𝑊,𝑍)

𝑇 [𝑍,𝑊 ] = 𝐴𝑉𝑊𝑍 + 𝐴𝑉 𝑍𝑊 + 2𝑇∇𝑍𝑊 + 2𝑡ℎ(𝑊,𝑍)+
+η(𝑊 )𝐴+ η(𝑍)𝐴𝑊 − 2𝑔(𝐴𝑍,𝑊 )ξ

Thus [𝑍,𝑊 ] ∈ Γ(𝐷⊥) if and only if (38) is satisfied.

Theorem 5. Let 𝑀 be a pseudo-slant submanifold of a nearly quasi Sasakian manifold
�̄� . Then the slant distribution 𝐷θ is integrable if and only if for any 𝑋, 𝑌 ∈ Γ(𝐷θ)

𝑃1{∇𝑋𝑃𝑌 − 𝑃∇𝑌𝑋 + (∇𝑌 𝑃 )𝑋 − 𝐴𝑉 𝑋𝑌 − 𝐴𝑉 𝑌𝑋 − 2𝑡ℎ(𝑋, 𝑌 )−
− η(𝑌 )𝐴𝑋 − η(𝑋)𝐴𝑌 + 2𝑔(𝐴𝑋, 𝑌 )ξ} = 0.

(39)

Proof. For any 𝑋, 𝑌 ∈ Γ(𝐷θ) and we denote the projections on 𝐷⊥ and 𝐷θ by 𝑃1 and 𝑃2 ,
respectively, then for any vector fields 𝑋, 𝑌 ∈ Γ(𝐷θ), by using equation (4), we obtain

(∇̄𝑋𝑓)𝑌 + (∇̄𝑌 𝑓)𝑋 = η(𝑌 )𝐴𝑋 + η(𝑋)𝐴𝑌 − 2𝑔(𝐴𝑋, 𝑌 )ξ

or
∇̄𝑋𝑓𝑌 − 𝑓∇̄𝑋𝑌 + ∇̄𝑌 𝑓𝑋 − 𝑓∇̄𝑌𝑋 = η(𝑌 )𝐴𝑋 + η(𝑋)𝐴𝑌 − 2𝑔(𝐴𝑋, 𝑌 )ξ.

By using equations (5), (6), (8), and (9), we can write

∇̄𝑋𝑃𝑌 + ∇̄𝑋𝑉 𝑌 − 𝑓(∇𝑋𝑌 + ℎ(𝑋, 𝑌 )) + ∇̄𝑌 𝑃𝑋 + ∇̄𝑌 𝑉 𝑋 −
−𝑓(∇𝑌𝑋 + ℎ(𝑋, 𝑌 )) = η(𝑌 )𝐴𝑋 + η(𝑋)𝐴𝑌 − 2𝑔(𝐴𝑋, 𝑌 )ξ+

+∇𝑋𝑃𝑌 + ℎ(𝑋,𝑃𝑌 )− 𝐴𝑉 𝑌𝑋 +∇⊥
𝑋𝑉 𝑌 − 𝑃∇𝑋𝑌 −

−𝑉∇𝑋𝑌 − 𝑡ℎ(𝑋, 𝑌 )− 𝑛ℎ(𝑋, 𝑌 ) +∇𝑌 𝑃𝑋 + ℎ(𝑌, 𝑃𝑋)−
−𝐴𝑁𝑋𝑌 +∇⊥

𝑌 𝑉 𝑋 − 𝑃∇𝑌𝑋 − 𝑉∇𝑌𝑋 − 𝑡ℎ(𝑋, 𝑌 )−
−𝑛ℎ(𝑋, 𝑌 ) = η(𝑌 )𝐴𝑋 + η(𝑋)𝐴𝑌 − 2𝑔(𝐴𝑋, 𝑌 )ξ

(40)
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From tangential components of (40) reach

∇𝑋𝑃𝑌 − 𝑃∇𝑋𝑌 + (∇𝑌 𝑃 )𝑋 − 𝐴𝑉𝑋𝑌 − 𝐴𝑉 𝑌 𝑋 − 2𝑡ℎ(𝑋, 𝑌 ) =
= η(𝑌 )𝐴𝑋 + η(𝑋)𝐴𝑌 − 2𝑔(𝐴𝑋, 𝑌 )ξ,

(41)

𝑃 [𝑋, 𝑌 ] = ∇𝑋𝑃𝑌 − 𝑃∇𝑋𝑌 + (∇𝑌 𝑃 )𝑋 − 𝐴𝑉𝑋𝑌 −
−𝐴𝑉 𝑌 𝑋 − 2𝑡ℎ(𝑋, 𝑌 )− η(𝑌 )𝐴𝑋 − η(𝑋)𝐴𝑌 + 2𝑔(𝐴𝑋, 𝑌 )ξ.

(42)

Applying 𝑃1 to (42), we get (39).

Theorem 6. Let 𝑀 be a pseudo-slant submanifold of a nearly quasi Sasakian manifold
�̄� . Then the distribution 𝐷⊥ ⊕ ξ is integrable if and only if for any 𝑍,𝑊 ∈ Γ(𝐷⊥ ⊕ ξ)

𝐴𝑓𝑍𝑊 − 𝐴𝑓𝑊𝑍 =
1

3
[η(𝐴𝑍)𝑊 − η(𝑍)𝐴𝑊 + η(𝑊 )𝐴𝑍 − η(𝐴𝑊 )𝑍].

Proof. For any 𝑍,𝑊 ∈ Γ(𝐷⊥ ⊕ ξ) and 𝑈 ∈ Γ(𝑃𝑀) , by using (7), we can write

2𝑔(𝐴𝑓𝑍𝑊,𝑈) = 𝑔(ℎ(𝑈,𝑊 ), 𝑓𝑍) + 𝑔(ℎ(𝑈,𝑊 ), 𝑓𝑍).

By using (5), we have

2𝑔(𝐴𝑓𝑍𝑊,𝑈) = 𝑔(∇̄𝑊𝑈, 𝑓𝑍) + 𝑔(∇̄𝑈𝑊, 𝑓𝑍) =
= − 𝑔(𝑓∇̄𝑊𝑈,𝑍)− 𝑔(𝑓∇̄𝑈𝑊,𝑍).

So we have
2𝑔(𝐴𝑓𝑍𝑊,𝑈) = 𝑔((∇̄𝑊𝑓)𝑈 + (∇̄𝑈𝑓)𝑊,𝑍)−

− 𝑔(∇̄𝑊𝑓𝑈, 𝑍)− 𝑔(∇̄𝑈𝑓𝑊,𝑍).

By using equation (3), we obtain

2𝑔(𝐴𝑓𝑍𝑊,𝑈) = 𝑔(η(𝑈)𝐴𝑊 + η(𝑊 )𝐴𝑈 − 2𝑔(𝐴𝑊,𝑈)ξ, 𝑍)− 𝑔(∇̄𝑊𝑓𝑈, 𝑍)− 𝑔(∇̄𝑈𝑓𝑊,𝑍) =
= 𝑔(η(𝑈)𝐴𝑊 + η(𝑊 )𝐴𝑈 − 2𝑔(𝐴𝑊,𝑈)ξ, 𝑍)− 𝑔(∇̄𝑊𝑍, 𝑓𝑈)− 𝑔(−𝐴𝑓𝑊𝑈,𝑍) =
= 𝑔(η(𝐴𝑊 )𝑍 + η(𝑊 )𝐴𝑍 − 2η(𝐴𝑊 )𝑍,𝑈)− 𝑔(𝑓∇̄𝑊𝑍,𝑈) + 𝑔(𝐴𝑓𝑊𝑈,𝑍) =

= 𝑔(η(𝐴𝑊 )𝑍 + η(𝑊 )𝐴𝑍 − 2η(𝐴𝑊 )𝑍 − 𝑃∇𝑊𝑍 − 𝑡ℎ(𝑍,𝑊 ), 𝑈) + 𝑔(𝐴𝑓𝑊𝑍,𝑈)

which is equivalent to

2𝐴𝑓𝑍𝑊 = η(𝑊 )𝐴𝑍 − η(𝐴𝑊 )𝑍 + 𝐴𝑓𝑊𝑍 − 𝑃∇𝑊𝑍 − 𝑡ℎ(𝑍,𝑊 ). (43)

Take 𝑍 = 𝑊 in (43), we infer

2𝐴𝑓𝑊𝑍 = η(𝑍)𝐴𝑊 − η(𝐴𝑍)𝑊 + 𝐴𝑓𝑍𝑊 − 𝑃∇𝑍𝑊 − 𝑡ℎ(𝑊,𝑍). (44)

By using equation (43) and (45), we obtain

3(𝐴𝑓𝑍𝑊 − 𝐴𝑓𝑊𝑍) = 𝑃 [𝑍,𝑊 ]− η(𝑍)𝐴𝑊 + η(𝐴𝑍)𝑊 + η(𝑊 )𝐴𝑍 − η(𝐴𝑊 )𝑍, (45)

thus the distribution 𝐷⊥ ⊕ ξ is integrable if and only if 𝑃 [𝑍,𝑊 ] = 0 which proves our
assertion.
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4. Totally umbilical pseudo-slant submanifolds

In this section we shall consider 𝑀 as a totally umbilical pseudo-slant submanifold of
nearly quasi Sasakian manifold �̄� . We have the following preparatory results.

Theorem 7. Let 𝑀 be a totally umbilical pseudo-slant submanifold of a nearly quasi
Sasakian manifold �̄� . Then at least one of the following statements is true,

1) 𝑑𝑖𝑚(𝐷⊥) = 1,

2) 𝐻 ∈ Γ(µ),

3) 𝑀 is proper pseudo-slant submanifold.

Proof. Let 𝑍 ∈ Γ(𝐷⊥ and using (3), we obtain

(∇̄𝑍𝑓)𝑍 = η(𝑍)𝐴𝑍 − 𝑔(𝐴𝑍,𝑍)ξ,

∇̄𝑍𝑉 𝑍 − 𝑓(∇̄𝑍𝑍 + ℎ(𝑍,𝑍)) = η(𝑍)𝐴𝑍 − 𝑔(𝐴𝑍,𝑍)ξ.

From the last equation, we have

−𝐴𝑉 𝑍𝑍 +∇⊥
𝑍𝑉 𝑍 −𝑁∇𝑍𝑍 − 𝑡ℎ(𝑍,𝑍)− 𝑛ℎ(𝑍,𝑍) = η(𝑍)𝐴𝑍 − 𝑔(𝐴𝑍,𝑍)ξ. (46)

From (12) and from the tangential components of (46), we obtain

𝐴𝑉 𝑍𝑍 + 𝑡ℎ(𝑍,𝑍) = −η(𝑍)𝐴𝑍 + 𝑔(𝐴𝑍,𝑍)𝑃ξ. (47)

Taking the product by 𝑊 ∈ Γ(𝐷⊥), we obtain

𝑔(𝐴𝑉 𝑍𝑍 + 𝑡ℎ(𝑍,𝑍) + η(𝑍)𝐴𝑍 − 𝑔(𝐴𝑍,𝑍)𝑃ξ,𝑊 ) = 0.

It implies that

𝑔(ℎ(𝑍,𝑊 ), 𝑁𝑍) + 𝑔(𝑡ℎ(𝑍,𝑍),𝑊 ) + η(𝑍)𝑔(𝐴𝑍,𝑊 )− 𝑔(𝐴𝑍,𝑍)𝑔(𝑃ξ,𝑊 ) = 0. (48)

Since 𝑀 is totally umbilical submanifold, we obtain

𝑔(𝑍,𝑊 )𝑔(𝐻,𝑉 𝑍) + 𝑔(𝑍,𝑍)𝑔(𝑡𝐻,𝑊 ) + η(𝑍)𝑔(𝐴𝑍,𝑊 )− 𝑔(𝐴𝑍,𝑍)𝑔(𝑃ξ,𝑊 ) = 0, (49)

that is
−𝑔(𝑡𝐻, 𝑍)𝑊 + 𝑔(𝑡𝐻,𝑊 )𝑍 + 𝑔(𝐴𝑍,𝑊 )ξ− 𝑔(𝑃ξ,𝑊 )𝐴𝑍 = 0. (50)

Here 𝑡𝐻 is either zero or 𝑍 and 𝑊 are linearly dependent vector fields. If 𝑡𝐻 ̸= 0, then
𝑑𝑖𝑚Γ(𝐷⊥) = 1.

Otherwise 𝐻 ∈ Γ(µ). Since 𝐷θ ̸= 0, 𝑀 is pseudo-slant submanifold. Since θ ̸= 0 and
𝑑1, 𝑑2 ̸= 0, 𝑀 is proper pseudo-slant submanifold.

Theorem 8. Let 𝑀 be totally umbilical proper pseudo-slant submanifold of nearly quasi
Sasakian manifold �̄� . Then 𝑀 is an either totally geodesic submanifold or it is an anti-
invariant if 𝐻,∇⊥

𝑋𝐻 ∈ Γ(µ).
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Proof. Since the ambient space is nearly quasi Sasakian manifold, for any 𝑋 ∈ Γ(𝑃𝑀), by
using 3, we have

(∇̄𝑋𝑓)𝑋 = η(𝑋)𝐴𝑋 − 𝑔(𝐴𝑋,𝑋)ξ∇̄𝑋𝑓𝑋 − 𝑓∇̄𝑋𝑋 = η(𝑋)𝐴𝑋 − 𝑔(𝐴𝑋,𝑋)ξ. (51)

Using (5), (7), (8) and (12) in (51) and we get

∇𝑋𝑃𝑋 − 𝑔(𝑋,𝑃𝑋)𝐻 − 𝐴𝑉 𝑋𝑋 +∇⊥
𝑋𝑉 𝑋 =

= 𝑓∇𝑋𝑋 + 𝑔(𝑋,𝑋)𝑓𝐻 + η(𝑋)𝐴𝑋 − 𝑔(𝐴𝑋,𝑋)ξ.
(52)

Applying product 𝑓𝐻 to the above equation we get

𝑔(∇⊥
𝑋𝑉 𝑋, 𝑓𝐻) = 𝑔(𝑉∇𝑋𝑋, 𝑓𝐻) + 𝑔(𝑋,𝑋)‖𝐻‖2 − 𝑔(𝐴𝑋,𝑋)𝑔(𝑉 ξ, 𝑓𝐻) (53)

taking into account (6), we get

𝑔(∇̄⊥
𝑋𝑉 𝑋, 𝑓𝐻) = 𝑔(𝑋,𝑋)‖𝐻‖2 − 𝑔(𝐴𝑋,𝑋)𝑔(𝑉 ξ, 𝑓𝐻). (54)

Now, for any 𝑋 ∈ Γ(𝑃𝑀) , we obtain

∇̄𝑋𝑓𝐻 = (∇̄𝑋𝑓)𝐻 + 𝑓∇̄𝑋𝐻. (55)

In view of (6), (8), (9), (17) and (55) we obtain

−𝐴𝑓𝐻𝑋 +∇⊥
𝑋𝑓𝐻 = (∇̄𝑋𝑓)𝐻 − 𝑃𝐴𝐻𝑋 − 𝑉 𝐴𝐻𝑋 + 𝑡∇⊥

𝑋𝐻 + 𝑛∇⊥
𝑋𝐻. (56)

Applying product 𝑉 𝑋 to the above equation we get

𝑔(∇⊥
𝑋𝑓𝐻, 𝑉 𝑋) = 𝑔((∇̄𝑋𝑓)𝐻, 𝑉 𝑋)− 𝑔(𝑉 𝐴𝐻𝑋, 𝑉 𝑋),

𝑔(∇̄𝑋𝑓𝐻, 𝑉 𝑋) = 𝑔((∇𝑋𝑛)𝐻 + ℎ(𝑡𝐻,𝑋) + 𝑉 𝐴𝐻𝑋, 𝑉 𝑋)− 𝑔(𝑉 𝐴𝐻𝑋, 𝑉 𝑋).

By using (7), (17) and (20), we have

𝑔(∇̄𝑋𝑓𝐻, 𝑉 𝑋) = − sin2 θ{𝑔(𝑋,𝑋)‖𝐻‖2 − 𝑔(ℎ(𝑋, ξ), 𝐻)η(𝑋)}.

From (15), we obtain

𝑔(∇̄𝑋𝑓𝐻, 𝑉 𝑋) = − sin2 θ{𝑔(𝑋,𝑋)‖𝐻‖2},
𝑔(∇̄𝑋𝑉 𝐻, 𝑓𝑋) = sin2 θ{𝑔(𝑋,𝑋)‖𝐻‖2}. (57)

Thus, (54) and (57) imply

𝑔(𝑋,𝑋)‖𝐻‖2 = sin2 θ{𝑔(𝑋,𝑋)‖𝐻‖2},
cos2 θ𝑔(𝑋,𝑋)‖𝐻‖2 = 0.

(58)

From (58), we conclude that 𝑔(𝑋,𝑋)‖𝐻‖2 = 0, for any 𝑋 ∈ Γ(𝑃𝑀). Since 𝑀 proper
pseudo slant submanifold of nearly quasi Sasakian manifold we obtain 𝐻 = 0. This tells us
that 𝑀 is totally geodesic in �̄� .

Theorem 9. Let 𝑀 be totally umbilical proper pseudo-slant submanifold of nearly quasi
Sasakian manifold �̄� . Then at least one of the following statements is true.
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1) 𝐻 ∈ µ.
2) 𝑔(∇𝑃𝑋ξ, 𝑋) = 0.
3) η((∇𝑋𝑃 )𝑋) = 0.
4) 𝑀 is a anti-invariant submanifold.
5) If 𝑀 proper slant submanifold then, 𝑑𝑖𝑚(𝑀) ≥ 3, for any 𝑋 ∈ Γ(𝑃𝑀).

Proof. From equation (3) and 𝑀 is nearly quasi Sasakian manifold, we have

∇̄𝑋𝑓𝑋 − 𝑓∇̄𝑋𝑋 = η(𝑋)𝐴𝑋 − 𝑔(𝐴𝑋,𝑋)ξ.

By using (5), (6), (8) and (9), we have

∇𝑋𝑃𝑋 + ℎ(𝑋,𝑃𝑋)− 𝐴𝑉𝑋𝑋 +∇⊥
𝑋𝑉 𝑋 − 𝑃∇𝑋𝑋 −

−𝑉∇𝑋𝑋 − 𝑡ℎ(𝑋,𝑋)− 𝑛ℎ(𝑋,𝑋) = η(𝑋)𝐴𝑋 − 𝑔(𝐴𝑋,𝑋)ξ
(59)

tangential components of (59), we obtain

∇𝑋𝑃𝑋 − 𝑃∇𝑋𝑋 − 𝑡ℎ(𝑋,𝑋)− 𝐴𝑉 𝑋𝑋 = η(𝑋)𝐴𝑋. (60)

Since 𝑀 is a totally umbilical pseudo-slant submanifold, by using (7) and (17), we can write

𝑔(𝐴𝑉 𝑋𝑋,𝑋) = 𝑔(ℎ(𝑋,𝑋), 𝑉 𝑋) = 𝑔(𝐻, 𝑉 𝑋)𝑔(𝑋,𝑋) = 𝑔(𝑔(𝐻, 𝑉 𝑋)𝑋,𝑋) = 0. (61)

If 𝐻 ∈ Γ(µ), then from (60), we obtain

∇𝑋𝑃𝑋 − 𝑃∇𝑋𝑋 = η(𝑋)𝐴𝑋.

Taking the product of (61) by ξ, we obtain

𝑔(∇𝑋𝑃𝑋, ξ)− η(𝑃∇𝑋𝑋) = η(𝑋)η(𝐴𝑋)𝑔(∇𝑋𝑃𝑋, ξ) = 0. (62)

Interchanging X by PX in (62), we derive

𝑔(∇𝑃𝑋𝑃
2𝑋, ξ) = 0 ⇒ 𝑔(∇𝑃𝑋ξ, 𝑃

2𝑋) = 0

by using (18), we have

𝑔(∇𝑃𝑋ξ,− cos2 θ(𝑋 − η(𝑋)ξ) = 0 ⇒ cos2 θ𝑔(∇𝑃𝑋ξ, (𝑋 − η(𝑋)ξ) = 0.

Since, 𝑀 is a proper pseudo-slant submanifold, we have

𝑔(∇𝑃𝑋ξ, (𝑋 − η(𝑋)ξ) = 0.

From which

𝑔(∇𝑃𝑋ξ, 𝑋) = η(𝑋)𝑔(∇𝑃𝑋ξ, ξ). (63)

Now, we have 𝑔(ξ, ξ) = 1. Taking the covariant derivative of above equation with respect
to 𝑃𝑋 for any 𝑋 ∈ Γ(𝑃𝑀), we obtain 𝑔(∇𝑃𝑋ξ, ξ) + 𝑔(ξ,∇𝑃𝑋ξ) = 0 which implies
𝑔(∇𝑃𝑋ξ, ξ) = 0 and then (63) gives

𝑔(∇𝑃𝑋ξ, 𝑋) = 0. (64)
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This proves 2) of theorem.
Now, Inter changing 𝑋 by 𝑃𝑋 in the equation (64), we derive

𝑔(∇𝑃 2𝑋ξ, 𝑇𝑋) = 𝑔(∇cos2 θ(−𝑋+η(𝑋)ξ)ξ, 𝑃𝑋) = 0,

cos2 θ𝑔(∇(−𝑋+η(𝑋)ξ)ξ, 𝑃𝑋) = 0,

− cos2 θ𝑔(∇𝑋ξ, 𝑃𝑋) +− cos2 θη(𝑋)𝑔(∇ξξ, 𝑃𝑋) = 0.

Since ∇ξξ = 0, we obtain

cos2 θ𝑔(∇𝑋ξ, 𝑃𝑋) = 0. (65)

From (65) if cos θ = 0, θ = π/2 then 𝑀 is an anti-invariant submanifold. On the other
hand, 𝑔(∇𝑋ξ, 𝑃𝑋) = 0, that is ∇𝑋ξ = 0. This implies that ξ is a the Killing vector field
on 𝑀 . If the vector field ξ is not Killing, then we can take at least two linearly independent
vectors 𝑋 and 𝑃𝑋 to span 𝐷θ, that is, the 𝑑𝑖𝑚(𝑀) ≥ 3.

Example 1. Suppose 𝑀 be a submanifold of 𝑅7 with coordinates (𝑥1, 𝑥2, 𝑥3, 𝑦1, 𝑦2, 𝑦3, 𝑤),
defined by

𝑥1 =
√
3𝑢 sinhα, 𝑥2 = −𝑣 coshα, 𝑥3 = 𝑠 sinh 𝑧,

𝑦1 = 𝑣 coshα, 𝑦2 = 2𝑣 coshα, 𝑦3 = −𝑠 sinh 𝑧, 𝑡 = 𝑤,

where 𝑢, 𝑣, 𝑠 and 𝑧 denote the arbitrary parameters. The tangent bundal space of 𝑀 is
spanned by tangent vectors.

𝑒1 =
√
3 sinhα

𝜕

𝜕𝑥1

, 𝑒2 = coshα
𝜕

𝜕𝑦1
− coshα

𝜕

𝜕𝑥2

+ 2 coshα
𝜕

𝜕𝑦2
,

𝑒3 = sinh 𝑧
𝜕

𝜕𝑥3

− sinh 𝑧
𝜕

𝜕𝑦3
, 𝑒4 = 𝑠 cosh 𝑧

𝜕

𝜕𝑥3

− 𝑠 cosh 𝑧
𝜕

𝜕𝑦3
.

For the almost contact metric structure φ of 𝑅7, choosing

φ(
𝜕

𝜕𝑥𝑖

) =
𝜕

𝜕𝑦𝑖
, φ(

𝜕

𝜕𝑦𝑗
) = − 𝜕

𝜕𝑥𝑗

, φ(
𝜕

𝜕𝑡
) = 0, 1 6 𝑖, 𝑗 6 3,

and ξ = 𝜕
𝜕𝑡
, η = 𝑑𝑡. For any vector field 𝑊 = µ𝑖

𝜕
𝜕𝑥𝑖

+ ν𝑗
𝜕

𝜕𝑥𝑗
+ λ 𝜕

𝜕𝑤
∈ 𝑇 (𝑅7), then we have

φ𝑍 = µ𝑖
𝜕

𝜕𝑦𝑗
− ν𝑗

𝜕

𝜕𝑥𝑖

, 𝑔(φ𝑍,φ𝑍) = µ2𝑖 + ν
2
𝑗 ,

𝑔(𝑍,𝑍) = µ2𝑖 + ν
2
𝑗 + λ

2, η(𝑍) = 𝑔(𝑍, ξ) = λ

and

φ2𝑍 = −µ𝑖
𝜕

𝜕𝑥𝑖

− ν𝑗
𝜕

𝜕𝑦𝑖
− λ 𝜕

𝜕𝑡
+ λ

𝜕

𝜕𝑡
= −𝑍 + η(𝑍)ξ

for any 𝑖, 𝑗 = 1, 2, 3. It follows that 𝑔(φ𝑍,φ𝑍) = 𝑔(𝑍,𝑍) − η2(𝑍). Thus (φ, ξ, η, 𝑔) is an
almost contact metric structure on 𝑅7. Thus we have

φ𝑒1 =
√
3 sinhα

𝜕

𝜕𝑦1
, φ𝑒2 = − coshα

𝜕

𝜕𝑥1

− coshα
𝜕

𝜕𝑦2
− 2 coshα

𝜕

𝜕𝑥2

,
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φ𝑒3 = sinh 𝑧
𝜕

𝜕𝑦3
+ sinh 𝑧

𝜕

𝜕𝑥3

, φ𝑒4 = 𝑠 cosh 𝑧
𝜕

𝜕𝑦3
+ 𝑠 cosh 𝑧

𝜕

𝜕𝑥3

.

By direct calculations, we can infer 𝐷θ = 𝑠𝑝𝑎𝑛{𝑒1, 𝑒2} is a slant distribution with slant
angle θ = cos−1( 1√

6
). Since

𝑔(φ𝑒3, 𝑒1) = 𝑔(φ𝑒3, 𝑒2) = 𝑔(φ𝑒3, 𝑒4) = 𝑔(φ𝑒3, 𝑒5) = 0,

𝑔(φ𝑒4, 𝑒1) = 𝑔(φ𝑒4, 𝑒2) = 𝑔(φ𝑒4, 𝑒3) = 𝑔(φ𝑒4, 𝑒5) = 0,

𝑒3 and 𝑒4 are orthogonal to 𝑀 , 𝐷⊥ = 𝑠𝑝𝑎𝑛(𝑒3, 𝑒4) is an anti-invariant distribution. Thus
𝑀 is a 5-dimensional proper pseudo-slant submanifold of 𝑅7 with its usual almost contact
metric structure.
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Аннотация. В работе изучается геометрия псевдо-наклонных подмного-
образий близко квази-сасакиевых многообразий. Доказано, что вполне омби-
лическое правильно наклонное многообразие близко квази-сасакиева многооб-
разия является вполне геодезическим, если вектор средней кривизны 𝐻 ∈ µ.
Также получены условия интегрируемости распределения псевдо-наклонных
подмногообразий близко квази-сасакиевых многообразий.

Ключевые слова: близко квази-сасакиевы многообразия, наклонные
многообразия, правильные наклонные подмногообразия, псевдо-наклонные
подмногообразия.
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