A

www.volsu.ru

Xuxusakosa E.B., 2020

DOI: https://doi.org/10.15688/mpcm.jvolsu.2020.4.5

YK 519.178 Hara nocrynnenusi cratbu: 03.08.2020
BbBK 22.176 Hara npunsarus cratbu: 17.11.2020

IINIAHUPOBAHHUE TPAHCIIOPTHBIX ITEPEBO30OK
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AnHoTaumsa. B naHHOH cTaThe paccmMaTpuBaeTcs 3ajadya TAKOro MJaHUPOBa-
HMS [IepeBO30K, YTO MPH yuyeTe MPONYCKHOH CIOCOOHOCTH OTAEJbHBIX Y4acTKOB ce-
TH U HEeNpsSIMOJIMHEHHOCTH KpaTyallIuX MyTeHd TPAHCIOPTHbIE PacXOAbl MHUHHMAaJlb-
Hbl. B pesynbrare paspaboTaH ajropuTM, MHHMMH3HUPYIOLIUH 3aTpaThl Ha TpaHC-
MIOPTHUPOBKY 10 FOTOBOM TPAHCIIOPTHOW CETH C Yy4Y€TOM OTrPAHUYEHHOH NPONYCKHOU
CIOCOGHOCTH OTHEJbHBIX YUaCTKOB. AJITOPUTM OCHOBaH Ha peIleHHWH 3anadu Ju-
HEHHOro NnporpaMMHUpPOBAHHUS.

KaioueBble cjoBa: TpaHCIOPTHAsl CeTb, MepeBO3KH, KpaTyaHlIUH MyTh, I10-
TOK, NPONYyCKHasl CIOCOOHOCTD, JIMHEHHOe NPOrpaMMHUPOBAHHE.

BBenenue

Knaccuueckasi TpaHCIOpPTHAs 3ajada 00 ONTHMaJbHOM TJIaHe TMEePeBO30K OMKMCaHa B JIi0-
OOM PYKOBOICTBe MO MaTeMaTHUYeCKHM MeTONaM B TPAHCIOPTHOH HayKe. C ee MOCTAHOBKOU U
CBOHCTBAaMU MOXKHO O3HAKOMUTbCsI, Hanpumep, B [2]. Ho cTOUT oTMeTHTH, UTO ecTh ellle JBa
(akTopa, KOTOpble HEOOXOAMMO IOMOJHUTEJIbHO YUYUTHIBATb MpPU MJIaHHPOBAHUU IMEPEBO3OK.
Bo-mepBbiX, BeJUUHHA HEMPSIMOJMHEHHOCTH MapIpyTOB, COEIHHSIOUMX [Be TOYKH TpaHC-
MOpTHOH ceTH. MaTemMaTHUYeCKH 3TO 3HAueHHe MOXKHO pacCyMTaTh KakK OTHOLIEHHWE IJIUHbI
KpaTdadiiero myTH MeXOy 3THMHM TOYKAMH K PaCCTOSTHHIO MeXIYy HHMH IO MpSMOH. IDTO
3HaueHHe Bcerja 6oJblie 1 W Ha peasbHBIX MOPOACKUX TPAHCIOPTHBIX CETSIX MOXKET TPeBbI-
math 2. PasHuua Mexay 3Toi BeJIMUKHON U enuHuled, ymHOkeHHast Ha 100 %, naet mpoueHT
eCTeCTBEHHBIX MOTepb (HampuMep, B BHJE pPacxola TOMJIMBA, BPEMEHHBIX 3aTpaT U T. [1.) TPH
TPAHCIIOPTUPOBKE MO JAHHOH TPAHCMOPTHOU ceTH. BTopbiM (hakTOpoM siBJIsSleTCS OTpaHUYeH-
Hasi IPOMYyCKHAasi CIOCOOHOCTb HOPOXKHBIX YUACTKOB TPAHCIOPTHOM ceTH. Ecaiu naxe peleHue
KJIAaCCMYECKOH 3aJau JaeT ONTUMAaJbHbIH MJaH TPAHCIOPTHPOBKH, TO MOXKET CJIOXKUTBHCS CH-
Tyallusi, KOra TPaHCIOPTHPOBKA B HYXKHOE BPeMsl He MOXKET ObITb OCYILIECTBJIEHA H3-3a Mepe-

@pr}KeHHOCTI/I Y4aCTKOB CE€TH. Sanaqa COCTOUT B TOM, YTOOBl COCTABUTH TpaHCHOpTHbIﬁ [1J1aH,

ISSN 2587-6325. Maremar. ¢u3uka u KomnsoTtep. mogeauposanue. 2020. T. 23. Ne 4 51 IEE—

“ GbMOL{EHI/IPOBAHI/IE, HHPOPMATHUKA MU YIIPABJIEHH E



MOJOEJHUPOBAHUE HH®POPMATHUKA U YIIPABJIE H H I

B KOTOPOM BCe TPAHCHOPTHbIE MOTPEOHOCTH OYAYT MOJHOCTbIO yNOBJETBOPEHBI U B TO XKe
BpeMsi 00lHe TPAHCIOPTHBIE PACXOAbl JOCTUTHYT cBOero MUHUMyMa. CjefyeT OTMETHUTb, UTO
MPU OTCYTCTBUM OrPaHWYEHUH HAa MakKCUMaJslbHYIO Harpy3Ky Ha JOpOTy 3Ta 3ajadya peliaeTrcs
TPUBHAJIBHO: BCE ¢J €QUHUL I'py3a NOJKHBI [I€PEBO3UTHCA MO KpaTyallueMy MYyTH U3 ¢ B J.

1. ITocranoBKa 3amauu

Jlana TpaHCmoOpTHasi ceTh, cocrosiiias W3 n yaao. Ilycts G = (P, E) — mnjockuit
rpad, NpeicTaB/SIOWMUN TpaHcnopTHylo ceTb. M3 mynkra P, (i = 1,2,...,n) B nyHkr P;
(j = 1,2,...,n) HeoOXOAMMO AOCTABUTb U;; €AMHHL rpy3a. CTOMMOCTb IePEBO3KH eIHHHUILIbI
rpy3a Ha eMHHIYy PAcCTOSIHUS U3BECTHA M COCTaBJsET ¢ JeHeXHbIX efnHHUL. OTMETHM, UTO
BEJIMUMHEI V;; BCErNa MOXKHO CUMTATh HEOTPUUATEJNbHBIMH UMCIAMH AJIS JIIOObIX 1, ].

Jlna xaxpaoi mapwl 4,j € P onpenenuM MHOXeCTBO 7Y;j BCeX NpPOCTBIX MyTed M3 i
B j. HJg SICHOCTH H3/102KeHHs MyCTb 3J€MEHThbl 3TOr0 MHOXKeCTBa OYAYyT NMPOHYMEpPOBaHH U
noguunsThest npasuny |vE| < |y5t!|. Takum o6pasom, y9, ecTh Kpatuaiimmii nyTh U3 i B j.
OTH NMyTH 00pa3yoT MapLIPYyThl, 10 KOTOPbIM BO3MOXHbI 1€PEBO3KH.

Ecnu pacnpenesuTs v;; €IMHHML Tpy3a MO BCeM MyTAM M3 Y;;, TO BeJIHYHHA vfj (k =
= 1,2,...,n,;;) paBHA KOJMYECTBY €IMHHI] 'Py3a, pacIpeleNeHHOMY Ha [epPeBO3KY [0 Mapli-
pyTY yfj Cpeny THUX BeJMUMH JONYCKAIOTCS HYJIEBbIE.

[Tpennonoxum, uTo HEOOXOAMMO OPraHMW30BaTh ONTHUMAaJbHYIO MEPEBO3KY I'PY30B BJOJb
TPaHCIOPTHOH ceTu 3Toro rpada. Torma obuive 3aTpaTbl Ha MePEBO3KH BBIYUCJASIOTCS I10
(dopmyJie

Tpq

Fw)=c- ) > Wplvp,: (1)

p#q k=1

HNanee mast kaxporo pe6pa e rpada (G 3amagvM ero MakCHMaJjbHYIO Harpys3ky 0(e).
B xauecTBe 3TOH BeJUUYHUHBI BBICTYIIaeT YHUCJO0 I'Py30B, KOTOPOE MOXKHO Hepe3 Hero rnepeBe3Tu:

N(e) = Z vﬁq. (2)

Vlgqae

TpeGyercst onpeaenutb Habop X BeauuuH v (i, j = 1,2,...,n;k = 1,2, ..., n;;, ynosae-

ij
TBOPSIIOLIMX YCJIOBUSIM:

vaj = Viy, (3)

k=1

N(e) < 0(e), (4)
vl > 00,5 =1,2,..,n k = 1,2, ... ny, (5)

M TaKHX, 4TO JHHeHHas ¢opma (1) mocTuraer cBoero MHHHMyMa.

PaBeHcTBO (3) rapaHTHpyeT YAOBJEeTBOpeHHe BCeX MOTpeGHOCTeH B mepeBo3kax. Hepa-
BEHCTBO (4) rapaHTHpyeT, UTO JOPOrd He OynyT neperpyzkeHbl. PyHkuuoHan (1) sBiasercs
JIMHEHHBIM, OrpaHMYeHHs Takxke JHHeHHbl. Cile1oBaTe/bHO, Mbl MOJy4aeM 3aaqy JHHEeHHOro
POrpaMMHUpPOBaHHUS.

HyXHo oTMeTHTb, 4TO Ge3 orpaHuueHHE Buaa (4) 3agaya MUHMUMH3aUUH (QYyHKIHOHAJA
(1) periaercst TpMBHAJNBHO: HAJ0 BCIO MePeBO3KY M3 MYHKTA P B MYHKT ¢ paclpelesdTb Ha
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KpaTyalui MapupyT Yy, € FPpq. Jpyrumu ciaoBamy,

Tpq Tpq
k
¢ Z Z ‘Ylnggq > Z Vpal vaq =cC: Z Vgl Vpg-
p#q k=1 pF£q k=1 p#q

2. AJIl"OpI/ITM HaXO0XKJIE€HUA k-ro mo AJUHE IIYyTHU

J.IJIH pelieHus MOCTaBJEHHOH 3aJauu HY>KHO YyM€Tb HaXOOHUTb ’Y;—gl npu yCJOBHUH, UTO

i
U3BECTHBI BCe YJIEHBl M10C/e0BaTEJbHOCTH {Y;q}j—o‘ HMckatb cpasy Bce MHOXKECTBO Yjq AJA
KaXX[0W Mapel pg HeLeJsecooOpasHO M3-3a TOrO, YTO NMyTeHd MOXKeT CYLIeCTBOBATh CJHILIKOM

MHOTO, a NOHan005TCsl eAUHHULLBL.
[Tepen onucanuem ajaropuTMa HeoOXOLHMO BBECTH HEKOTOpble 0003HaYeHHUS:

W — MHOXKeCTBO pacCMOTPEHHBIX BepILHH;

) — MHOXKeCTBO HaUJEHHBIX MyTeH U3 P B (;

® 1| — MHOXKECTBO HOBBIX MyTe# U3 p B (;
in(q) ={ueV:3(u,q) € E}.

AJ’II‘OPI/ITM COCTOUT M3 CJCAYIOUIHMX LIaros.

i
1. YcranosuTh HauasbHble 3HadeHus W =0, n =0, ¥ = {Y;{?q}j—o'

2. Haiitu muoxectso Bepuivd Q' = {¢'|¢' € in(q),q # p, ¢ ¢ W}.
3. Has kaxmoro ¢ € Q'

3.1. Haiitu 9, — Hanbosee KOPOTKHH NMyTb U3 P B ¢, YAOBJIETBOPSIOIMH Psy CJle-
NYIOUIUX YCJOBHM:

o Uy +(d',q) & V;
e U,, He NPOXONHUT Yepe3 BePLIMHY ¢ U BePLIMHBE MHOXecTBa W

3.1.1. Ecau nonxoxnsiive NyTH UMeIOTCS B {y;u}z_o, TO M3 HUX BBIOMpaeTcs NyThb C
HAaWUMeHbILIUM %, TO €CTb C MUHHUMAaJbHOW AJHUHOH, a 3aTeM MepelTH K CJAeLy-

jollled BeplirHe MHOXKeCTBa (.
3.1.2. Ha#iti momxomsimiuii myTb U3 p B ¢ C MOMOIIbIO TEKYILETro ajJroOpuTMa Co

CJeAyIoIIHMH HadaJibHbIMHW 3HAYEHUSAMHU:

o W =W+¢;
. 19:%19\(q’,q)|19 > (¢, )}
o1 =1(.

3.2. Ecu nytb ¥,y HabimeH, To 106aBUTb K 1 NyTb Uy + (¢, q).

4. Ecnu n # &, Torna U3 BceX MyTed MHOXKECTBa T BbIOpaTh HanGoJsiee KOPOTKHUH, MHaUe
N
B {Y?)q}jzo y2Ke COlepKaTcsl BCe BO3MOXKHbIE MYTH U3 P B (.

3. AJII‘OIJI/ITM NMOCTPOCHMd IMJIaHA ONITUMAJbHBIX NMEPEBO30K

. P 0 .

1. Haiitu kparyaiiwmii nyTs y,, u3 p B ¢ V p # q. Ecam dp,q : v,y > 0, BY,q, TO KOHeEN
ajaroputMma. 3ajnava Hepaspewnma. CylliecTByeT HanpaBjeHHe, 110 KOTOPOMY HeoOXo-
IUMO TIepeBe3TH TPy3, HO He CYIIeCTBYeT HH OJHOIO MYTH, MO0 KOTOPOMY MOXKHO 3TO
clesath.
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2. OnpenesuTb MHOXKECTBO TeperpyKeHHbIX pebep Fy,... Pebpo e meperpyxeHo, ecau
ycaoBue (4) He BbinosHsieTcsl. Ecaut By = &, TOTAA MBI IOJy4aeM TPUBUAJIBHBIN CJIY-
yall, TO eCTb NePeBO3KY Uy, €AMHHIL IPy3a OCYLIECTBJAATb MO KpaTuakeMy MapLpyTy
Ypq VD, q. 3anaua peliena.

3. Ecnu E,er # &, TO HEOOXOMUMO Pa3rpy3uTh Bce pedpa € € E e, CAENYIOUIUM CIOCO-
6oM:

3.1. Vy;q : y;q D e HaWTH HOBBIM KpaTyaHIUWH NMyTh U3 p B ¢ IO BBHILIEONHCAHHOMY
aJITOPUTMY.

Ecnu anbTepHAaTUBHBIM MMyTbh He HaHIeH HU AJs OLHOTO MYTH HU OQHOTO IMeperpy-
JKeHHoro pebpa, To 3amaya HepaspellMMa, HU OIHO pebpo e U3 Ey,., pasrpysuThb
HeB03MOKHO. CJleoBaTesNbHO, C 3adaHHBIM 00BbEMOM IMepeBO30K CeTb He CIpa-
BUTCsA. Heo6xonMMO yBeNMUUTb MPOMYCKHYIO CIOCOOHOCTh BCEX IMeperpyzKeHHbIX
pe6ep. Konew asnropurma.

3.2. PemnTb 3amauy JMHEHHOro NPOrpaMMHPOBAHHUS, ONHCAHHYIO BhIlle. AJrOPUTMBI
pelleHHsl 3ana4 JUHEHHOro MporpaMMHUpOBAHMS MOXKHO MOCMOTPETb, HampHMeD,
B [1]. B pesysbraTe peleHHsi MOCTaBJeHHOH 3aayM MOJYYUM ONTHMAJbHOE pac-
TnpenesieHre MOTOKOB MO BCEM HAHIEHHBIM MYTSM.

Ecsu pelenue 3agaud JMHEHHOro MporpaMMHpPOBaHUS HalAeHO, MepedTH K M. 4
B npoTHBHOM c/1yuae HeOOXOAMMO HAHTH HOBble a/bTepHATHUBHbIE MYTH, 15 4ero
HY>KHO TepedTH K 1. 3.1.

4. B pesyabTare nepepacnpesiesieHnss Harpy3ku HeKoTopble pebpa MOI'YT 0Ka3aTbCsl Mepe-
rpy>KeHHbIMH. Eciii TakoBble UMeIOTCsl, OOHOBJISIEM U NepeXoAuM K M. 3. Ecau TakoBbIX
HEeT, TO IMOJIyyaeM pelleHHe 3aJauH.

3akaoueHue

B nanHO! cTaTbe paccMOTpeHa TPaHCHOPTHAA 3ajada 00 ONTHUMAaJbHOM IJIaHe MepeBO30K
C YYETOM CTPYKTYpbl M MPONYCKHOH CIIOCOOHOCTH TPAHCHOPTHOU ceTH. [lnsl pelieHus: 3TOH
3ajaun c(opMyJHMpOBaHa MareMaTH4ecKas MOJeJb TPAHCHOPTHOH ceTH. PaspaGoTaH Takxe
aJTOPUTM, MO3BOJSIOLMA MUHUMH3MPOBATb TPAHCHOPTHBIE M3JeP2KKH MPU TPaHCIOPTHPOBKE
10 TOTOBOW TPAHCIOPTHOM CETH C y4eTOM OIPaHHYeHHOH NPONYCKHOH CIOCOOHOCTH y4acTKOB
LOpor. AJITOPUTM OCHOBAH Ha pelLIeHUH 3aJayH JIMHEHHOTrO NMpOrpaMMHUpPOBAaHHS.
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TRANSPORTATION PLANNING WITH MINIMAL COSTS
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Abstract. In this paper, the classical problem of optimal transport plan is
considered taking into account the capacity of certain sections of the transport
network. Let v,, units of goods be delivered from point p to point ¢. At the
same time, each section of the transport network has a limited capacity, which is
expressed in a certain volume of goods that can be passed through it per unit of
time. The goal is to distribute goods flows along different routes in such a way
that all transport needs are completely satisfied, the roads are not overloaded,
and at the same time the total transport costs (for example, in the form of
fuel consumption,time costs, etc.) reach their minimum. It should be noted that
without restrictions on capacity, the task is solved trivially: it is necessary to
distribute all transportation from point p to point ¢ on the shortest route. To
solve this problem, a mathematical model of the transport network is formulated.
It is proposed to reduce the solution of this problem to the solution of the
linear programming problem. As a result, we propose an algorithm for planning
transportation in such a way that the total costs will be the lowest. In addition,
one of the algorithm steps required solving the problem of finding the k-th path
along the length between 2 nodes. To solve this problem, the corresponding
algorithm is proposed. This algorithm is recursive.

Key words: transport network, transportation, the shortest path, flow,
capacity, linear programming.
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